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Tables of Atomic Functions®

Preface

Why compute atomic Hartree-Fock functions, an approx-
imation 30 years old, when most of comtemporary physics
pays relatively minor attention to atomic physics? The
simple answer is that there are several unsettled problems
and gaps in our knowledge of the electronic structure of
the periodic system and that the Hartree-Fock method is
presently the most efficient technique available. In the
present literature on atomic functions there is no systematic
effort comparable to the one presented in these tables,
previously reported only briefly in the literature. Indeed,
in the past, Hartree-Fock functions have been computed
for relatively few cases, and often without sufficient
accuracy.

The functions tabulated in this work have been computed
with the Roothaan-Hartree-Fock technique. This work was
stimulated by the realization that a by-product of a
systematic study of the Hartree-Fock total energies would
be a systematic body of data on the atomic correlation
energy. This has been proven to be most useful in pre-
dicting accurately the correlation energy in molecules or
in several stable negative ions that are experimentally
known.

The expansion method offers the interesting possibility
of providing an excellent starting basis set for molecular
and solid state computations. This was constantly present
in the writer’s mind during the preparation of the tables.
It is hoped that the library of basis functions will be of
use in these fields.

Irrespective of the usefulness of the atomic functions in
fields other than atomic physics, they are an aid to funda-
mental studies of the behavior of atoms and to the dupli-
cation of that behavior by means of computations, It is a

* A supplement to the paper by Enrico Clementi, “Ab Initio Computa-
tions in Atoms and Moleeules,” which appears in IBM Jowrnal of
Rescarel and Development 9, 2 (1965).

sobering thought that in these tables we have only touched
the first third of the periodic table, and only with an
approximation,

The completion of these tables has been made possible
through the cooperation of many. I acknowledge the
permission of Professor C. C. J. Roothaan and his research
associates of the Laboratory of Molecular Structure and
Spectra in the Department of Physics of the University of
Chicago to use their most efficient program for atomic
self-consistent field computations (written for IBM 704,
7090 and 7094 computers). In particular, I should like to
mention Messrs. G. Malli, A. Peterson, M. Yoshimine,
W. Worley and Drs. P. S. Bagus, L. M. Sachs, A. W, Weiss
and Professor S. Huzinaga. In addition, it is my pleasure
to include an acknowledgment to Professor R. S. Mulliken
for his interest in this work. To all these men I would like to
dedicate the following tables.

Finally, I acknowledge the cooperation of Mr. D. L.
Raimondi, and the generous support and continuous
interest of Drs. A. G. Anderson and J. D. Swalen of the
IBM Research Division.

Introduction: The Reothaan-Hartree-Fock method

We shall introduce the Tables of Atomic Functions with
a short description of the Roothaan-Hartree-Fock method.
For additional discussion and reference to many papers
in the field of computations of atomic functions, we refer
to our paper in the IBM Journal.

The Roothaan-Hartree-Fock method has been described
by Roothaan for closed shells,” by Roothaan for a single
open shell,’ by Huzinaga for two open shells,' and by
Roothaan and Bagus for many open shell systems.”

In what follows we shall adhere as closely as possible
to the presentation and choice of symbols adopted by
Roothaan. The physical model embodied in the Hartree-
Fock method has been analyzed in many places and,
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therefore, we shall not repeat the analysis here. We refer
instead to the expositions of Hartree® or Slater.’

We are interested in the solution of the Roothaan-
Hartree-Fock equations for those states that belong to
configurations with many open shells of different symmetry
in addition to closed shells. The problem is that of obtain-
ing the total energy E for a wavefunction ® obtained in
the self-consistent field framework. In computing E the
Hamiltonian is
H = E..('—%V: - “Z‘) + Za)b'l-' (1)

a ab
The total wavefunction & is in general the sum of several
Slater determinants,

¢ = Z,L,, 2

where each ¢, is an antisymmetrized product of spin-
orbitals (one-electron functions). Since Egq. (1) is spin
independent, the spin-orbitals are simply a product of a
spin function and an orbital function. The orbitals are
assumed to be orthogonal to each other, thus the same
holds for the spin-orbitals. The orbitals are obtained by
solving the Roothaan-Hartree-Fock equations, not by
attempting to find solution of the Hamiltonian (1). The
expectation value for the energy is given by the usual
relation

E = (3| H |2)/(® | ®). 3)

The orbitals in each ¢, are characterized by an index, X,
which indicates the symmetry species (A corresponds to
the quantum number /), by an index «, which indicates
the subspecies (the subspecies label the individual members
of the degenerate set that transform according to the
representation \) and by an index i, which refers to the i*"
orbital of symmetry \. The orbital ¢, is expanded in
terms of basis functions according to

Cire — zerv)\aC:'I\p- (4)

The subscript p refers to the p** basis function of
symmetry \. The expansion coefficient depends on i, A
and p but not on the subspecies «. The basis functions x are
Slater-type orbitals with integer quantum numbers,
namely

x:rhu(ra lj} QD) = R:\p(r) Y?\a(a! \5)! (5)
where
Ry = [(2m)!]72(200,)" 5 e (6)

and Y,.(0, ¢) are normalized spherical harmonics in
complex form. It is noted that n,, > X + 1 and that the
exponent {), is to be chosen such as to give the best
energy, using a laborious process of optimization.

Having defined the basis set, we shall now give an
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expression for the total energy. It will turn out to be
convenient to subdivide E into two components, E" for
the one electron operators of H, and E® for 1/r,,:

£= (o= 30190 + Z) 19 + @l 2 - 0)

— E(l] + E{2}_ (?)

We shall start by introducing the overlap matrix
element S,,, defined as

Slw = (X:\pa ! qua>- (8)

Since the basis functions Egs. (5) and (6) are normalized,
Sypa = 0, The matrix elements of a given A can be
collected in a square matrix, S,; the total collection of all
the S,,, for every \ can be collected in a square matrix, S.

Whenever we shall need to consider the matrix elements
of a matrix as a one-dimensional array, we shall call such
an array a wperuector.

Let us collect the expansion coefficients C;,, in a p
component column vector C,,. We shall assume that the
vectors C;, form an orthonormal set in the following
sense:

CHhSCh = b,;. )]

Let us indicate with N,, the occupation number of a shell.
If needed we shall indicate as N ., and N, the occupation
number of a closed and open shell, respectively. We shall
define as shell, closed shell, open shell and total density
matrices the quantities

D, = NaCiCh (10a)
D.. = 2,D,, (10b)
D,, = Z,D,. (10¢)
D;y = Do + Do, (10d)

where k = i C closed and m = i C open, respectively.
(It is noted that C' is a row vector and C is a column
vector, hence CC' is a matrix).

We are finally in a position to compute E’. Remem-
bering Egs. (1), (6) and (7), let us define the nuclear
potential and the kinetic energy matrix elements:

1
U;\pq = (X},ml ; |xhqa> (11)

T)\;ara = _(x}ma] %vz I|X;\un'>' (12)

We can now define the matrices Ty, U, and T, U in the
same way we have defined the matrices S, and S. In
addition we can define the one-electron Hamiltonian h,
sometimes referred to as the bare nucleus Hamiltonian,

h=—-ZZU, + T.. (13)



The one-electron Hamiltonian will give the energy E
according to

(@[ 1 |®) = (&,] 4 |8,)
E}\(EkNMEmHAMCMqCMB
+ EmemzjteHlDQCAmpCRma)y (14)

E(IJ

f

Il

or in matrix notation, the scalar E” is given by
E" = 3H\D.,, + 5,H,D,, = H'D,. (15)

It is noted that E™ does not depend on the symmetry
subspecies «, but only on i\,

For the two-electron Hamiltonian the situation will
clearly be different since, for this case, the matrix elements
will depend on the subspecies. Therefore, one can expect
a more complex situation, where the coefficients L, will
play an important role. We could consider the elements
L: (¢'9[ l/rab |¢v) and LaLm (¢9| l/rr-b |¢m) in order to
compute E®’. Following Roothaan and Bagus, we shall
use a different approach, where the emphasis is placed on
the fact that each ¢, contains a doubly occupied closed-
shell core ¢. and a partially occupied open shell chosen
from a set . The combined set of orbitals ¢ can, there-
fore, be defined by

‘9 :(‘9“(90)' (16)

It might be convenient to digress briefly and to comment
on the special case of closed-shell configurations. The
two-electron energy for a closed shell, E{*', is given by the
relation

Ef:ﬂ = 22::.—1(-;1-: - %KH); ([7)

where J,; and K, are the usual coulombic and exchange
interactions between the orbitals / and k. In order to
obtain E’ one has to compute matrix elements of the form

2’1’)0z’racilnclhuckurclma{ff X:;u)(:kuar_x:umxwad Vid VJ

ab
1 ELE 1 i_ a b " b
-5 XphaXrus . XpraXsug AV d V7). (18)

Let us indicate by P the supermatrix with elements Py urs
given by the expressian inside the brackets in Eq. (18).
One obtains

E-f;z} = 'i':;l-l‘\-:fu( D&-l)pu(Dfn)ra(P?\.y)w.r. re ( I 9d)
or
E,[,ZJ _ %D:PD,.. Ugb)

We shall not comment further on the closed-shell problem-

Let us turn now to the computation of E® for the case
of open shells. From what we have shown for the closed-
shell case, and keeping in mind the definition of ® (Eq. (2))
and ¢ (Eq. (16)), one would expect that, for open-shell

configuration, the energy E® could be partitioned into
closed-shell, open-shell and closed-open-shell interactions.
The latter can be constructed in a way completely similar
to the previous one as long as an additional term is
included which has the function of subtracting those
interactions that were fictitiously added in the P term
(as we would do if we were to compute closed-shell
interactions). We shall call this subtractive term a “Q-type”
term, for reasons which will appear clearer in the following
discussion.

We are finally in a position to state explicitly an expres-
sion for the energy E. We shall make use of two super-
matrices, one the P supermatrix, as for the case of the
closed-shell configurations, and a Q supermatrix for the
open-shell-open-shell interactions. These are defined as
below:

[A+ul
j— 0 1 3
Pi\na.nrs = Jvaiurs — 32 E A:\nv&chm,un (20)
v [A=u|
20N, u) IA+ul
— 4 1 ¥
Q:\pq.pra = lev{g}\;w.urs - 2 2 : Klyr:]{.lnq,nrws
p=0 v=|A—pl

(21)

where J,,, and K,,, are the vector coupling coefficients
which vary from state to state and configuration to
configuration and are the standard coulomb and exchange
integrals. Clearly, for closed shells J,,, and K, ,, are zero.
The expression for the energy E® is in supervector and
supermatrices notation

E® = }D,PD, — }D.QD,. (22)

The whole preceding section can be summarized with
the following statement: Given a wavefunction of ap-
propriate symmetry and spin properties of determinant
form, its energy is expressed by Eq. (22). We shall now
explain how one obtains such functions, as defined above,
in the Roothaan-Hartree-Fock method.

The self-consistent field technique

In order to obtain a Hartree-Fock function in the expan-
sion method, one makes use of the variational method
for the density matrices and of “good sense” in the choice
of the basis set. Unfortunately “good sense” does not go
too far and a process of trial and error in the choice of
the basis set is needed; this process is generally referred
to as optimization of the orbital exponent and, nowadays
is carried out by the computer, instructed in a way that
compromises between efficiency for a specific case and
complete generality of the program.

We now ask for the best function that can be obtained
for a given basis set, i.e., for that function which mini-
mizes the energy expression, Eq. (45). Let us subject
every orbital ¢; by an infinitesimal 8¢, ; since the basis set
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is fixed, this is tantamount to an infinitesimal variation
on the expansion coefficients C,;. The orbital ¢; always
has to conform to the orthogonality condition. Therefore
the variation 8C;,, is restricted by those conditions which
are obtained by subjecting Eq. (9) to an infinitesimal
variation. Let us sum the constraints for all possible
orbitals (Z;;) and for all the possible symmetries (Z,),
and let us multiply the resulting expression by 0,;; and
O, ;, the Lagrangian multipliers; we then obtain

222590l 0Capi S50 Crai Onii-

The standard mathematical technique is to add to the
8E, the constraints which must be satisfied multiplied by
the Lagrangian multipliers. Let us call §E’ the result of
this addition. The problem is now that of finding the
condition for 8E’ = 0 for any choice of the 6C, without
restriction, and at the same time of giving suitable values
to the Lagrangian multipliers.

We shall have Lagrangian multipliers between orbitals
of closed shells, between orbitals of the open shells, and
between orbitals of closed and open shells. The latter type
of multiplier will be eliminated by introducing new
operators R, and R, for closed and open shells. The
introduction of R. and R, in order to eliminate the 6,,,, is
convenient because the R operators, called coupling
operators, are expressed in terms of previously defined
quantities such as P and Q. The operators R, and R, for
closed and open shells are of the form

R npe = [No/(Noo — NaIZi[Z00 S CininiedCine
4 2 Cire SrwaCinee) (23a)

R, e = [No/(Nox = No)IZi[Z0u $10uCiniOniri Conao
+ 2,003 Cori SrieeCrre (23b)

which are, by definition, Hermitian. In addition, let us
designate by F, and F, the quantities F, ,,, = Hy,, +
Pyo T Ripa and F, y,, = Hipe + Py — Qe + Renpee

We can now write the basic equations of our problem
in the form

FeniCina = Z1a83aCrat O (24a)
and
Fo.}\pucm,\q = Ernuskpqc)quel\nm- (24b)

By making use of a unitary transformation on the
closed and open shells separately, we can bring the ©
matrices into diagonal form. By designating as g,,, the
diagonal elements of the transformed © matrices, we can
finally write

onc.)nqCJ;:\q = Ekhxqslpqcﬂw (25)

-
“~a Fo Jhpa CmM

= tmk:rrsl\:mcm}\ua (26)
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or, in a more compact notation, we have
F.C = «SC
F,C = «SC.

These are the Hartree-Fock equations for closed and
open shells, They are pseudo-eigenvalue equations,
because the matrices F, and F, depend on the solution C.
Self-consistency is achieved when the same vectors, from
which these matrices are constructed according to Eqgs.
(24), are solutions of Egs. (25) and (26). We refer to the
work of Roothaan and Bagus for details on the best
technique in order to obtain self-consistency in a computer
program. It is noted that in this work the R operators are
introduced somewhat ad hoc. For a detailed analysis on
the use of the R operators in connection with the problem
of the elimination of off-diagonal Lagrangian multipliers,
we refer to a recent work of S. Huzinaga."

Explanation of the tables

In the tables we have collected several hundred functions
obtained with the method previously described, and using
a program which has been supplied to us by Professor
C. C. J. Roothaan. This program has been somewhat
modified so as to be more useful for mass production of
functions. The various tables are always identified by
two numbers; the first number refers to the table number,
the second is a running number starting from 1, which is
used if a table takes more than one page. The tables are
direct photoreproductions of the machine output. The
first table gives the ground state of the first 36 elements
of the periodic systems, plus the excited states of the
ground state electronic configuration for the elements
C to Ca, and Zn to Kr. The second table gives the ground
state and the excited state functions for the negative ions
from Li~ to Br~. Following Table 1 (Table 1-1 through
Table 1-15) and Table 2 (Table 2-1 through Table 2-13) we
have reported the tables of the positive-ion isoelectronic
series (Tables 3-44) and a table of simple functions, which
are not as accurate as the Hartree-Fock functions, but
could be of use in molecular computations. These functions
are for the ground state of the neutral atoms from He to
Ar (Tables 45-1 to 45-4). For the positive-ion isoelectronic
series, the basis set is of different type and size than the
one used for the neutral atom. For several cases, the
isoelectronic series is preceded by the neutral atom func-
tion, when a different function other than the one reported
in Tables 1-1 to 1-15 was available.

Since the format of the tables is always the same, we
shall discuss a specific example in detail. The beginning of
each computation is marked by an asterisk. In a given
page of any table there are from a minimum of one
function to a maximum of 20 functions (the choice being
a compromise between esthetics and space saving). As an
example, we shall analyze the last function in Table 1-15,



the case of the Kr atom. The first line identifies the prob-
lem, namely kRYPTON, with K(2)L(8)M(18)4s(2)4p(6)
electrons in the 'S state. For the next row we give the
Total Energy (T.E.), the Potential Energy (P.E.), the
Kinetic Energy (K.E.) and the ratio P.E./T.E. This ratio
is indicated as V.T. since it provides a test of the fulfillment
of the Virial Theorem from the function in question.
The energies are always given in atomic units. In our case
T.E. = 2752.0543 a.u., P.E. = 5504.1073 a.u., K.E. =
2752.0529 a.u. and the ratio P.E./T.E. = —2.0000003.
The theoretically exact value for P.E./T.E. is —2. Next
follows the basis sets, the expansion coefficients, and the
orbital energies (in atomic units) arranged in a column
format. The basis set of s symmetry (A = 0) is given in
the first column and consists of ten functions of the type
described by. Eq. (3). The notation 1s, 1s, 2s, 2s, 3s, 3s, 3s,
4s, 4s, 45 gives the value of n in the basis function. This is
needed in order to compute the exponent of » which is
given by (n — 1). To the right there is the orbital exponent
{, i.e., the factor by which r is to be multiplied in order to
have e *". As noted, the radial factors of the basis functions
are the form Nr“"e‘“, hence the information given fully
defines the basis set of s symmetry. Let us call the normal-
ized basis function x,,, where A = 0 (s symmetry) and
p runs from 1 to 10. The following four columns from
the left to the right of the first column give the expansion
coefficient of the s basis set for the 1s, 2s, 3s, 45 Hartree-
Fock orbitals. The top entry of each column of expansion
coefficients is the orbital energy in a.u. Therefore,

0.73837x0, + 0.25206y,

+ 0.02023xy; — 0.00881x,,

+ 0.00593x0; — 0.00379x

+ 0.00191x0; — 0.00064x,

+ 0.00044x,, — 0.00015x0 o

Co2 = @2, = —0.41690x,, + 0.06490x,,

— 0.12848xy; + 1.08043x,,

+ 0.18819x,; + 0.00226x,s

+ 0.00214x,; — 0.00052x.0s

+ 0.00028x4 — 0.00010%, ;, etc., and

Po1 = $ia

€, = —520.16444 a.u.
€, = —69.90297 a.u.
€, = —10.84936 a.u.
€, = —:1.15286 a.u.

The column for the basis sets of p-symmetry and the
columns of the corresponding Hartree-Fock orbital
energies and expansion coefficients follow in exactly the
same fashion. For the Kr case in question, there are
nine basis functions: two of these are of 2p type, i.e., of
the form N ¢ Y, = Na+'e'"Y,,, three of these
are of 3p type, ie., of the form N/ '¢ ™'Y,
Ni°e ¥y, and four are of 4p type, i.e., Nr' e ¥y, , =
N.*¢ ¥ ¥,,.. The nine orbital exponents { are given to
the immediate right of the type designation of the basis
set. Note that the basis functions have no subspecies
specification. As explained in the preceding introduction,
the expansion coefficients are independent of the sub-
species. Therefore, one will find not three columns of
expansion coefficients for the three p-type Hartree-Fock
orbitals (doubly filled), but only one. The same structure
is repeated for the 3d basis set, orbital energy and expansion
coefficients.
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Index to Tables of Atomic Functions

Table Number Functions

1-1 to 1-15 Neutral atoms ground state w.f. and excited states

2-1to 2-13 Negative ions ground state w.f. and excited states

3-1to 3-4 155 ('S) isoelectronic series including neutral atom

4-1 to 4-4 155 2s (%S) isoelectronic series including neutral atom

5-1t0 5-4 1£ 28 ('S) isoelectronic series including neutral atom

6-1to 6-4 155 25° 2p'  (*P) isoelectronic series including neutral atom

7-1to 7-4 15 252 200 CP) “ “ « “ “

8-1to 8-4 15 25 2 (D) “ “ « “ e

9-1to 9-4 12 25 20 (9 T “ « “ «
10-1 to 10-4 15 25 200 (9 “ “ “ « “
11-1 to 11-4 15 25 200 (D) “ “ w « “
12-1to 12-4 155 25 2p° CP) “ « « “ “
13-1to 13-4 15 25" 20 ¢P) “ “ « “ “
14-1 to 14-4 1$ 25° 2 (D) “ “ < “ “
15-1 to 15-4 15 255 200 (9 “ T “ « «
16-1 to 16-4 15 28° 2" (2P) e “ « “ «
17-1to 174 1¢ 20 2 (S) “ “ “ “ «
18-1 to 18-7 K(2) L(8) st CS) “ u “ “ “
19-1 to 19-5 K(2) L®) 35> ('S) « e “ “ “
20-1 to 20-5 KQ) L®) 3" 3p P ¢ w “ « “
21-1to 21-5 K@) L®) 3" 3 P “ “ “ o
22-1to 22-5 KQ)LE®) 3 3p° (D) * “ “ “ «
23-11to 23-5 K@) L©®) 35 3p° (S “ “ « “
24-1 to 24-5 K(2) L(8) 35" 3t (s o« “ “ e “
25-1 to 25-5 K@) L@®) 3" 3p° (D) - « “ “ o
26-1 to 26-5 K@) L®) 3" 3 Py “ “ “ “ «
27-1 to 27-5 K@) L®) 35 3p' P “ “ « «
28-1 to 28-5 K(2) L(8) 3s° 3p' (D) * . “ “ “
29-1 to 29-5 KQ)L®) 35 3p* (s) “ “ " “
30-1 to 30-4 K@) L©®) 3" 3 P s “ ‘ «
31-1 to 31-4 K@) L®) 3 3p° (¢S) “ “ « “
32-1 to 32-3 K(2) L(8) M(8) 4s (’S) “  without a
33-1 to 33-2 K(Q2) L(8) M(8) 3d° CF) “ “ “ .
34-1 to 34-2 K(2) L(8) M(8) 3d® (‘F) * “ « “ «
35-1 to 35-2 K(2) L(8) M(8) 3d* D) “ “ “ “
36-1 to 36-2 K(2) L(8) M(8) 3d” (°S) « “ “ “
37-1 to 37-2 K(2) L(8) M(8) 3d® (°D) “ “ “ “
38-1 K@) L@®) M®)3d ('F) * “ “ “ ow
39-1 K(2) L8) M(8) 34> CF) * . “ “ow
40-1 K(2) L(8) M@®) 3d" (‘D) * “ “ o
41-1 K(2) L(8) M®) 3d° ('S)  * “ r “ w
42-1 K(2) L(8) M(8) 45" (°S) “ o “ oow
43-1 to 43-3 First positive ion for Gd, Ge, As, Se, Br and K
44-1 to 44-2 Ground state for first positive ion of the configrurations

K(2) L(8) 3s° 3p° 45" 3d"

45-1 to 45-4 Double zetas from He to Ar for molecular calculations
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