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ABSTRACT 

The game of three-dimensional Tic-Tac-Toe ( 11Qubic 11 ) has been 

analyzed from a point of view distinct from the normal minimax­

intermediate-evaluation standpoint. Certain pruning strat­

egies have been developed based on the concept of forcing 

moves, confining attention to planes inside the board. The 

pruning is drastic enough to enable analysis to the end of 

the game, reducing the need for intermediate evaluation to a 

minimum. 

Two computer programs, one on the PDP-4 (with a 540 D 

scope display unit) and one on the UNIVAC 1107, have been 

described. The level of sophistication of the two programs 

is different (based on two different levels of strategies 

discussed in the paper), and a comparison of games played by 

the two makes an interesting study. 
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1. INTRODUCTION 

In the suzmner of 1962, a checker playing computer 

defeated one of the nations foremost players. Amazingly, 

the machine ~as programmed by a man who knew comparatively 

little about the complex strategies of the game. 

This and similar achievements fall into the realm: of 

artificial intelligence, a promising field in which computer 

programs are being constructed to exhibit behavior that may 

be called "intelligent behavior'~ when it is observed in 

human beings. Such research, it is hoped, will lead to the 

developnent of techniques and devices to relieve human beings 

of various complex tasks. 

Of the many different research ~ths being explored in 

the field of artificial intelligence, perhaps the most 

fascinating to the researcher is game playing. Ga.me environ­

ments are useful in studying the nature and structure of 

complex problem solving processes, and, in addition, provide 

mall. the amusing opportunity to challenge his wits against a 

machine. The relatively highly regular and well defined pro­

blem environments characteristic of games in general provide 

an exc.ellent foundation for the use of intelligence and 

symbolic reasoning skills. .Symbolism rather than numer:lc s 

come directly under study. 
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A thorough understanding of the theory of the game 

playing should help us to formulate problems which are closer 

to realistic applications. Many game playing situations (such 

as in chess) exhibit a complexity of structure beyond those 

of the problem solving situations one normally encounters in 

everyday life (provided the intangibles of the real-life 

situation can somehow be removed). A primary difference be­

tween game playing and actual problem solving situations lies 

in the origin of the uncertainties. In a game, the uncertain­

ties or the problem result from the large number of alter-

natives available, while the objective as well as the rules 

are rather simply stated. However, in many actual problem 

solving situations, the uncertainties are essential attributes 

resulting from an imperfect knowledge of the environment. 

Furthermore, the problem itself is stated in a fairly complex 

manner, involving a large number of variables. Hence, the 

study or game playing might be relevant to only those real­

lif'e problems in which the structure remains complex even 

after the removal of the intangibles. 

Perhaps an even better approach to problem solving 

would be the theoretical develop:nent of a formal theory 

offering a. guideline on how to de~l with these problems.(S,ll) 

Such a theory must of necessity be of a general nature since 
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problem solving situations are exceedingly difficult to 

classify and group into t~s. Most realistic problems are 

poorly structured and have their own specific features. The 

results and procedures recommended by a formal theory would 

have to be supplemented with additional specifications to 

meet the needs of the specific problem at hand. The theory 

must offer the principles to be observed when dealing with a 

given problem as well as indicate the structure of the pro-

blem solving process. The specifics of the problem have to 

be designated by ,observance of th~ immediate proble~,under 

consideration. 

The game which has received the most attention thus far 

in artificial intelligence is chess. Obviously, any game 

which is sufficiently complex and subtle in its implications 

to have allowed a deepening analysis through centuries of 

intensive study and play without becoming exhausted is an 

excellent target for machine studies. A successful chess 

playing machine would signify an achievement penetrating to 

the core of human intellectual endeavor. In 1949, Shannon(l) 

presented a pa.per in which he pointed out that although chess 

is a finite game (there are only a finite number of positions, 

each of which admits a finite number of move alternatives), 

application of a minim.axing technique would be impossible on 
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even the fastest digital computer because of the large number 

of possibilities that must be explored·. H~ estimated that 

there are approximately 10128 move possibilities ~s contrasted 

to only 1016 microseconds in a century. Shannon 1 s proposal 

was that minimax continuations be explored to a certain 

practical depth and static evaluations then be made to deter­

mine the ·move with the highest effective value. The greater 

the depth of analysis, the better the chess that would be 

played. He proposed a numerical measure, based on various 

features that chess experts consider important, be formed 

by summing a number of factors that could be computed for any 

position. This has come to be known as intermediate evalua-

tion. While Shannon did not present a particular computer 

program his specifications helped pave the way for programs 

by Turing (l5) in 1951, Kisler, Stein, Ulam, Walden, and 

Wells( 2) (Los Alamos group) in 1956, Bernstein., Roberts, 

Arbuckle, and Belsky<5;) in 1957,and by Newell, Shaw, and 

Simon (4) in 1958. The latter effort breaks away slightly 

from the now conventional minimax - intermediate evaluation 

schema and approaches the game more as a model of hUma.n 

problem solving in the chess environment. The authors are 

apparently convinced that human~like problem solving methods 

would be more effective in chess problem solving than other 
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computational schemes that had been proposed and tried. Their 

conviction is supported by the comparatively fine behavior 

of their chess playing program. 

An excellent rebuttal to their approach might be voiced 

by Samuel(S), whose checker-playing program might be considered 

the classic achievement in game playing in artificial intell­

igence to date. Through the use of learning routines the 

program has progressed from an initial classification of 

ttpoor player't to the point it can defeat recognized champions. 

It's position evaluation scheme and minimaxing techniques 

place it clearly in the 11pureu artificial intelligence area, 

free from human-like problem solving mechanisms. Perhaps 

the most interesting result of Samuel's program is the 

possible conclusion that man is capable of solving problems 

without knowing precisely how he solves them. 

A game need not be as complex as chess or checkers to 

prove of interest. Various programs have been written for 

simpler games such as two dimensional (5x5) tic-tac-toe. 

The ttgame-tree 0 here is small enough for the computer to 

determine the optimal move in the very beginning of the game. 

Such a ma.chine is currently on display at the New York 

World's Fair. By its trivial nature, two dimensional tic-tac-

toe provides an excellent structure to test and observe 
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simple rote learning procedures( 7). 

A more sophisticated attempt at ~chine learning has been 

presented by Wexelblat (l4:) using the gam.e of Renjyu ~ This. 

game is played on the vertices of a 1~19 board; a win 

being 5 in a row in either a horizontal or vertical direction. 

Wexelblat 1s learning procedure considers only the.end-game 

for its strategic evaluations, virtually ignoring all 

offensive and defensive moves in the opening and middle-game. 

Since a game of Renjyu between two good players may have 

several blocked threats before the final one, it is apparent 

that much of the strategy is missed by railing to consider 

the.middle-game. 

A well-known game of relatively the same order of 

difficulty as Renjyu is three dimensional tic-tac-toe played 

in the cells of a 4x4x4 cube. This is a particularly attrac-

tive game for investigation as it contains the basic 

characteristics of an intellectual activity in which heuristic 

processes play a basic role. .Some of. the important character-

:istics of three-dimensional tic-tac-toe include: 

1. The ,game is or can be made familiar to a. substantial 

body of people. This is important so that t.he behavior 

of the program can pe made understandable to them. 

2. The rules are definite. and are known. It is this 
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characteristic which many practical problems fail to 

meet. Important problems such as war games and economic 

processes have no definite known rules. 

3. A definite goal exists - winning the game. In 

addition an intermediate or sub-goal which has a bearing 

on the final goal also exists. This will be discussed 

later. 

4. The game is finite, yet not deterministic in the 

practical sense. An exploration of all possible paths 

would envolve approximately 1023 choices of moves, which 

at three choices per microsecond (far faster than the 

speediest existing computer) would still require a 

hundred million years. 

s. There are no probabilistic decisions such as roll 

of dice, toss of coin, etc. 

6. There is no concealing of infonmtion by either 

player as to his last move. Thus the state of the game 

is always known by both players. 

The game of three-dimensional tic-tac-toe has been 

investigated by Daly( S). In his paper 11Computer Strategies 

for the Game of Qubic 11 , he applies the techniques of minimax 

and intermediate evaluation to yield an effective game playing 

machine. His approach is similar in this respect to that of 
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Samuel in checkers. Daly attempts no learning procedure, 

however, because of the limited number of abstract strategies 

and concepts available, and the limitations of the computer 

used • 

.Although Daly recognizes that a strategy might be drawn 

from concepts concerning planar arrangements in the cube, he 

concludes that such patterns are not suited for machine use, 

though they might be useful to human players. Perhaps this 

is too hasty a brush-off of human-like heuristics in favor of 

the minimax-intermediate evaluation approach in a' game which 

admittedly.contains comparatively few abstract strategies 

and concepts. Even in the far more complicated game of chess, 

Newell, Shaw, and Simon( 4) consider human heuristics superior 

to machine-like play. In their introduction they state; 

"We have now completed our survey or attempts 
to program computers to play chess. There is clearly 
evident in this succession of efforts a steady 
development toward the use of more and more complex 
programs and more and more selective heuristics, 
and toward the use of principles or play similar to 
those used by human players. We believe that any 
processing system - a humanj a computer or any other -
that plays chess successfully will use heuristics 
generally similar to humans.u 

The planar forcing techniques mentioned by Daly will 

be expanded in this paper to yield an alternate approach to 

the abstract minimax-intermediate evaluation technique based 

on a deeper reliance on heuristics and human-like problem 
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solving methods. The success of this alternative formulation 

indicates that the techniques of minimax and intermediate 

evaluation may be only one aspect of the general theory of 

strategy - of which another aspect has been studied here. 

In what follows, an indication will be made or a possible 

form which such a theory might take. 



2. A SYSTEMS THEORY APPROACH TO STRATEGY AND GAME PIA YING 

The concept of strategy as applied to ga:rr.es and game 

theory has been discussed in numerous publications in recent 

years. Mathematical techniques have been formulated to pre-

diet and determine the outcome of many simple types of games. 

A great dea1 of the research has been directed toward the 

application of mathematics to economic theory. However, 

contrary to the success of mathematics in other sciences, it 

has done little to improve existing economic knowledge. It's 

failure has led to a recent view point that the foundation 

of the present theory is not deep enough and that a theory of 

probiem solving might be the key to the clarification and 

understanding of complex problems. The theory of problem 

solving is evolving from a 11systems approachn based on the 

development and analysis of general models for problem solving 

systems. In a recent paper, Windeknecht(ll) illustrated the 

technique of 11isomorphic :;iystems" in which he demonstrated 

the one-one correspondence between a derived model of one-

person games and a finite automation. His mathematical model 

and corresponding analogy is used to shed light on the out-

come of one-person games. 

In this paper an attempt is made to define many of the 

concepts and applicable terminology to postulate a simple 

- 10 -
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model of games in a discussion of strategy for a particular 

tyt:e of game. The discussion is directed toward a "finite, 

perfect information, two-person gamen in which ''chance" is 

not present (in the sense that die are not thrown, cards are 

not drawn, etc.). Only games of pure opposition in which 

the outcome is win, lose, or draw are considered. Games of 

this tyt:e include chess, checkers, tic-tac-toe, nim, etc. 

Let us begin by defining wnat is meant by a ttstrategy". 

A strategy of a player in a given game is a complete plan of 

behavior which specifies the player's decisions for all 

possible circumstances that may arise during the course of 

play. 

One can easily imagine that a player does not make his 

individual decisions as the occasions arise during the course 

of play, but that he chooses a complete plan of behavior 

before the beginning of the game. In other words, he selects 

a strategy which determines all the individual decisions that 

may be required during the actual course of play. Clearly, 

this does not leave the player with fewer possibilities then 

if he were to make successive decisions during the course of 

play. His freedom of action is not restricted. In fact, by 

choosing a strategy, the player makes more decisions than he 

actually needs; only part of all possible circumstances can 

arise during the actual course of play. All rules of behavior 
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applying to circumstances which do not arise during the course 

of play are redundant. On the other hand$ introducing these 

' additional redundant decisions·proVides'the formal advantage 

that the various decisions arising during the course of play 

can be combined into a single decision made before the game. 

This advantage is retained even if the concept of strategy 

is modified as indicated later. In general, a strategy ndt 

only contains decisions for circumstances which may not arise 

during tne actual course of .play, but it .also contains 

decisions for; circumstances which can not p::>ssibly arise. 

Owing to the decision provided by a strategy for a given 

situation, certain subsequent circumstances may be excluded 

althoµgh they would otherwise have been possible. For 

instance, if 3 in a game of checkers, a strategy calls for a 

s:pecific move yielding circumstance ~ from circumstance <h : 

then circumstance.~' arising from a by means of a different 

move cannot arise. Decisions for such nonrealiz.able cir- · 

cumstanees need not be made, of course, and the concept of 

strategy as a complete plan of behavior can be modified 

accordingly. It would seem that fo;r some purp::>ses, such as 

the proof of theorems in formal logics, the original concept 

of strategy as a complete . plan of, .behavior is more appropriate; 

wh;i.le for the study of particular games, the modified concept 

might be be st •. 
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A deeper understanding of the concepts involved in 

strategy can be obtained by considering the· framework about 

which strategies are built. For this one must precisely 

define some of tbe terms necessary in the discussion. 

A '-game 11 may be defined as the totality of rules which 

describe it. The abstract concept of a game is to be dis­

tinguished from the individual "plays•t of that game in that 

a 11play11 is a particular instance at which the game is played 

from beginning to end. The component element of the game, the 

"move", is the abstract occasion of a choice by either player 

between various alternatives under conditions precisely des­

cribed by the rules of the game. The specific alternative 

chosen in a given instance in a play of the game is the ttchoice 11 • 

Moves are related to choices in the same way as the game is 

to the play: the game consists of a sequence of moves; the 

play of a sequence of choices. The 1trules" of the game must 

be considered absolute in the sense that an infraction of the 

rules, by definition, changes the nature of the game. Under 

no circumstances should the rules of the game be confused with 

the players' power to use or reject a particular strategy,be 

it good or bad. As previously mentioned, this paper is only 

concerned with those games which are Ufinitett and contain 

"perfect informationtt. Such games are limited by their rules 
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to a finite number of states, and have the property th.at the 

complete state of the game is known by each player at every 

specific move time, 

Consider the game r of two players X and Y. The play 

of the game consists of a sequence of moves whose number can 

be denoted ty the integer u (since we are considering finite 

games). The moves themselves can be denoted by the sets 

M and M , .x y 

M.x • { ~,.x2' ~ • .xn} 
My• { Y1'Y2•~•~Ym} 

where v = n+m 

Any move x. (i==l,2, ••• n) or Y. (i•l,2, ••• m) is a choice made 
l. l. 

from a number or alternatives. Move x. is thus chosen from 
l. 

the set 

where ai is the total number of alternatives a for move i 

of player x. 
Let n be the set of all possible situations which may 

arise in r. Each '*particular situationtt (i.e. element or 0) 

wili be referred to as a "state of rn. Thus, the set O will 

be called the complete state set and will be finite in many 

cases of interest. Any element of O may be obtained by a 

proper succession or elements from M and M as specified by x y 
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the rules of the game. Because of this unique formation of 

the elements of the set, the state set n is said to contain 

"connected" elements. Any pair of states a,b (where a,b e n) 

are said to be 11 connected 11 if and only if there exists a 

sequence of inputs~ x1 ,x2, ••• xj} to the system such that 

f(f( ••• f(f(f(a,x1)x2),x5) ••. )xj-l)'X:j) = b 

T11here f is the state transition function mapping a state 

and an input (a move) into a new state. The 11order of a 

connection" is the number of moves that separate the states 

in question. Thus, the order of connection of a to b is hjf h 

moves are required to take the game from state a to state b. 

Let us denote those elements of C1 which correspond to 

a win for X as °x and those which correspond to a win for Y 

as ')-· It is.vious that these two subsets are disjoint. 

A tie game or draw can be denoted by a third subset Or· Note 

that whereas Ori is complete in tic-tac-toe, a tie in check­

ers might depend on a prescribed number of inconsequential 

moves, no one of which leads to a state in C\i• More will be 

said about tie games later. 

The prime objective of player X is to achieve an O 
x 

state before his opponent can achieve an n state. Should 
y 

the prime objective be impossible, a lesser goal would be a 
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draw game; i.e. keeping Y from achieving a state in '2y• 

Consider the state transition function f which maps 

the Cartesian product of a given state and an X move into 

another possible state (i.e. some state which is a first 

order connection to the given state). Similarly let g be 

the corresponding function for Y. 

Expressing the above in functional notation we have: 

11Move { f 
choicen g 

: A~n 

: B~n 

where: 
n 

AS n * { U xi } 

i=l 
m 

Bsn*{U Yi} 
i=l 

Goals of X and Y: 

Primary goal of x: °x c n 

Primary goal of Y: °:Y' c n 

Secondary goal of X and Y: 0,r c fl 

Relations between goals: 

°xf\ny=~ 

°xnnr = ~ 

nynnr =~ 
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The game itself may be modeled as a simple system of 

state transitions dependent upon the functions f and g. 

s = b (b e n) 
0 

s2i-l = r (s2i-l' xi) 

s2i = g (s2i-l' yi) 

The primary objective of player X can be expressed as a 

recursive function which takes into account the move choice 

of player Y. Defin9> the 11X-strategy11 as a function. 

n 
n =>{.U xi} F : x i=l 

Given an X-strategy one can associate a mapping between 

a sequence { yi} of moves made by Y and a sequence of states 

{bi} (bi & n) such that: 

bi= g(!(bi-1; Fx(bi-1)), yi) ; i = 1,2, ••• n 

b = the starting state 
0 

The strategy F will be called a ''primary X-strategy11 if: x 

(1) For all i and for all y, bi ~ ~ U ny 

(2) For all y there exists n such that b e n n x 

It is obvious that such a strategy might not be realizable. 

Thus, define a "secondary X-strategy" as one in which only 

condition (1) is realized. The definition of an X-strategy 
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brings out the feedback attribute characteristic of games. 

A state of the game along with the strategy determines the 

player's move. The move together with the previous state 

determines the new state. This process continues until the 

game terminates. It may be represented in block diagram as 

shown in Figure 2.1 
c b 

n a 

n 

The game shown in Figure l begins at point "an 

if Y moves first, and at point b if X moves first. A move 

sequence requires cycling through the points b,c,a,d 

respectively'! 

Let us now consider the characteristics of a primary 

X-Strategy. This s~rategy considers sequences in which for 
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any yi(k) e yi in the move sequence, an xi(k) e xi is 

available such that eventually the sequence will terminate in 

nx• Furthermore, the definition excludes the possibility of 

the sequence ever entering into a state within the setny. 

In some very simple games, such as nim, a ·primary X-strategy 

may be applied on the first move, guaranteeing a win for the 

first player. In others such as tic-tac-toe (5x5) no such 

strategy exists, and a win may be achieved only through a 

poor move on the pi.rt of the opponent. Thus, a secondary 

I-strategy would be applicable to tic-tac-toe. 

In a more complicated game such as checkers, it is not 

obvious whether or not a primary or even secondary I-strategy 

exists on the first move. Intuition points to the likely 

possibility that the first player should be able to do no 

worse than tie in checkers, but this has yet to be proven. 

Perhaps the best strategic attack to games in which an 

I-strategy is not immediately evident is to decide on a set 

of states 06 called the strategic sets which are advantageous 

in the sense that each forms the basis of a primary X-strategy. 

A strategic set of states ns c: 0 has the property that f.'or 

any sequence M , y 

My= {Yq' Yq+l' ••• Yp} 



- 20 -

there exists a sequ~nce Mx, 

Mx = { xq' xq+l' ••• xp } 

such that b2 +l e n. if b. e n (where the subscript on p x q . s 

b e n corresponds to the subscripts on moves in M and M x y 

yielding this state). 

Once a primary X-strategy has been started, the two-

person game can be considered as having degenerated into 

a one-person game since the outcome is dependent only on 

the moves of the second player. A one-person game has the 

advantage that the player has complete control over the 

state transformations; once a transformation is chosen, 

only one outcome is possible~ 

A sub-strategic set of states Ogr en may be defined 

as those states having the property that for any sequence 

My = { Yq' Yq+l' ••• yp} there exists a sequence 

The sub-strategic set n8, is related to the secondary X­

strategy in the same manner as the strategic set Os is 

related to the primary X-strategy. As previously pointed 

out, a draw is possible in many games without entering a 

state which is an element o~Or. In many cases, the draw is 

so declared by the rules of the game to prevent an infinite 
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sequence of moves, A sequence of this type, known as a 

'bhain}1 is defined as follows: Let n be an arbitrary subset 
c 

of n. nc is said to be a chain if and only if there exists 

an ordering of its elements, say nc = {b1 ,b2, ••• bn} such that: 

th(b.) = b.+l 
1 1 (i = 1,2, ••• n-l) 

h(bn) = b1 

where h is a state transition function related to r and g. 

Obviously, a chain is not a "stable 11 set in the general 

sense (i.e. for all games containing a draw) since it is 

dependent on the whims of two individuals. Thus, game rules 

usually provide that a draw be declared when a preassigned 

number of 11 inconsequential 11 moves are made in succession. 

However, it may be conjectured that continuation of sequences 

of 11inconsequential 11 moves would eventually lead to a chain 

anyway. 

Let us now consider the nature of the state set n more 

closely. A first order connection to some state b e n might 
0 

consist of any one of the elements of the set b. c n, 
J. 

(i = 1,2, ..• n). The set b. may thus be considered a subset 
J. 

in n which can be reached from the state b • Emanating from 
0 

every element of the b. is another subset in n, 
. J. 

b .. (j = 1,2, ••• m), each of whose elements is a first order 
J.J 

connection to a state in bi and a second order connection to 
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b0 • To illustrate, b3'4 represents the third of n possible 

choices as a first order connection to b , and the fourth of 
0 

m possible choices as a first order connection to b5• Con-

tinuing in this manner, the state of the·game may be repre-

sented at any time as an element b .. kl of the set n. 
l.J . • •• q 

This labeling of states might be termed a ttconnective number-

ing system". 

The connective numbering system model of a game leads 

to the concept of a 11tree 11 , an artifice which is used 

extensively in game theory literature. The alternatives 

available to progress from one state to a first oroer 

connection give rise to the %ranches 11 of the tree. A 

simple tree configuration with the connective numbering 

system is shown below in Figure 2.2. 

b 
n22 

The tree representation clearly shows a prime difficulty 

in dealing with games: the number of IX>ssibilities grows 

exponentially with move number as viewed from the initial 
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state. Actually, the system has an additional complexity. 

One need only be vaguely familiar with games to realize 

that some states may be reached by several alternatives. 

Thus b21 might be the same state as b68 or b154• Consequently, 

the tree degenerates in a 11net 11 which has the characteristic 

that flow may only proceed in one direction as shown in 

Figure 2.5. 

Fi~ure 2.5 

The model of a game as a non-planar network of possible 

states best portrays the idea of nconnectiontt presented 

earlier. 

The classical approach for determining a path through 

the game network leading to a desired final state in a two-

player game is known as the minimax technique. In this 

method, the following question is asked recursively until 
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. the net is exhausted and the end or the game has been 

detennined: "Where can I move such that my position after 

my opponents move will be the best I can hope for should 

he make the best co.untermove?11 While minimax is effective 

in trivial games, it is of little use in a complex game like 

chess where the possibilities to be explored exceed 10128• 

A digital computer checking at the fantastic rate of 6 moves 

per microsecond would require an amount of time greater than 

the expected lifetime or our universe to check all these 

possibilities. Thus, the approach used in complex games is 

to reduce the depth of search through the net to some feasible 

linO.t and to investigate the relative values of the end 

points of the search. The operation undertaken at these end 

points is usually based on the status of vario.us empirically 

established criteria considered to be important characteristics 

or the particular game. To be more explicit, consider the 

setsOI ~n (i = 1,2, ••• n) where OI is a set of states 
i i 

having a certain characteristic in common. A good strategy 

might be to move to a state which is contained in the inter-

section of a number or the OI • To :i,llustrate, states b1 . i . 
and b2 in Figure 2.4 are contained in the intersection of 
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four sets belonging to n1 (i.e. b1 ,b2 e OJ:{\ OJ n Or ()<q: ) • 
1 5 6 7 

It is quite possible that good criteria for intermediate 

evaluation coupled with a limited opening minimax application 

might lead to a state situation from which a primary or 

secondary X-strategy could be applied. 

In this case, the outcome of the game is render-

ed deterministic if and only if the opponent follows the 

moves that the abbreviated minimax application shows to be 

his best. However, the entire argument breaks down if the 

opponent chooses a path other than the minimax prediction. 

(In a game where minimax is used to find a pg.th from a present 

state to the end of the game, a move other than one predicted 

as his best by the minimax technique will not aid the oppon-

ent. On the other hand, in a game where minimax is limited 
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in depth, the evaluation of the alternatives may be in 

error, and the wrong path might be chosen. Such a possib-

ility always exists due to the empirical nature of the 

evaluation criteria.) Thus, the technique of limited :minimax 

and intemediate evaluation might not be a good strategy 

to follow in complex games. 

A very important factor whfch the minimax technique 

does not consider is the nabilityn of the opponent. If 

a great deal is known about an opponent's reaction to 

specific situations, statistics can be set up which predict 

with a certain probability which alternative he will choose. 

It is certainly possible to conceive of quite elaborate 

schemes which could be used for saving information about a 

particular player in order to determine the best approach 

to take when playing him again. Entire games might be saved 

in order to obtain an estimation of how he will react to a 

given situation. This technique might be used in a situation 

which appears to yield a draw by conservative play using the 

minimax technique. 0Daring 11 play backed by staunch probabil-

istic criteria for success might convert such a situation 

into a win, while risking a loss should the opponent play 

the minimax strategy. Carrying this reasoning one step 

further, a player should not use a strategy which can be 
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detected and predicted by his opponent unless it will lead 

to a win regardless. In other words, a slight deviation 

from a consistent overall strategy for the express purpose 

of perplexing the opponent might enhance1 the probability of 
i 

obtaining the goal. 

In lieu of the minimax technique, heuristics may be 

established to reach desired intermediate points or criteria 

or perhaps to reach as far as the states 0 from which a s 

primary X-strategy is available. The value of a heuristic 

may be characterized by its efficiency in getting to the 

desired state and its effectiveness in reducing the path 

search to achieve this goal. By the use of heuristics, 

the possible number of paths through the network is usually 

drastically "pruned 11 • A strategy may thus be considered in 

this case as the use of a heuristic approach to the goal. 

The two primary strategic constituents of the two-

person competitive class of games discussed may be summarized 

briefly as follows: 

1. Reasoning with heuristics that select fruitful 

paths of exploration in a space of possibilities that 

grows exponentially. 

2. Using these heuristics to reach a state in which 

the fixing of the strategy of one decision maker renders 



- 28 -· 

the system deterministic. 

As pointed out in the introduction, the game or three 

dimensional tic-tac-toe is ideal for purposes of demonstrating 

the use of heuristic processes. The remainder of the paper 

will be devoted to a discussion of this game and a step-by­

step developnent of strategies and heuristics enabling a 

computer to play in a sophisticated manner. 



5. DESCRIPI'ION OF THE GAME 

Three dimensional tic-tac-toe is a finite, perfect 

information game played by two opponents on the 64 cells of 

a 4x4x4 cube (see Figure 5.1). Opponents alternate moves, 

a move being the occupation of any previously vacant cell 

in the cube. Any position involving a straight line through 

the cube containing four .cells occupied by the same player 

constitutes a win for that player. A two dimensional 

representation of the cube can be obtained by breaking up 

the 4x4x4 configuration into four 4x4 planes. For identifi­

cation purposes the cells can be numbered by specifying 

their coordinates on a three-axis Cartesion system as shown 

in Figure 3.2. Of the three numbers assigned to each cell, 

the first identifies the level (1) of the cell, the second 

identifies the row (R) within the level, and the third 

identifies the column (C) within the level. 

A total of 16 straight lines containing four cells can 

be shown to exist in the cube. Such lines will be referred 

to as "files 11 • The 76 files can be classified into three 

groups as follows: 

1. Variation of a coordinate with other two coordinates 

.. constant (i.e. File orthogonal to two axes) 

a. Variation of C with constant L and R 
(16 possibilities) 

- 29 -
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b. Variation of L with constant C and R 
(l6 possibilities) 

c. Variation of R with constant L and L 
(16 possibilities) 

2. Variation of two coordinates with constant third 

coordinate (i.e. File orthogonal to one axis) 

<;!.. Variation of R and L with constant C 
(8 possibilities) 

b. Variation of R and C with constant L 
(8 possibilities) 

c. Variation of L and C with constant R 
(8 possibilities) 

3. Variation of all three coordinates (i.e. File 

orthogonal to no axes) 

a. •tcrossn diagonals of cube (4 possibilities) 

Due to the presence of the diagonal files, some cells 

have more files passing through them than others. The eight 

vertice cells (see Figure 3.la) and the eight "core" cells 

(see Figure 3.lb) of the cube are contained in seven files 

while all the other cells in the cube are found in only four 

files.; 

One can study in isolation the eighteen distinguishable 

4x4 planes (16 cells) which can be shown to be contained in 

the cube. There are two distinct groups of classification. 

1. Planes with a constant coordinate (i.e. planes 

parallel to the plane fanned by the intersection or any 
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t11m axes) 

a. Sixteen cells with same L (4 possibilities) 

b. Sixteen cells 111ith same R (4 possibilities) 

c. Sixteen cells 1'Jith same c (4 possibilities) 

2. Planes formed by 11 side 11 and 11 cross 11 diagonals of cube 

(6 possibilities) 

A representative example of each of these two main groups 

are shown in Figure 3.5. As m:ight be expected, all cells 

are not contained in the same number of planes. Each of the 

eight vertice cells and the eight core cells is a member of 

six planes; each of the other celJ.s is contained in four 

planes. 

(a) Vertice cells (b) Core cells 

F'igure 5.1 
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111 112 11~ 11_1 

121 122 12~ 12~ 

131 132 13~ 13__1 

141 142 14~ 144 

211 212 213 21A 

221 222 225 224 

231 252 253 25__1 

241 242 245 244 

Figure 5.2 

Carterian Numbering 
System 

/ 

/ 
/ 

)---

(a) Group la 

(b) Group 2a 

Figure 5.5 



4. EIEMENTARY APPROACH 

Since the ideal of minimaxing over an exponentially 

growing game tree is impractical, one if forced to reduce 

the size of the search tree in various -ways. One of these 

is the reduction of the depth of search - not going all the 

way to the end of the game tree, but to stop exploring at 

some set of intermediate points. The other consists of 

11 pruning 11 - where instead of looking at all possible 

branches emanating from a node, one looks at only those which, 

by some consideration, appear to be more 11promising 11 • · We 

shall have later occassion to discuss this latter technique. 

Meanwhile, we should remind ourselves that in games where 

the final outcome is not a numerical-value pay-off but 

merely consists of a 11win-or-lose 11 decision, minimax becomes 

a rather trivial operation, although one still calls it 

minimax. Consider a play of such a game between player X 

and an opponent. In the win-lose situation the value of a 

state with the opponent to move is a "win" if the value of 

all the states that can be reached from this state is a win. 

( 11State 11 as used here refers to a particular board con­

figuration.) The value of a state with player X to move is a 

11win 11 if at least one state that can be reached from this 

state is a win. The relation between this definition of the 

set of "wintt positions and the "strategic set" Os of Chap~ 2 is 
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to be noticed. 

In three dimensional tic-tac-toe let us designate the 

state of any file by an ordered pair of integers (x,y) where 

x is the number of cells in the file OCC\lpied by the player 

under consideration, and y is the number of cells occupied by 

the opponent, A file designated by (x,y) will be called an 

1'x-y file 11 • The player under- consideration will be referred 

to as X, and his opponent as Y. 

The novice player in his first attempts at this game 

usually follows the sole strategy of blocking files which are 

0-5 (making them into 1-5 files); or, if none exist, building 

2-0 files into 5-0 files. It soon becomes obvious to the 

novice that the lone formation of a 3-0 file is or little 

use against an alert opponent. A ••stronger 11 strategy is to 

strengthen the positioning of the pieces until a state is 

reached from which two 5-0 files can be formed simultaneously. 

On defense the objective is to keep the opponent from obtain-

ing the same opportunity. In the terminology of the last 

chapter, the set of winning states n for player x consists . x 
of all possibilities in which a 4-0 file will exist prior to 

the formation of a 0-4 file. A state from which an X move 

yields two 5-0 files is obviously a third order connection to 

Ox. (i.e. In three moves - two by X and one by Y - the play 
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may terminate in a win for x. 
The formation of two 5-0 files can be achieved by a 

simple check on the state of the 76 files. Let us define a 

"related J,:a.irtt as two 2-0 files which intersect at a vacant 

cell. Moving to this vacant cell obviously produces a pair 

of 5-0 files. A strategy based on this small amount of 

information can be applied to a computer for use against 

human opposition (see, however, the next chapter). A more 

complete discussion of the background for this strategy is 

presented in Appendix I. 

Essentially this related pair strategy consists of four 

basic questions i:osed in the following order: 

a. Does the computer have a 5-0 file? 

b. Does the opponent have a 0-3 file? 

c. Does the computer have a related pair? 

d. Does the opponent have a related pair? 

If the answer to any of these four questions is yes, 

proper action is taken. If the answer to all four questions 

is no, a move is made from a ttpreset!t move list containing 

the 64 cells in a predetermined order. The preset move list 

can be arranged to take ad'\Qntage of those cells in the cube 

which are contained in seven different files (cube vertices 

and core cells) or it can simply be a random ordering of the 
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64 cells, 

A flow chart of the ''related pair strategy•' is shown in 

Figure 4,1. In addition to the basic four questions dis­

cussed above, the flow chart includes several other pertinent 

questions. These are numbered in the flow chart and explained 

below. 

1. An illegal move by the opposition would wreak havoc 

with the computer's file indexes and must be guarded 

against. Moving into an occupied cell or moving into 

several cells simultaneously might constitute an illegal 

move. 

2. An initial check should be made to see if the 

opponent has formed an 0-4 file and thus won the game. 

3. An initial check should be made to see if all 

board positions are filled, leaving the game in a draw. 

4. Obviously questions (a) and (b) above used not 

asked until at least three moves have been made by the 

appropriate player, and questions (c) and (d) used not 

be asked until at least four moves have been made. 

5. The dotted boxes labeled (Sa) and (Sb) in Figure 4 

"predicttt a win for the opponent in one and two (opponent) 

moves respectively. If desired, the computer can assume 

that the opponent will not overlook the available 0-5 
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file or related µ:i.ir, and can concede the game at this 

point. The dotted box labeled (Sc) might also lead to 

a concession if the following conditions are met: 

a. Opponent has a related pair in addition 

to the 0-3 file. 

b. Blocking the 0-'3 file has not either 

blocked the related pair or yielded a 3-0 

file for the computer. 

Generation of a situation as described in the explan­

ations of (Sc) involves a more complex process than the 

related pair strategy outlined. The simultaneous formation 

of a 3-0 file and a related pair forms a Hstronger" 

strategy than the lone formation of a related pair since the 

former leads to a win while the latter can be blocked by an 

alert opponent. Going one step further, the successive 

formation of 3-0 files leading eventually to the simul~ 

taneous formation of a related pair and a 3-0 file constitutes 

an even higher strategical level. If no 0-3 file can be 

formed by the opponent in blocking the succession of 3-0 files, 

the force sequence will terminate in a victory for the offens­

ive player. Thus, a situation in which the opponent is faced 

with losing immediately (by not blocking the 3-0 file) or 

losing further on (when a 3-0 file and related pair are formed 



Figure 4.1: Flow Chart of Related Pair Strategy 
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si.nultaneously) will be referred to as a "terminal forcing 

sequence". 



5. TERMINAL FORCING SEQUENCES 

A terminal forcing sequence may initiate a force to a 

win several moves prior to the termination of the play. Its 

basic premise at any move is the formation of a 5-0 file 

in such a manner as to provide a 2-0 file for use on the 

following move, and the eventual simultaneous formation of a 

pair of 5-0 files. To simplify the verbal description of 

the formation of terminal forcing sequences let us define the 

counterforce set n~ as the set of states which contains a 

0-5 file whose unoccupied cell is not in a 2-0 file. 

Most terminal forcing sequences fall into two general 

cases. (Examples will be provided in the next chapter.) 

These cases provide sufficient but not necessary conditions 

for a terminal forcing sequence. 

Case 1: If there are two or more 2-0 files initially, 

and if a sequence of 1-0 and 2-0 files exists such that 

they (a) intersect each other at vacant cells; (b) 

intersect two of the 2-0 files at vacant cells, and 

(c) intersect the remaining 2-0 files at occupied cells; 

then a terminal forcing sequence can be executed pro-

vided that (d) the sequential blocking does not establish 

a state inn~. 

A Case l terminal forcing sequence can be executed by 
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moving to a vacant cell in a 2-0 file such as to leave a new 

2-0 file. This is always possible because each 2-0 file 

intersects a 1-0 file at a vacant cell. Since all initial 

1-0 files in the sequence are constrained to intersect each 

other at vacant cells, this procedure can be repeated until 

a 3-0 file is formed while making a 2-0 file out of the 1-0 

file intersecting an original 2-0 file. The resulting state 

will contain both a related pair and a 5-0 file. However, 

due to condition (d) on the preceding page, the probability of 

long range terminal forcing sequences is drastically reduced 

because of the possibility that the opponent will form an 

o~ state while blocking a 3-0 file. 

Case 2: If there is at least one 2-0 file initially, 

and if a sequence of 1-0 files exists such that they 

intersect each other at vacant cells, and at least 

one intersection involves more than two files; then a 

terminal forcing sequence can be executed provided that 

the sequential blocking does not establish a state 

The force procedure for Gase 2 differs from that of Case 1 

in that a second 2-0 file to terminate the force must be set 

up. The procedure for this will be ma.de clear by examples 

later on. Although a terminal forcing sequence is maximally 
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effective when encompassing the entire 64 cell cube, it is 

most easily recognized,, and there are far fewer cases to 

look for in a given 4x4 plane of the cube (eighteen such 

planes can be shown to exist). The terminal forcing sequences 

described in this chapter can be used to obtain an excellent 

"planar strategytt. In 1;.he next chapter, in addition to 

describing the planar strategy, examples and illustrations 

of the two cases of the terminal forcing sequences are given. 



6. PLANAR STRATEGY 

A terminal forcing sequence can often be recognized by 

a given advantage in a 4x4 plane of the cube. Consider a 

plane in which X occupies four cells while Y occupies none. 

Such a plane will be called a 4-0 plane. '.!he term "excess-four 

plane 11 will denote a plane in which X occupies four cells 

more than Y. For purposes of simplicity the plane under 

consideration will be assumed to be disjoint from the remainder 

of the cube. It can be shown by a process of exhaustion that 

every 4-0 plane which contains at least one 2-0 file is a 

state in a terminal forcing sequence. (All but a very few of 

the possible cases are covered by cases 1 and 2 in the pre­

ceding chapter.) or the 1820 possible configurations of 

four occupied cells in a set of sixteen, 1804 contain at 

least, one 2-0 file and thus yield a terminal forcing sequence. 

There are only two basic configurations of 4-0 planes, each 

having eight symmetries, which do not have at least one 2-0 

file. They are shown in Figure 6.1. Because of their 

resemblance to chess patterns, the configurations are labeled 

the "knight's position" and the ttcastle 's positionu, respect­

ively. Although these two positional arrangement~ do.not 

contain a 2-0 file, they are still quite interesting from a 

forcing standpoint. More will be said about them further on 
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in this chapter. 

x 
x 

x 

x 

(a) 

''Knight 1 s position 11 

x 

x 

x 

x 
(b) 

"Castle's positiontt 
Figure 6.1 

Several examples of the two cases of the terminal forcing 

sequence will be illustrated using a 4-0 plane. For purposes 

of discussion, the sixteen cells and the ten files in the 

plane will be numbered as shown in Figure 6.2. 

_l _2 5 4 

5 6 7 8 

_9_ 10 11 12 

15 14 15 16 
(a) 

Cell numbering 

1 ~ I I I 
2 •. _, --------~' 
5 • ,t--__ .....,...._.........__..) 
4 ......... 1 -'--~--'--__.] 

(b) 

9. 

{c 

(d) 
''Diagonal 11 files 

8 

"Row 11 files • 11Column files 
Figure 6.2 
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Sequences of file intersections will be denoted by a 

shorthand. notation as follows. The notation 102_..5....,.2-.12 

will be interpreted to read: 1~ile 10, a 2-0 file, intersects 

file 5, a 1-0 file, at a vacant cell. File 5, a 1-0 file, 

intersects file 2, a 1-0 file, at a vacant cell. File 2, 

a 1-0 file, intersects file 1, a 2-0 file, at a vacant cell. 11 

Example l Situation (figure 6.3a): X has two 2-0 files 

(4: 10) intersecting at the vacant cells (16, 4) 

of a 1-0 file (8). 

Force Procedure: Form a sequence of 2-0 and l·O 

file intersections which begin and end with a 

2~0 file. This will be a terminal forcing sequence 

according to Case 1. The intersection sequence in 

this example is: 10 .... 8-+4 
2 2 

The move sequence is thus as follows: 

1. Move to cell 4, the intersection of 2-0 file 

10 with 1-0 file 8. The opponent will move to 

cell 7 to block the 3-0 file. 
G 

2. Move to cell 16, the intersection of the newly 

formed·2-o file 8 and 2-0 file 4. Both of these 

files are now 3-0, guaranteeing a win. 

The completed terminal forcing sequence with the 

move order preserved by subscript notation (i.e.Xn 
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is the nth move by X in the force procedure) is 

shov.in in Figure 6. 3b. 

x1 

x 01 x 

x 
(a) 

x x3 
(b) 

x x x- 02 x X2 

x x x 01 x x1 

x x 
(c) 

lJ:. 02 

03 x x3 x (d) 

~-

Figure 6.3 

EY...ample 2 Situation (figure 6.3c): X has two 2-0 files 

(1, 3) which are intersected by many 1-0 files 

( 5 ' 6' 7 ' 8' 9 , 10 ) • 

Force Procedure: Form an intersection sequence 

as follows: 12~8~9~32 • 

The succession X moves are thus to cells 4, 16, 11, 

and either 6 or 9 depending on which of the two 

3-0 files 0 chooses to block. The complete force 

is in Figure 6.3d. Notice that the intersection 

sequence is not unique. Some of the other possib-

ili ties are : 
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a. 12_,,,10~ s--. 52 

b. 12 _...::p 6 __,,. 9 _.52 

c. 12__.10~7.-.52 

d. The reverse of all listed JX>ssibilities 

(i.e. 32_.. s-10-+~ etc.) 

We shall later discuss the importance of having 

such ~lternatives in view of the 'possibility of 

op states. 

Example 3 Situation (Figure 6.4a): X has two 2-0 files (1, 7) 

and four 1-0 files (3, 4, 5, 6)with a aequence of 

intersections at vacant cells. 

Force Procedure: 12~5_,.4 .... 6.....,5~72 

This force sequence as shown in Figure 6.4b can 

be shorted by a recursive procedure in which the 

intersection sequence is studied again after each 

X - O move pair. Doing this, the force sequence 

can be shortened by one X move. The new move 

sequence, shown in Figure 6.4d is obtained by using 

the intersection sequence s2~ 4..,. 9--lJ>72 after 

application of the i 2-+s opening (see Figure 6.4c) 

of the original intersection section. 
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I I Xi I x ol 

(a) 
02 04 xs 

(b) 
I x x4 XS 05 

x X2 x5 x 03 

~ x x o_i x..l. I x o.l. 

I!:.. 

x 
(c) 

02 1s 04 
-'-

x ~ 
(d) 

x x2 03 I x5 

Figp.re 6.4 

Example 4 Situation: X has four 2-0 files (2, 3,, 10, 6) 

and three 3-0 files (7, 8, 9) (Figure 6.Sa) 

Force Procedure: 52-+9 ~s-.102 (Figure 6.Sb) 

Exam:ple 5 Situation: I has one 2-0 file and a file inter­

section at cell 16 involving two 1...0 files and one 

2...0 file {Figure 6.Sc). 

Force Procedure: (a) 92_..4, 8 (b) 42.-.s~s--.s2 

(Figure 6.Sd) The force is broken up into two 

sections. A force is made to reach the triple 

intersection making two 1...0 files into 2...0 files. 

Then a second force is initiated there following 

the Case 1 terminal forcing sequence procedure • 
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Figure 6.~ 

02 

I 

o..1-

03 

x 
03 

x3 
x2 

lX3 

x x xA 
(b) 

x XJ. X 

x2 

.. 

xr 
-'"' 

01 x 

o.!l x x4 
(d) 

x 02 xi 

Examples 1, 2, and 3 illustrate Case l sequences of growing 

length; example 4 illustrates a Case l sequence with more 

than two initial 2-0 files. From example 5 it is clear that 

terminal forcing sequence Case 2 is an extension of Case 1 9 

carrying with it an additional procedure. 

The planar terminal forcing sequences include far more 

situations than 4-0 planes or even excess-four planes. A 

largely majority of 3-0 planes and excess-three planes 

containing at least one 2-0 file can be shown to lead to a 

terminal forcing sequence. (A complete list of these 3-0 

planes is given in Appendix II.) Thus, the excess-three 

planes might correspond to some of the desirable intermediate 

points denoted by Or in Chapter 2. An example of a Case 1 

type 3-0 plane is shown in Figure 6.6 a,b and a Case 2 type in 
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Figure 6 .6 c,d,e.. In. the Case 2 situation the move to 
-· .~ 

x x (a) (d) 
x x 01 xl 

x5 x 

x x x 03 0_2_ 

I x 
'··'~ 

I 

x 05 x5 x x x oi Xl 

01 I· 02 5 

04 x4 x x2 

05 xe ~ 

' 

(b) (e) 

04 x5 x4 I 
k.. 

XS 05 02 

x6 05 x2 

(c) 

Figure 6.6 

the triple file intersection at cell 6 cannot be made until 

a file passing through it is 2...0. The intersection sequence 

here is: (a) 12....-.9..,.9-.2, 6 (figure 6.6d) 

(Figure 6.6e). 

(b) 2 ... 10 ... 6. 
2 2 

Notice that the second portion of the intersection sequence 

cannot be 22_.l ... 62 because a 0-5 file is formed in this 

sequence. This is then {3 restriction found in the terminal 

forcing sequence cases. 

Thus far the planar discussion has been limited to 

situations in which the plane is completely isolated from 

the rest of the cubic configuration. Quite often there will 

be some 2-0 or 0-2 files in the cube lying outside the plane 

under consideration and having a vacant cell in that plane. 

Let us first consider the case in which such a 0-2 file is 
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present. The forcing sequence must then be constructed to 

insure that this vacant cell is never available for occupation 

by the opponent since this will lead to an n~ situation. 

cell can be avoided altogether or simply used as an X move 

The 

in the terminal forcing sequence. In the instance in which 

a 2-0 file in the cube has a vacant cell in the plane under 

study, the probability of the existence of a terminal forcing 

sequence being available is greatly increased. Moving to the 

vacant cell in the 2-0 file adds to the advantage in the plane 

since the opponent's move is forced out of the plane to block 

the 3-0 file. Applying this procedure one could convert a 

nonforcing excess-three plane to an excess-four plane, most 

all of which yield a terminal forcing sequence. Extending 

this reasoning one step further, an excess-two plane (i.e. 

a 2-0 plane, 3-1, plane etc.) containing a vacant cell which 

is in a 2-0 file outside the plane, and even an excess-one 

plane containing two vacant cells which are in 2-0 files out-

side the plane constitute the threat of a possible terminal 

forcing sequence and thus are also states in n1 • 

The strong characteristic of all terminal forcing sequences 

is the complete disregard for any offensive threat on the 

pa.rt of the opponent (with the notable exception of a 0-3 file). 

The formation of a related pair by the opposition during a 
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terminal f.orcing sequence does ~ot alter the outcome. No. 

opportunity will arise for the opponent to utilize the re-

lated pair and form a pair of. 0-5 files • 

. In addition to terminal forcing sequences, other Uweaker" 

move sequences leading to a wi,n can be shown to exist. Re ... 

call the ttknight's" position ~hown.in Figure 6.la. This 

4-0 plane does not yield a terminal forcing sequence as it 

~s no .2-0 files. Assume this plane is isolated from the 

cube and consider a move by X to cell 1 forming two 2-0 files 

(files 1 and 5). It can easily be verified that regardless 

of the opP?nent's reply to this move (unless it forms an 

0-? file) a terminal forcing sequence can be initiat~d on 

the. next move. Similarly a move to cell 16 in the castle's 

posi~ion in,Figure 6.lb will lead to a terminal. forcing 

sequence on the following move. Many excess-three planes 

which are not states in a terminal .forcing sequence hlilve 

similar properties. Consider, for example, the 3-0 plane 

shown in Figure 6. 7a. An X move to cell 6 results in a w.in 

regardless of' the o1 move. Win sequences for .several o1 

moves are shown in F.igure 6. T b,c,d,e. 
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Figure 6.7 

The obvious weakness in a non-forcing opening move lies 

in permitting the opponent to initiate his own terminal 

forcing sequence elsewhere in the cube during this delay. 

A slightly 11strongerlf configuration of the non-terminal 

forcing sequence opening move type is shown in Figure 6.8a 

(The reader might note that this 3-0 plane actually yields a 

terminal forcing sequence, but this fact will be overlooked.) 

An X move to cell 16 forms a related pair forcing the o1 move 

to cell 2, 4, 8, thus yielding a 4-1 plane which is the initial 

state in a terminal forcing sequence. The completed win 

possibilities are shown in Figure 6.8 b,c,d. Actually, however, 

the related pair formed by the X move does not prevent the 

opponent from initiating his own terminal forcing sequence 
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instead of blocking the related pair. In this sense it is 

no more effective than the example discussed in Figure 6. 7. 

The advantage of the related pair force on the °.J. move is that 

it controls the opponents move to a few selected cells in the 

plane under consideration, rather than letting him build 2-0 

files in the cube which might have vacant cells in the plane. 

x x x x 01 

(a) 
04 02 xs 

x x_5_ 0_5_ x..2. x 
x-4. 0..5_ x_s_ xi 

x 01 x x3 x 05 x XS 

02 x4 05 
(c) 

02 x4 01 
(d) 

05 x_s_ x-2_ x 0...5_ x...B. x..2. x 
x6 04 1i x6 04 1i 

Figure 6.8 

Planar situations may arise in which the related pair 

"force n occurs on the second or third move in the Upseudo-

forcing" sequence. Consider the example in Figure 6. 9a. The 

The opponents first move is forced by a 5-0 file in file 7. 

The 0 2 move, however, may be to either cel1 10, 12 or 15 to 

block the related pair set up by files 3 and 10. Each of 

these three possible moves gives rise to a terminal forcing 

sequence for X as is shown in Figures 6.9 b,c,d, respectively. 
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Figure 6.9 

Let us term any move sequence of the types described in 

figures 6. 7, 6.8, 6.9 which lead to a win as ltpseudo-terminal 

forcing sequences". To summarize, a pseudo-terminal forcing 

sequence is a sequence of moves which leads to a win while 

containing a move which is not a strict force (e.g. a related 

pair force). A win sequence can be executed provided that the 

opponent cannot start his own terminal forcing sequence at 

the non-forcing move ju1.11Cture. 

A flow chart test to determine the existence of a terminal 

forcing sequence in an isolated plane is shown in Figure 6.10. 

A more practical test would include checking for the possibility 

of vacant cells in the plane which are contained in 2...0 or 

0-2 files outside the plane as previously discussed. The flow 
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chart does not make use of Case l and Case 2 conditions of 

the terminal forcing sequences since these "rules" are 

sufficient but not necessary conditions. Instead, a p~anar 

11search technique 11 is utilized. Basically this technique may 

be outlined as follows: 

1. Check the states of all 18 planes in the cube. 

2. If there is a 4-0 plane a pseudo-terminal forcing 

sequence exists,and if the plane has a 2-0 file, a 

terminal forcing sequence is present. For s~o planes, 

6-0 planes,etc.,a terminal forcing sequence always 

exists (since there is always at least one. 2-0 file). 

3. If there is an excess-three (or more) plane try all 

possibilities to manufacture a terminal forcing 

sequence. (This is done by forming a tree like structure 

of vacant cells in 2-0 files.) 

4. Save move sequence of the terminal forcing sequence 

discovered for use in play so that the next move in the 

sequence will be readily available. 



Figure 6.10. Terminal Forcing Sequence (TFS) Flow Chart 
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As an example the flow. chart te sf,' is appii.ed to the 5..0 

planar situation shown in Figure 6.lla. Dots are used to 

signify vacant cells in 2-0 files. The step-by-step sequence 

leads to a related pair at cell 10 in Figure 6.11.r and is 

quite smooth, the only setback oc~urring in Figure 6.lle 

where the opponent forms a 0-5 file. A great deal of extr~ 

work is saved by the heuristic which considers placing an X 

in vacant ~ertice cells of the plane which are in 2...0 files 
' 

before other possibilities. Without this heuristic the reader 

might verify that ,the solution to this, example is quite,in-

volved. Also, this introduces a considerable amount qf 

11pruningu into the game tree, albeit at the sacrifice of some 
'< 

involved strategies of greater depth. A more complex example 

is shown in Figure 6.l2a. Here t~e x2 move is a poor one and 

must eventually be changed. Fourteen steps · are required for 

this solution. 

x x • • x x 01 x1 x x 0..1 xi 
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• x2 
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Figure 6.11 
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7. CUBIC STRATEGY 

In this chapter we will consider a .few game situations 

which lie beyond the planar realm but are relatively simple 

to detect. Elementary sequences of Case 1 and 2 terminal 

forcing sequences are of this nature. The lowest form of 

Case 1 has already been illustrated in Figure 5.5b. The 

si:ecific conditions for this force may be stated as follows: 

If a 1-0 file intersects two 2-0 files at vacant cells, a 

terminal forcing sequence exists if no O~ state is formed by 

virtue of the opponent's blocking moves. 

The check for this situation is relatively simple. It 

requires monitoring the short intersection sequences of 2-0 

and 1-0 files in the cube. When applied to a planar situation 

it is possible that the Case 1 situation will be present even 

when there is no X-excess in the plane. In Figure 7.1 a 

4-5 plane, an X move to cell 4 or 16 (vacant cells in a 1-0 

file) simultaneously forms a 5-0 file and a related pair, 

yielding a win. Interesting configurations of this type in 

which the three files (two 2-0 files and one 1-0 file) are 

in different planes may occur. 

x x • 

0 I 

0 0 x Figure 7.1 

0 0 • 
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Another llcubic heuristic 11 may be derived as, a, direct 

result of those excess-three planes which do not yield terminal 

forcing sequences. Consider the situation in which two 

intersecting planes are excess-three and excess-two respect­

ively~ Further assume that the excess-three plane does not 

yield a terminal forcing sequence and that there are no cells 

in the excess-two planes which are vacant cells in 2-0 files 

outside the plane. It is entirely possible that a sequence 

of forces in the excess-three plane exists which builds the 

excess-two planes into an excess·three (or more) plane yield­

ing a terminal forcing sequence. Such a force sequence 

might be termed attplane-plane terminal forcing sequence'! This 

result may be expanded to multiple plane intersections but the 

extension will not be considered here due to the complexities 

and search time involved. Actually, a multiple plane inter­

section situation leading to a terminal forcing sequence might 

be more easily described in terms of a Case l or 2 terminal 

forcing sequence anyway. 



8. SUMMARY - GENERAL MOVE STRATEGY 

At this point let us piece together the fragments of 

strategy discussed in the preceding chapters. The goal of 

winning may be replaced by pursuing a wider objective or 

sub-goal, achieving a state in a terminal forcing sequence. 

The problem is thus - How does one achieve a state in a ter­

minal forcing sequence? This qunstion is not easily answered. 

Perhaps the outstanding characteristic of a forcing sequence 

in the overall cube is the presence of intersecting 2-0 and/ 

or 1-0 files. In the plane the sequence may be recognized 

by the pattern of occupied cells or by the excess-cell advan­

tage. The objective in both cases (cubic and planar) centers 

around the early formation of 2-0 and 1-0 files (which in 

turn lead to the build up of plane excesses). Thus it 

appears that a good opening move in a play of the game might 

be to a cell which lies in seven files and six planes. (Re­

call that this characteristic is true of the eight vertice 

and eight core cells of the cube. All other cells lie in 

four 'files and four planes.) 

Although there is no concrete theoretical evidence, it 

appears from empirical observation that the player who opens 

the play has a definite advantage over his opponent. (This 

conclusion is quite sound intuitively since the first player 
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is the only one to ever have an advantage in the number of 

occupied cells.) Thus, it is probably best for the second, 

player to place more emphasis on defense than offense at 

least in his first few opening moves. A good reply to the 

opening move, should the first player occupy one of the six­

teen cells mentioned, might be a mirror image to this move 

through the axes of symmetry of the cube. This would block 

one of the seven 0-1 files and generate six 1-0 files at the 

same time. An •toffensi ve" move in which no 0-1 files are 

blocked but save~ 1-0 files are formed might be a better 

choice if the first player did not move to one or the six­

teen "choice tt cells, 

After the first several moves, several questions should 

be considered while pondering a proper move. These questions, 

constituting a general strategy, are posed in the flow chart 

in F,igure 8.1. This chart represents a far more sophisticated 

strategy than that shown in Figure 4.1. Several or the 

mechanical questions (i.e. how many moves are on the board) 

introduced in Figure 4.1 are not repeated in this flow chart 

although they still are pertinent. The term XWATCH cells 

used in the flow cha;rt refers to vacant cells in the plane 

under consideration which are in 2-0 files outside the plane. 

Similarly, OWATCH cells are such vacant cells in the 0-2 files, 
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The final block in the flow chart - "Build a future 

threat" - may be fulfilled by either of two possibilities. 

First, the move might be ma.de to an excess-ple,ne which 

does not presently yield a terminal forcing sequence by form­

ing a new 2-0 file without making a 3-0 file. When possible 

the move should be made at the intersection of two or more 

excess-planes so that the resulting threat will be more 

formidable and better disguised. The second possibility is 

to form a 2-0 file in the cube while moving into a plane in 

which the opponent enjoys an occupied cell excess. A 

defensive move of this type might be advisable in a game in 

which the opponent is known to be a strong player and has the 

advantage of moving first. 

The relationship between offense and defense is clearly 

evident on the flow chart. If a win is not immediately avail­

able, a check must be made on the corresponding chances of 

the opponent. Should neither player have a 3-0 file available, 

an offensive check is made for a terminal forcing sequence. 

If none is found to be available, a defensive check is made 

checking the opponents possibilities. If no terminal forcing 

sequence is found on either the offense of defense, a 

11building 11 move is made as described in the previous paragraph. 



Figure 8.1: General Move Strategy Flow Chart 
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9. COMPUTER APPLICATION AND HESULTS 

After an initial period of debugging, a PDP-4/340 D 

Computer-Display combination was programmed in MIDAS 4 

Assembly Language to play three dimensional tic-tac-toe 

on an elementary level. The machine's capability is limited 

to the strategy shown in the flow chart in Figure 4.1. 

While this appears to be quite a strong limitation in 

view of the powerful terminal forcing sequence techniques 

presented, the machine has been quite successful against 

human opposition. This success is probably influenced by 

the lack of an actual three dimensional model of the cube 

for use by the opponent. A four level two-dimensional view 

(cutting the 64 cells into four disjoint 4x4 planes) is 

displayed on the 340 D unit and serves as the model. In 

addition, an isometric view of the cube showing all 64 cells 

is displayed. The opponent's moves are instigated by point­

ing a "light penu (photocell) attached to the display unit 

to the desired cell in the four-level view. Immediately 

upon triggering the light r:en both the opponents move and 

the computer's countermove appear sim1ltaneously. In add­

ition, a message appears on the display to explain why the 

computer made the move it did (i.e. blocked a related pair, 

etc.) As the flow chart shoills, the computer makes a 11presetn 
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move when no threat of a win or related pg.ir exists ou either 

offense or defense. The preset move is the first vacant cell 

round on a list of the 64 cells randomly ordered for each 

game. 

Attempts by opponents to obtain suitable positioning 

for terminal forcing sequences are quite often thwarted 

by unintentionally ''good 11 preset moves. Also, in a zest to 

fortify their own offensive position and in deference to 

the random quality of the machine 1s moves, many opponents 

disregard defense. These factors have enabled the computer 

to build up a large winning margin, probably exceeding 85%. 

This statistic is even more impressive as the computer 

always moves last. Furthermore, the computer rarely loses 

on its first play against a pg.rticular opponent. Its 

infrequent losses usually occur only after the opponent 

realizes the limitations of the program and sets his strat­

egy accordingly. Against novice opponents the computer 

rarely requires more than sixteen moves (thirty-two occupied 

cells) to complete a win. The state of the play is suffic­

iently complex at this point for many players to fail to 

recognize a related pair. Naturally, the computer's logic 

mechanisms are not effected by the complexity of the cubic 

configuration {other than in move time required - which is 
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nearly negligible in the related pair strategy). 

A more sophisticated program has been written in ALGOL 

60 to play using some of the techniques discussed in the 

section on planar strategy. The computer used in this 

instance is the Univac 1107. This machine has not been 

pitted against human opposition due to the input-output 

complexities inherent in the available system. A complete 

play of the game would require a tie-up of the computer for 

an excessive period of time. Thus, as an alternative, the 

computer has been programmed to play against itself, using 

the same strategies in each instance. An entire play of 

the game, start to finish, usually takes less than one min­

ute. Briefly, the capabilities of the program include: 

a. Elementary strategy - as used by the PDP-4 program. 

b. Planar strategy - including both excess-two and 

excess-three (or more terminal forcing sequences with 

XWATCH and OWATCH provisions. Not including pseudo 

terminal forcing sequences. 

c. Bui]ding strategy - building excess-two planesin'io 

excess-three planes which are possible threats as TFS. 

As in the PDP-4 program, the opening moves are made from 

a preset move list. Many complete plays have been analyzed 

and the results are quite interesting. A minimum of two moves 
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from the preset move list is made by each player at the 

operdng of the play. If the moves form a 2-0 plane, the 

building strategy takes over from there. If not, a few 

additional preset moves might be necessary. No imstam.ce 

has been encountered in which either player opened with more 

than four preset moves. 11Strong 11 opening combinations 

(1,e. those complying to com.ditions specified in the last 

section) by the first player almost invariably lead to a 

win. Even "weak 11 opening combinations by the first player 

yield a high winning percentage, the wins usually resulting 

from correspondingly nwea.k" openings by the secom.d player. 

As might be expected, strong openings by the second player 

in reply to weak opeuugs by the first player often lead 

to a win by the secom.d player. 

A particularly im.teresti•g result of a computer versus 

computer play was the achieveme•t of a tie-game. It is 

the first such occurrence the author has ever encountered. 

Daly(l) states that neither he nor any of his associ.ates 

has ever seen a legitimate tie•game and that he is not 

certaitl such a play is evem. possible. The complete play 

of this u•usual. game is given im Appendix III. It is quite 

fasci:nating to uote that related pair and 5~0 files are 

beim.g formed and blocked even as the final cube positioRs 
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are being filled. 

In a few instances, the computer accidentally formed 

multiple related pairs simultaneously. A game in which 

this occurs is also shown in Appendix III. A strategy to 

locate such possibilities has not been drawn up as the time 

necessary !or its executioa might prove excessive. 



10. CONCLUSIONS 

A minimax procedure beccmes essential in the solution 

of a game situation when some intermediate evaluation scheme 

is used in conjunction with limitation of depth of search. 

However, in the strategies under consideration the limit­

ation. of depth is \mnecessary because of the extremely 

efficient tree-pruning heuristics used at extrapolations 

while the in.termediate evaluation schemes (if they can be 

so called) used allow for single ply exploration. The 

major heuristic used for investigating win sequences is the 

technique of "forcing n. A state in a termi:m.al forcing 

sequence is one at the opponent's move time such that one 

of the opponent's alternatives gives rise to an immediate 

win for player X while the other give rise to a future wia. 

By restricting the search to looking only for sequences of 

forces one certainly throws away the possibilities of some 

very subtle maneuvers in the game (i.e. strings of related 

pairs), but the sacrifice seems worthwhile im view of the 

fact that the exploration of forcing situations takes place 

along drastically pruned trees and the need for depth limit­

ations is avoided. Moreover, heuristics are available for 

the creation of situations in which the possibility of 

force situations may be highly probable. 
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Another drastic reduction occurs ia the search process 

for forcing situations by limiting the search, in most 

cases, to moves made in a suitably chosen fixed plane. The 

choice of the plane is made on the basis of the bases of 

the excess of X cells over the opponent's occupied cells. 

Actual enumeration has shown that in an isolated 5-0 

plane, im 40 out of 77 cases (counting symmetrical situations 

as identical) a terminal forcing sequence is possible. 

This possibility continues even with a few of the opponemts 

pieces on the plane as long as the difference is three or 

more. The trend certainly does not com.til!l.ue all the way 

to (ridiculously) the 9-6 ratio, but it is of benefit to 

use the heuristic that an excess-three is worth concentrating 

on. This heuristic applied to 2-0 planes and XWATCH cells 

is also quite valuable • While developing a force. on a 

plane, the machine has to guard against the formation of 

a threat by the opponent through his defensive moves. 

These threats may consist of a 0-3 file either in the plane 

or outside it. This is one consideration which prevents the 

complete concentration of the efforts on a plane. However, 

since these entail only one-step explorations o.utside the 

plane, they do. not introduce apy exponential gro,wth of the 

tree v.1ith the depth of sear<;:h. 
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The machine has capabilities of blocking all tactics 

on the part of the opponent that the machine uses for its 

own. In addition to the depth searches, searches for 

related pairs and 3-0 files are carried out in a routine 

manner and taken advantage of as well as blocked. The 

one large failure on the part of the machine lies in its 

inability to either foresee or block forces of depth 

greater than one on both sides. However, since such cases 

have necessarily to develop in three dimensions (the plane 

case being taken care of by the planar terminal forcing 

sequence tactics), the machine would probably not suffer 

from this while playing humans. When no forcing sequence 

presents itself to the machine, the strategy consists of 

creating a plane with an excess of three. This may be 

considered the only form of intermediate evaluation used 

in the program. 

No other intermediate evaluation schemes being avail-. 

able, the machine plays from a table of preset moves when 

mne of the possibilities engendered above are available. 

Such possibilities open up in about three moves or six 

plies. Hence the fate of the entire game (when the machine 

plays itself) is determined from the first few initial 

moves. We have at present no statistics on the efficiency 
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of these initial moves, nor do we have any proven efficient 

heuristic for choosing them. It is our hope that the two 

or three plies made by the human player will be conducive 

to the machine's ones only on a random basis, but in most 

games the machine will be able to capitalize on the possib­

ilities op:ined up in the first few moves better than a human 

player. 

Although some of the move sequences resulting from 

computer versus computer games in the 1107 program are 

quite interesting, it is difficult to classify the strategy 

as being exceptionally 11good 11 • It is obviously inferior 

to the strategy shown in the flow chart in Figure 8.1 since 

it includes fewer heuristics. As more and more heuristics 

are added, the machine will play '1better 11 , but a trade-off 

must be considered between 11goodness of play!t and move time. 

The present 1107 program requires a move time of a few 

seconds or less. 

The results of the computer versus computer plays 

leave a clear indication that the first player should win 

if the play is not a draw. The strategy which "Will insure 

this has not been found, but the planar terminal forcing 

sequence heuristic when used in conjunction with 1'strongH 

opening moves comes quite close. It is inconclusive 
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whether or not a complete play of the game using minimax 

techniques would result in a draw. This will probably 

never be known for three dimensional tic-tac-toe because of 

the gigantic number of explorations involved. 

A main weakness of the game as programmed lies in the 

absence of a strategically based opening move sequence. 

Perhaps too much emphasis has been placed on terminal fore-

ing sequences in lieu of this phase of the play. The 

opening move strategy would certainly be a prime place to 

devote further effort. 

It may appear that the program discussed here is 

specifically designed for three dimensional tic-tac-toe. 

However, it must be pointed out that the strategy of fording 

is applicable in the end-portions of many games(lS). The 

great effect this strategy has on tree-pruning is worthy of 

note in the general case. It can also be pointed out that 

the general applicability of the strategically based state 

set argument in Chapter 2 is born out by the tic-tac~toe 

terminal forcing sequence conditions in Chapter 5. 



APPENDIX I: A PROCEDURE FOR DETERMINING RELATED PAIRS 

The recognition of a related pair can be achieved by a 

simple heuristic which may be used by man and machine alike. 

To describe this heuristic properly, let us make several pre­

liminary definitions. A 11file set" is the group of files 

which passes through any given cell. The cell that the file 

set passed through is the ''file set basis 11 • A related pair 

can be described as two 2-0 files (or 0-2 files) in the same 

file set having a vacant file set basis. The file set basis 

in this case is referred to as a 11major cell 11 , and can be 

designated as 11offensi ve n when the files are 2-0 and 

11defensi ve 11 when the files are 0-2. 

It is clear that any of the 64 cells may serve as major 

cells and that any individual vertice or core cell has a 

comparatively greater probability (7 to 4) of being a major 

cell than do other cells. 

Three possible heuristic methods for finding related pair 

may be stated as follows: 

l. Check the file sets associated with all occupied X 

cells. If any of the files in one of these file sets is 

found to be a 2-0 ;file, record the vacant cells in that 

file. If one of the recorded cells ap~ars again as a 

vacant cell in another 2-0 file, it is a major cell. 

- 77 -
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Repeat the test for all occupied Y cells and corresponding 

0-2 files. 

2. Check the file sets associated with all vacant cells. 

If two (or more) of the files in a file set contain 2-0 

files or 0-2 files, the file set basis is a major cell. 

3. Check the. 76 files for 2-o files. If any are found, 

record the vacant cells in those files. If any cell is 

recorded twice, ·it is a major cell. 

Al.though each of these procedures may be useful in the 

course of a game, procedure (5) is the best from both time 

and relative efficiency stand:Points. Procedure (l) is an 

excellent one to follow in the first several moves of the 

play since it is only concerned with occupied cells. How~ 

ever, much of its usefulness is wasted by virtue or the fact 

that a related pair cannot be formed until one player has 

Ina.de at least four moves. In a similar manner, procedure (2) 

can be applied in a play in which few vacant cells remain 

on the board. Such a play is quite rare in reality. Appli-
' : . 

cation of procedure (3) requires only 76 file checks regard-
. . 

less or the n~ber of moves on the board. The c~lls con-

tained in each of the 76 files are listed in Table I, and 

the file sets !or any given file set basis are given in 

'Iable II. The information contained in Tables I and II, 
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when used for the purpose of applying the ''related pair 

strategytt is sufficient to yield a non-trivial play of the 

game. This fact has been verified by the performance of 

the PDP-4 computer against human opposition. 



- 00 ~ 

Table I g Cells Contained in Each File 

1 2 .5 4 5 6 7 8 .9' 1D 11 12 15 

112 113 114 111 121 151 141. 111 114 2ll 212 215 214 
122 125 124 112 122 132 142 122 123 221 222 225 224 
152 155 154 115 123 135 145 153 132 251 232 233 254 
142 145 144 114 124 134 144 144 141 241 242 245 244 

14 15 16 17 18 19 20 21 22 25 24 25 26 

211 221 251 241 211 214 511 312 315 314 311 321 351 
212 222 252 242 222 223 321 322 325 324 512 322 352 
213 223 233 243 255 232 551 352 333 334 513 325 5~3 
214 224 254 244 244 241 541 342 345 544 314 324 334 

27 28 29 30 31 32 33 34 35 36 57 58 59 

541 311 514 411 412 413 414 411 421 451 441 411 414 
342 322 525 421 422 425 424 412 422 432 442 422 425 
343 533 552 431 452 453 454 415 423 455 445 435 452 
544 344 341 441 442 445 444 4;I.4 424 434 444 444 441 

' 

' 40 41 42 45 44 45 46 47 48 49 50 51 52 

1111 112 115 114 121 122 123 124 151 152 135 154 141 
211 212 215 214 221 222 223 224 231 252 255 254 241 
511 512 515 514 521 522 323 524 331 352 553 554 541 
411 412. 415 414 421 422 425 424 451 452 455 434 441 

55 54 55 56 57 58 59 60 61 62 65 64 65 

P.42 145 144 111 121 151 141 111 141 114 124 154 144 
~42 245 244 212 222 232 242 222 2~2 215 225 255 243 
~42 345 344 515 525 335 545 355 525 512 322 552 542 
1442 445 444 414 424 434 444 444 414 411 421 431 441 

66 67 68 69' 70 71 72 73 74 75 76 

~14 144 111 112 115 114 141 142 143 144 111 
~25 253 221 222 223 224 251 232 253 254 121 
~32 322 1551 352 355 534 321 522 325 524 151 
~41 411 kl41 442 445 444 411 412 415 414 141 
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Table II g File Sets Corresponding to Each Major Cell 

111 114 144 141 225 222 252 235 323 322 532 333 411 

76 3 3 76 12 11 11 12 22 21 21 22 30 
4 4 7 7 15 15 16 16 25 25 26 26 54 
8 9 8 9 19 18 19 18 29 28 29 28 38 

40 43 55 52 46 45 49 50 46 45 49 50' 40 
56 62 65 59 63 57 58 64 57 63 64 58 62 
60 66 67 61 66 60 61 67 61 67 66 60 67 
68 71 75 72 70 69 75 74 74 73 69 70 72 

414 444 441 112 115 124 123 122 121 151 132 133 134 

33 33 30 l 2 3 2 l 76 76 l 2 3 
34 37 37 4 4 5 5 5 5 6 6 6 6 
39 38 39 41 42 47 9 8 44 48 9 8 51 
43 55 52 69 70 63 46 45 57 58 49 50 64 
56 59 65 - - - - - - - - - -
61 60 66 - - - - - - - - - -
75 71 68 - - - - - - - - - -

143 142 211 212 213 214 1224 221 1231 234 244 243 242 

2 1 10 11 12 15 13 10 10 13 13 12 11 
7 7 14 14 14 14 15 15 16 16 17 17 17 

54 53 18 4l 42 19 47 44 48 51 18 54 53 
74 73 40 56 62 45 71 68 72 75 55 65 59 

241 311 312 513 314 324 ~21 331 334 344 .. 343 342 ~41 

10 20 21 22 25 25 20 20 23 25 22 21 20 
17 24 24 24 24 25 25 26 26 27 27 27 27 
19 28 41 42 29 47 44 48 51 28 54 53 29 
52 40 62 56 45 75 72 '68 71 55 59 65 52 

412 413 424 425 422 421 431 432 453 454 443 442 

31 ~2 33 52 51 50 50 51 32 53 32 51 
54 ~4 35 55 35 55 56 36 56 36 57 57 
41 142 47. 59 38 44 48 39 38 51 54 53 
75 ~4 57 46 45 65 64 49 50 58 70 69 



APPENDIX II: TERMINAL FORCING SEQUENCES IN ISOLATED 

5-0 PLANES 

As the terminal forcing sequence has been set forth as 

the Rstrongest" strategy available in a given plane of the 

<;robe, its ea.rliest occurance is worthy of ;investigation. 

This situation in which reasonable doubt in first encountered 

with respect to terminal forcing sequences is in the 5-0 

plane • (Re call that 1804 of the 1820 4-0 planar conf igur-

ations lead to pseudo-terminal forcing sequences.) or the 

560 different configurations arising from three occupied 

cells in a set of 16, 77 can be shown to be independent 

after symmetry considerations. The 77 configurations consist 

of 65 having eight symmetries and fourtee~ having four 

symmetries. The symmetries consist of two 'tliagonal flips" 
0 . 

!or each of four 90 rotations. An example of the eight 

syi:nrnetries for a simple four cell plane is shown in 

Figure II.l. The 90° rotations are shown in a-.d and the 

ltdiagonal !lipstt for each or these rotations in e-h, 

respectively. Those 5-0 planes which have only four 
.. 

symmetries are the ones which are symmetrical about a 

diagonal. 

A program written in AIDOL 60 for the Univac 1107 

!or generating the 77 3-0 planes is shown at the end 

of this appendix. A simplified flow chart of the 

- 82 -
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Table III: List of the 77 5-0 Planes 

. ~o .or' Poss:!-ble Cells in 1No. tJ?ossible 
Cells in 2...0 TFS? O~ning 

Plane of~ TFS? Opening 
Plane !Files Moves ~ Moves 

1, 2, 9 2 Yes 4,15 1, 9,15 1 Yes · 15 
1, 2,10 2 Yes 4, 6 1,10,11 2 Yes 9,16 
l, 2,11 2 Yes 4, 6 1,10,14 1 Yes 6 
1, 2,15 2 Yes 4, 9 1,10,15 0 No -
1, 2,14 2 No - 1,11,14 l No -
1, 2,15 l No - 1,11,15 2 Yes 7,16 
1: 2,16 2. Yes 4, 6 1,12,14 0 -No -
1, 5,15 2 Yes 4, 5 1,14,15 l No -
l, 5,14 l No - 2, 5,14 2 No -
1, 5,15. 2 No - 2,. 5,10 l No -
l, 5,16 2 Yes 4,11 2, 5,14 1 No -
1, 5, 9 l Yes 15 2, 5,15 0 No -
1, 5,10 .1 Yes 15 2, 6, 9 l Yes . .J.O 
1, 5,14 l Yes 15 2, 6,10 l Yes ' 14 
l, 5,15 l Noif' 6 2, 6,11 2 Yes 1,10 
l, 6, 9 2 Yes 15 . 2, 6,14 1 Yes 10 
l, 6,10 2 Yes 2,13*14,16 2, 6,15 l No .. 
1, 6,14 2 Yes 10,1&5 2, 7,14 l No -
1, 6,15 1 No - 2, 7,15 1 No -
1, 7,14 0 No - 2,10,11 2 Yes 6 
1, 7,15 l Yes 11 2,12,14 l No -
1, 9,10 2 Yes 11,15 2,15,16 l No -
1, 9,11 5 Yes 10,15 5, 6,15 l No* 1, 7 
1, 9,14 1 No* 4 _5_~12~14 Jl I No -

lf'he .Qlanes below-:! s~trXes 
5,14,15 l No - T, -z, o ·z- -wo..- b 
6,10,15 1 No - 1, 5, 9 2 No* 11 
6,11,14 2 Yes 10 6, 7,10 5 Yes 2,14 
6,12,14 1 .Yes 10 1, 4,15 5 Yes ~ 5' 5, 7 ,9J JO 
6,13,16 2 Yes 1,14,l~ 1, 6,11 1 Yes 16 
6,14,15 2 No - 1, 6,16 l Yes 11 
7,12,14 0 No - l, 7,10 l Yes 4,15 
7,14,16 l Yes 15 1, 7,16 1 Yes 6,11 
9,11,15 2 Yes 7 1, 8,14 0 No -
9,14,15 1 No - 1,12,15 0 No -

10,11,14 1 Yes 6 2, 5, 6 2 No* 1 
10,15,16 2 Yes 4,14,U 2, 5,11 0 No -
10,14,15 2 No - 5, 5, 9. 0 No -
11,12,16 5 Yes 1, 4 5, 9,11 2 No* 1,7,10 
13,14,16 1 Yes 15 
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Table IV: Summary of Table III 

[Number of T'otal No • of Number of 
2-0 files itj planes of TFS pl.anes 

.....---! pl.ane this type of this ty~ (j) 
Q) 

~ 3 2 2 I r-1 

~ °' 2 24 19 
139 1 31 13 
I t-o 0 6 0 
~ti> -

·rl ..p Totals 65 34 
~ Q) 

1: {I} 
2 +> Q) 3 2 

Q) i::l 

li 2 4 0 
1 4 4 

(/} 
0 s...9 4 0 -·-·-

!::$ C-0 
0 Totals 14 6 f:t.l 

5 4 4 
0 2 28 19 I 
C-0 {I} 

1 35 17 Q) 
C"- i::l 

0 10 0 c:-- CIS ,....; -a ,....; 
Totals 77 40 < 
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program is shown in Figure II.2. In addition, a pro­

gram is given for generating the different possible 4-0 

planes. The tttrans.t'ormationtt operations the programs 

refer to are the rotations and flips used to obtain the 

eight planar symmetries. 

The cell configurations of the 77 5-0 planes are listed 

in Table III (with cells numbered as in Figure 5.2). .Also 

the number of 2-0 files in the plane and the existance or 

absence of a terminal forcing sequence are specified. When 

a terminal .forcing sequence exists, all possible opening 

moves leading to the win are given. An asterisk indicates 

that a pseudo-terminal forcing sequence is known to eJQ.st. 

As no exhaust search has been ma.de for pseudo forces, this 

list is by no means complete in this respect. 

A summary of the information presented in Table III is 

shown in Table IV. From Table lV it can be seen that all 

5-0 planes having three 2-0 files yield a terminal 

forcing sequence. As the number of initial 2-0 files 

decreases, the probability of a terminal forcing sequence 

in the eight-symmetry planes lessens. In the four­

symmetry planes, however, all planes which initially 

contain either one or three 2...0 yield 
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a force while those which contain zero or two 2-0 

files do not. This result is most unusual. 

While the information in Table 4 was not utilized 

by the existing computer program, it gives rise to 

further heuristics which may prove to be reliable. 

(i.e. All four-symmetry 3-0 planes having only one 

2-0 file lead to a terminal forc:i:ng sequence.) 

Declaration of 
integers and arrays 

Generate all 560 com­
binations of three 
.calls in a plane 

Make symmetry trans­
formation and eliminat 
those combination of 
·!;.he original 560 which 
have been formed bv 
the transformation 

Have seven transform­
ations been made? 

y 

ist all remaining 
combinations 

Figure II.2. Flow Chart of ALGOL Program· for 5-0 Planes 



ALG PROB! 
ALGOL 

1 
2 
3 
4 

BLOCK 1 LEVEL 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 

MARCH 10•19&5. HITERl<ACE FF8RUARY 15'19&5 · PASS2 DECEM3ER 23• 19">4 
C0"4~ENT THIS PROGRAM TS OESIGNEO TO FTNO ALL THE POSSlBLE WAYS 

AFTER SY~METRY CONSIDERATIONS THAT THREE OCCUPIED CELLS CA!ll RE 
PLACEn IN A ~LANE OF SIXTEEN CELLS.s 

INTEGER l•J•K1Q1Z,RS 
1 
INTEGER ARRAY A•B•C•E 1F • G ( l • • 56{1>1MZ • MA1Mfh MC, MD• ME ct Ml< (0 •• l&l $ 
SWITCH L=LA•LR•LC•LD•LE•LF1LGS 
~EAO <MZ•MA1MB1MC1MD•~E1MF)~ 

WRITEl'FJRST TRANSFORMATION'•M7)$ 
wRlTE<'SECONO TRANSFORMATION'•MA)S 

WRITE('THIRO TRANS,,.ORM~TION'•MRIS 
WRITE(•FOU~TH TRANSFORMATION'•~C)S 
w~ITE<•FJFTH TRANSFORMATIO!ll'•Mn>s 
WRITE<•SIXTH TRANSFORM~TION'•Ml<lS 
WRITEi•SEVENTH TRANSFORMATJON'oMFlS 

FOR 1:1111•14) DO BEGIN FOR J:<2•1•15) DO REGJN FOR 1(:(3•l•lo) no BEGJN 
IF I LSS J. ANf"I J LSS K THEN BEGIN Q:Q+l$ A(Q):IS R(Q):J$ C(Q):I( ENO E!llO 

ENn ENnS 
FOR 1=<1•1•560) DO BEGIN E<I>:MZ<A<I>lSF(t):MZIBIJ)lSG(Jl:MZICIIll 
ENOS GO TO R5$ 

LA •• FoR 1:(1•1•560) DO BEGIN F(I):MAIA(I))$F(t):MAIBITllSG(J):MAIC(J)) 
ENDS GO TO R5$ 

LBoeFOR 1=<1•1•5601 
E>JDS GO Tf"I R5$ 

LC •• FOR }:11•1•5&0> 
ENOS GO TO R5$ 

LO •• FOR t=l1•1•560l 
ENDS GO TO R5$ 

LE•eFOR J:(1•1•560) 
ENO$ GO TO R5S 

LF •.FOR 1=<1•1•560 > 
ENOS GO TO R~S 

LG•• GO TO VERY$ 

DO BEGIN Flll:MAIA(ll)SF(f):MBlA(TllsG<Il:MR<C<I>l 

00 REGIN flI>:MCIA(f))SF(J):~C(B(TllSG(f):MCIC<t>l 

DO BEGIN Elll:MOlA<Ill$F(J):MOIAlT)lSG(Il:Mn(CIIll 

DO BEGIN f(J):MEIA<I>lsF(y):MElBITllsG<I>:M~(Clill 

DO BEGIN f(l):MF(A(J)l$F(I>=MF(B(T)lSGlll:~F(CII>l 

~5 •• FOR 1=11•1•5601 00 REGlN 
IF Ell> GTR FtI) THEN BEGIN R:Ell)$ E<I>=F<I>s FII>=R ENOi 
IF Fill GTR Gil> THEN qEGl>J R:F(J)S FlI>=G<Ils G(I>=R ENO$ 
IF Ell) GTP Flll THEN qEGI>J R:E(J)~ E<I>=F<I>s F(IJ:R fND ENOS 
GO TO ROS 

HO •• l:OS 
R1 •• l:I+1$ IF I EGL 561 THEN GO TO R6$ J:Os 

IF E<ll EQL 0 THEN GO TO RlS 
R2 •• J:J+lS IF J EGL 561 THEN GO TO Rl~ 

IF E!ll EGL A!Jl AND F<I> FGL B(Jl ANO G(l) EGL C<Jl THEN qfGIN 
A(J):OS B(J):O$ C(Jl:os ElJ>=os F(J):0$ GlJ>=os GO TO Rl ENOS 
GO TO R2S 

R~ •• z:z+ts GO TO L(Z)S 

Bn 

Bt «2 
6:'1 84 E~ E3 
E2 El 
Be; 
E." 
81\ 
E~ 

67 CD 

E7 CD 

B" 
EQ 
HCI 
EO 
810 
E10 
811 
E1l 

812 B13 E.13 
614 E14 
Bl5 E.15 E.12 

816 £16 



..... 'I!!!""""!! ~ ~ .......-~ ----., -,. 

llEJ:IY •. 1+6 
1+7 
l+B 
1+9 
50 
51 

wqITEI 'LISTING OF ALL 3 IN A SQ!JARE POSSHllLlTlES' )o; 

I:ns Q:os 
RB •• l:l+1S IF I EQL 561 THEN GO TO V•RY2$ 

IF Alli EGL 0 THEN GO TO RAS Q:G+l$ 
WRTTEIQ1A(ll1H(ll1C(lll$ 

52 GO TO RBS 
53 llERY?.•FINISH 

ENO BIOCi< 1 
COMPILATION COMPLETED 

FT~ST TRANSFORMATION 
0 
6 

SECOND TRANSFOK~ATlON 
0 
7 

THlRO TRANSFORMATION 
0 

11 
FOURTH TRANSFOK~ATION 

0 
7 

FIFTH TRANSFORMATION 
0 

11 
SI~TH TRANSFORMATION 

0 
10 

SEVENTH TRANSFORMATION 
0 
6 

q 
10 

16. 

6 

n 
7 

1 
11 

q 
10 

16 
6 

13 
7 

8 l? 16 
1q 1 5 

15 lq 13 
5 ll 3 

9 5 1 
3 16 12 

5 9 13 
15 q A 

3 ? 1 
9 16 15 

12 R ll 
2 13 q 

111 15 16 
B 1 2 

'.'I 
Q 

l? 
? 

111 
A 

? 
1? 

A 
111 

l <i 
5 

9 
'.'I 

Fn 

7 ll 15 ? OJ 
({) 

13 

11 10 9 A 
1 

10 6 2 l <; 
I+ 

6 11) lq '.'I 

16 

7 6 5 )? 
13 

11 7 :'I lll 
1 

10 11 12 5 
ll 



MONITOR SYSTEM -- o5KB4 03/11/&5 
RUN R C ITRENBAU"1 TIME: 10:45:14 

ALG PROB2 
ALGOL 

1 
2 
3 
4 

MARCH 10• 19&5 I'llTERl"ACE FfBRUARY 15• i 965 l>A5S2 DECEM3ER 23• 1964 

BLOCK 1 LEVEL 
5 
b 
7 
II 
9 

10 
11 
12 
13 
14 
15 
lb 
17 
18 
19 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
3b 
37 
38 
39 
40 
'<1 
'<2 
'<3 
44 

i;O..,"iErllT TliIS <>ROGRA" TS DESIGNED TO FIN[) ALL THE POSSTBLE WAYS 
AFTER SYMMtTRY CONSIDERATIONS TliAT FOUR OCCUPIED CELLS CAN BE 
PLACED I'I A PLANE OF SIXTEEN CELLS.$ 

INTEGER l•JtK1G1Z•RS 
1 
INTEGER ARRAY A1B1C1D1E1F•G•H(lool620l1MZ•MA•MB1MC1MD1ME•MF(O •• l6)S 
SWITC>i L:LA•LFl•LC•LD•LE•LF•LGS 
READ !MZ•MA1MR•MC•M[)•ME•MF)S 

WwITE('l"IRST TRAN5FORMATION'•M7)S 
WRITE( 'SECOND TRANSl"ORMA TION' •MA I$ 

WRITE<•T>iIRD TRANSFORMATION 1 1MF1l$ 
WRITEl•FOURTH TRANSFOR"1ATION 1 1MClS 
WRITE!•FIFTH TRANS•ORMATION 1 1MO)S 
WwITE( 1 5IKTH TRANSFORMATION'•MelS 
WwITEl•SEVENTH TRANSFORMAT!ON•,MFl~ 

FOR I:!ltlt!3l DO BEGIN FOR J:i2t!•14) DO BEGIN FOR K:(3,1115> DO BEGIN 
FOR R:(41!1lbl 00 BEGIN 

IF I LSS J ANO J LSS K AND K LSS R 
THEN BEGIN Q:Q+lS A!Ql:IS RIQl:JS C!Gl:~SO(Q):R 

ENO END E~D END END$ 

FnR r=<l•l•Ql DO BEGIN E!!):MZIA1!~)$FIIl=MZl81Tll$Gl!l:MZICII)l 
$ Ii II l :MZ (QI I ) l 

END$ GO TO R5$ 
LA •• FnR r=<l•l•Ql DO BEGIN E(!):MA(A(!))SFlt):MA!B(T))SG(I):MA(C(!)) 

$ H(Il: ... A(QIIll 
E'IDS GO TO R5S 

LBooFOR I=l!•l•Q) DO REGIN f(J):MB(A(J))$F(!l=MR(8(T))$G(Il:Mq(C(I)J 
$ H (I l -""IB (Q (I )) 

t.NDS GO TO R5$ 
LC·.FoR r=<l•l•Q) DO BEGIN f(!):MC(A(I))$F(J):MC(B(T))$G(I):\ICIC(I)) 

$ Hll ):MC ([)(l l) 
E'llOS GO TO R5$ 

LO •• FoR •=<1•1•Ql DO REGIN f(J):MO(A(!l)$F(Il=MDIR(T))$G(!):Mo(C(I)) 
s Hll>="'o<o<n> 

E'll0$ GO TO R5$ 
LE •• F~R 1:lt•l•Q) 00 BEGIN flI):MEIA[IllSF(I):MEIB(J)l$Gl1l:MEIC(Il) 

$ HCI) :l.IE!O<I)) 
ENDS GO T~ R5$ 

LFooFOR r:<l•l•Gl DO BEGIN El1):MF(AIIll$FITl=MFl8(TllsGII):MFICII)) 
$ >i!Il:MF(O(I)l 

ENDS GO TO R5$ 
LG•• GO TO VERY$ 
R5.,FoR I=ll•l•Ql DO REGIN 

IF E<I> GTR Fil> T>iEN BEGI'll R:E(!)$ Elt>=F<I>~ F(J):R ENDS 
IF F!l) GTR Gill THEN qEGlN R:F(IJ$ FII>=G<I>s G(l>=R fNDi 

BO 

Bl 
83 
84 
85 
E~ 

El 
B6 

EF. 
B7 

E7 
BA 

EA 
8'l 

E'> 
BlO 

ElO 
Bil 

Ell 
812 

E12 

813 
815 

82 

E4 

Fl14 
El5 

f'JATE: 

E3 

E14 

15 MAR 65 

~ 
E2 



IF GIJI GTR Hill 
IF Elll GTR Fill 

H<Il:R ENOS 
FIIJ:ll ENDS 
Glll=R ENO$ 
Hlll=R· END> 

45 
46 
47 
48 
49 
50 

IF Fill GTR Gill 
IF Gill GTR HIII 
IF Ell) GTR Fill 
GO TO ROS 

Tl1EN 'IE6l"l 
THEN 'IE61N 
THEN J'IE61N 
THEN l'IE61!\I 
THEN F!E6l!\I 

R:GI I 15 
R:Elll'!' 
R:FII 1$ 
R:GII 15 
R:EI tis 

GI I ):1-H Ils 
Ell >=Fl II$ 
Fl! >=Gil ls 
GI I ):H( l ls 
El I >=Fills FII l :R END ENOS 

RO •• l:OS 
Rl •• l:l+1s IF I EGL 1821 THEN 60 TO R6S J:os 

IF EIII EGL 0 THEN 60 TO R!S 
~2.,J:J+!S IF J EGL lF!2l THEN 60 TO R!S 

51 
52 
53 
·54 
55 
56 
57 
58 
59 
60 
bl 
62 
63 
bl! 
65 
66 

IF Elr> EGL AIJI AND Fill ~GL 81Jl AND Gill EQL CIJI 
AND Hill EQ( OIJI THEN J'IEGIN 

OIJl=os. HIJl:os 
AIJl:os 'l(J):Os CIJl:Os EIJ>=os FIJ):0$ GIJ):os GO TO Pl E"lDS 
GO TO R25 

R6 •• z=Z+lS Gn TO LIZl!I> 
VERY •• 

W•IITEI 'LISTING 
1:os Q:os 

OF ALL 4 IN A SQUARE POSSIBILITIES•Js 

R8ool:l+!S IF I EGL 1R21 THEN GO.TO VERY2S 
IF Alli EGL 0 THEN GO TO RR5 Q:G+lS 
WRITEIGoAIIloBIIloCIIloOIIllS 
60 TO RBS b7 

68 VERY2.•FJNISH 
ENO BLOCi< 1 

COMPILATION COMPLETED 

FIRST TRANSFORMATIO!\I 
0 
6 

SECOND TRANSFORMATION 
0 
7 

THIRD TRANSFORMATION 
0 

11 
FOURTH TRANSFORMATION 

0 
7 

FIFTH TRANSFORMATION 
0 

11 
SIXTH TRANSFORMATION 

0 
10 

SEVENTH TRANSFORMATION 
0 
6 

4 
10 

16 
6 

13 
7 

l 
11 

4 
10 

1 .. 
6 

13 
7 

8 12 16 
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APPENDIX III: INTERESTING COMPUTER VERSUS COMPUTER PLAYS 

rhis appendix contains three complete computer 

versus computer plays obtained by the 1107 program.. 

The plays chosen include: 

l. A tie-game • 

2. A win by the first player (X) resulting from 

the simultaneous formation of two independent 

related pairs. 

3. A win by the second player (0). 

These three plays are shown in Figures III.l a,b,c 

respectively. (The views shown in Figure IlI.l 

correspond to the four level model of the cube shown 

in Figure 5.2.) The reason behind each computer move 

in these plais (as printed out by the computer itself) 

is listed below: 

Game One (Figure III.la) 

1i: Preset move 01: Preset move 

X2: Preset move 02: Preset move 

X3: Preset move 03: Preset move 

14: Forms an excess- 04: Blocks a TFS 
three plane 

XS: Forms an excess- 05: Forms an excess-
three plane three plane 
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xs . Blocks a TFS 06 .. Forms an excess-. . 
three plane 

x7 . Forms an excess- 07 Blocks a related . 
three plane pair 

xe Forms an excess- 08 : Blocks a related 
three plane pair 

x9 : Blocks a TFS 09 : Blocks a 3-0 file 

XlO: Blocks a related 010= Forms an excess-
pair three plane 

1i1: Blocks a TFS ·011.: Blocks a TFS 

~2: Preset move 012= Preset move 

~3: Blocks a 0-3 013= Moves to OWATCH cell 
file in excess-two plane 

~4: Blocks a 0-3 file 014: Forms an excess-
four plane 

11s= Blocks a related 01s= Forms an excess-
pair three plane 

xis= Blocks a 0-3 file 01s= Blocks a 3-0 file 

1i7: Blocks ~ 0-3 file 017= Blocks a related 
pair 

1ia= Blocks a 0-3 file 01s= Blocks a related 
pair 

x19= Moves to XWATCH 019= Blocks a 3-0 file 
cells in excess-
two plane 

x20: Forms an excess- 020= Blocks a related 
four plane pair 

x21= Blocks a related 021: Preset move 
pair 



x22 : Moves to OWATCH 
cell in excess­
three plane 

x23 : Moves to OWATCH 
cell in excess­
three pl;;i.ne 

Forms an excess­
four plane 

Forms an excess­
four plane 

Preset move 

Blocks related 
pair 

x28 : Preset move 

x29 : Preset move 

x30 : Preset move 

x31 : Blocks 0-3 file 

x32 : Preset move 
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022 : Blocks a 0-3 file 

025 : Blocks a 0-3 file 

Blocks a 0~3 file 

Preset move 

0 26 : Preset move 

027 : Preset move 

0 28 : Preset move 

0 29 : Preset move 

030 : Preset move 

031 : Blocks 3-0 file 

0 32 : Preset move 

All board positions being occupied, the game is 

declared a tie • 

Game Two (Figure III.lb) 

x1 : Preset move 

x2 Preset move 

X3 : Preset move 

X 4 : Forms an excess­
three plane 

o1 Preset move 

o2 : Preset move 

o3 Preset move 

Blocks a·TFS 
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XS • Moves to XWATCH 05 Blocks a 5.;,o file . 
cell in excess-
two plane 

xs . Blocks a 0-5 file 06 . Blocks a TFS • . 
x7 . Forms an excess- 07 Blocks a TFS . 

three plane 

XS . Blocks a TFS 08 • Forms an excess-. • 
three plane 

x9 : l3lo cks a TFS 09 : Blocks a TFS 

x10= Blocks a TFS 010: Moves to OWATCH 
cell in excess-
two plane 

1i1= Blocks 0-5 file 011= Blocks :related pair 

x12: Moves to XWATCH 012: Blocks 5-0 file 
cell in excess-
two plane 

1iB: Blocks a TFS 015= Forms excess-
three plane 

1i4: Blocks a related 014= Moves to OWATCH 
pair cell in excess-

two plane 

xis= Blocks a 0-3 file 01s: Forms an excess-
rour plane 

x1s: Blocks a related 01s= Blocks a 5...0 file 
pair 

1i1: · Blocks a 0-3 file 011= Blocks a related 
pair 

x1s: Forms two 5-0 files 01s= Blocks a 5...0 file, 
concedes 

1i9: Forms a 4...0 file, 
wj.ns 

~· 
I 

! 
I 
I 

~ 
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Game Three (Figure Ill.le). 

1i • Preset move 01 Preset move· • 

x2 I Preset move 02 • Preset move . 
x5 Forms an exce.ss- 05 : Blocks a TFS 

three plane 

x4 . Forms an excess- 04 • Blocks a TFS . . 
three plane 

XS Forms an excess- 05 B1ocks a TFS 
three plane 

x6 . Forms an excess ... 06 Blocks a TFS • 
three plane 

x7 • Starts ·a TFS q7 . Blocks a 3 ... 0 !ile • • 

XS 
. Continues TFS 08 : Blocks a 5...0 file . 

x9 • Continues TFS 09 . Blocks a 3·0 file . . 
XlO: Forms two 3'"'? 010: Blocks a 5..0 file, 

files concedes 

111= Forms a 4..0.·file, 
wins 
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APPENDIX IVt PDP.-4 PROGRAM 

By virtue of a program similar to the one given 

in this appendix, the PDP~4 computer plays against 

human opponents. The game is pl.ayed on the 340 dis .. 

play unit wh:i.ch works in conjunction with the PDP·4. 

Desired figures are programmed to appear on tne 340 D 

using the 220 available points of light on the CRT, 

a square of side 9 1/4 inches. These figures include: 

l, Four level two dimensional view of cube 

(four 4x4 planes) 

2_. Message giving reason for preceding computer 

move 

3. Isometric view or the cube 

4. Clockface timing each opponent move (novelty) 

The opponent's moves are read into the computer 

by either or two means: 

l. .Pressing the appropriate buttons on the 

console 

2. Pointing light pen (photocell) at de•ired 

cell on four level view .. 

When an opponent's move is read into the computer, 

a decision is made as to the proper countermove and 

both the move and countermove are displayed on the 
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four level view and isometric view. At the same 

time, the message on the screen changes from its 

former state to describe the reason for the computer's 

move. The clock resets itself to zero and begins 

ticking away in real time waiting for the opponent's 

next move. (The clock has hour, minute, and second 

hands which update themselves once each second by 

means of an internal counter in the computer. The 

counter is accurate to 1/60 second.) 

When a win by either the computer or the opponent 

occurs, a line is drawn through the apprcpriate four 

cells in the isometric view. 

Due to the length of the original program written 

in MIDAS 4 Assembly Language fo,r the PDP-4 an .AlGOL 

60 program using the same related pair strategy is 

substituted below. The novel characteristics of the 

MIDAS 4 program are not included in the .AlGOL version. 

As an aid to understanding the program, a flow 

chart is given in Figure IV.l, and definitions of the 

integers and arrays used in the program are given in 

Appendix v. The data for the three arrays used 

(FII.ENOS, FIIECELLS, and PrABIE) is the same as that 

for the program in Appendix V and is included after 
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that p:rogram. 
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Figure IV .1: Flow Chart of ALGOL Program for Related 
Pair Strategy 
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MONITOR SYSTEM -- &5~B1' 03/11/65 
RUN R CITR£NBAU"1 TJ"1E~ 10:44:39 

AL6 PPOBl 
ALGOL 

1 
MARCH 10•1965 l~TERFACE FFBRUA~Y 1501965 PAS52 OECEM~ER 23• 1964 

.2 
3 .. 
5 

BLOCK l LEVEL 
6 
7 
ti 
9 

10 
11 
12. 
13 
14 
15 
16 
17 
16 
19 
2-0 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 

C0"1"1E"T TfilS PROGRAM IS OESIG'1E0 TO PLAY TYREE OI"IENSTONAL TIC-TAC-Tor 
USING THE RELATED PAlq STRAT~GY• 

ALL "10\/ES MADE BY THE OPPONENT MUST BE SPECIFIFD flEFORE THE 
Gl<'IE BE61NS•S 

INTEGER OUMoloOPP"10VoNUMX1COMPMOVoNUMO•OELTAo,J.<Ko"IS 
1 
lNTEGE-ll ARRAY FILENOS(l •• 44810 

FILECELLSll •• 3041 • PTABLE<l •• 641 • NEW\I011E<l. •201 • 
POSITOoPOSITXl1 •• ~2J• CTARLEll •• 601• QTA9LEl1 •• 30lo 
OFILE• .XFILEIO•. 761, TAB10•TAB-Olt1 •• 501, TAFl20• 
TAtto2<1 •• 1s1. TAB30. TAR0311 •• 41• LOOP11 •• 6IS 

~WITCH LA:LAOo LAlo LA2r LA3S 
~WITCH L~=LA0oL8loLB2oL83oLB4~ 
HEAD ( FILENOS• Fit.ECELLS• PTABLEo NEwMOVEIS 
•RlTFPCoMPl.ETE LISTl"IG OF DATA- INCLllOINt; INt:ORMATIO" IN THE LISTS. 'IS 
wRITE l•FIL~NOS LlST'oFILENOSlS 
wRITE I •FILE.CELLS LIST' 1FlLECELLSl5 
wRITE l•PTA3LE LIST'•PTABLElS 
NEXTMoVE •• FOR I:tl•l•~Ol DO CTABLE<ll:OS 

FOR I:llol•30l DO GTABLEIIl:OS 
FOR f:(lo1•501 DO.BEGIN TAB!OIIl:Os TAR01(IJ:O ENOS 
FOR 1:11•1•15) DO BrGIN TAB20(11:05 TAR02(IJ:O END> 
FOR 1:(1•1•4 l DO BEGIN TAB~O(f l:OS TAR03lIJ:o ENO> 
OPPMov:oPPMOV+lS 
N~MX=NEWMOVE(OPPM0V)5 
W~ITE ('THE OPPONENT HAS MOVEO TO C'LL'•NUMXlS 
POSITXIOPPMOVl=NUMX! 
OELTA:l7•NUMXl-6S 
FOR K:llol17l 00 

BEGIN M:FILENOS<oELTAIS 
XF'ILf:I Ml=XFILE (Ml +1 ~ 

OELTA:l>ElTA+l ENns 
IF OPP"IClV GTR I THEN 

BEGIN COMPMOV:OPPMOV-!S 
POSITO<COMPMOVl=NUMOS 

OELTA:l7•NUMOl-bS 
FDR K:(lolo7l 00 

REGIN M:FILENOS<OELTAl$ 
OFILEIMI :OF ILE (Ml +1 'i 

DELTA:DELTA+l END ENOS 
IF OPPMOV LSS 3 THEN GO TO PRESETS 
FOR I=lhlo&I DO LOOPIIl=Os 
FOR I:l1o1•76l DO 

BEGIN IF XFILE<TI E~L 0 THE"I 
BEGIN OuM:oFILE(J)+lS 

GO TO LA<OUMI END ELSE 
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,.9 
50 
51 
52 
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5 .. 
55 
56 
57 
!)8 

59 
60 
61 
62 
b3 ,, .. 
65 
66 
67 
68 
&9 
70 
71 
72 
73 
71> 
75 
76 
77 
78 
79 
110 
81 
82 
83 
8'4 
115 
86 
87 
88 
89 
90 
91 
92 
93 
9 .. 
95 
96 
97 

.9f! 
99 

1~E~~~L~~~~.,~t£Y1T~~ 
Lilo .. r.o ,o ALLS 
LillooLOOPltl:LOOPlll+tS 

K:LOODlllS 
TAll101Kl::ls 

50 yO ALLS 
Lil2o•LOOPl~J:LOOPl2l+lS 

K:LOOPl:>JS 
TAsl!OIKl:IS 

r.o TO.ill.LS 
LA5ooLOOPl31=LOOPl31+1S 

K::LOOPl31S 
TAi130IKl::IS 

r.O TO ALLS 
LBl • •LOOPl,.l=LOOPl· .. l+lS 

·lt:LOOP141S 
TA~OICKl:IS 

r.o·ro •a.Ls 
LB2o•L00P{Sl::LOOPl51+15 

K:LOODl(';IS 
TAi1021Kl:ts 

GO TO ilLLS 
LB3ooL00Pl61=LOOPl&l•1S 

K=LOOPlf;lS 
TA~031Kl:IS 

r.o ro •a.Ls 

60 TO LBIOUMI EN'.lS 

1.e .... wRITEl'THE COMPUT£R HAS LOST.'IS 
WRITEI 'THE OPPONENT HAS FOUR IN A qow IN FILE'' lls 

50 TO VERYS 
ALL••N=l EN'.l FORLOOPS 

IF LOOPl31 GTR n THEN GO TO MAKF~OS 
IF LOOP16l GTR·O THEN GO TO BLOtK03' 
IF LOOP12l 6TR 1 THEN GO TO TEST20S 
IF LOOPISI GT~ 1 THEN GO TO TEST02 ELSE 60 TO PRESETS 

MAKE"n• onEL TA:ll••TAB.}01111•35 
FOR 1:11•1• .. I 00 RE6IN CTABLEIIl:FILECELLSIDELTAIS 

OELTA:OELTA+1 ENO FORLOOPS 
..1:os 

11ACK2, • ..1:J+1s t=os 
HACt<t,ol:I+IS 

IF POSfTOlll EAL 0 THEN 60 TO wIN ELSE 
IF POSfTOllJ EQL CTABLEIJI THEN 60 TO RACK2 

ELSE GO TO 8ACK1' 
wINooWRfTEl'THE COMPUTER HAS WON AS IT.HAS MADE FOUR'IS 

WRITEl'IN A ROW BY MOVING TO CELL'•CTARLEIJllS 
GO TO VERYS 

8LOCK05ooIF LOOPl61 GTR i THEN 
BEGIN WlllTEI •THE CO~PUTER CONCEnEs THE GAME. IT HOPES 

WRITEl•OPPONENT WILL GIVE IT AN OPPORTUNITY 
lllllITEI' AGAIN' Is 

GO TO BLOCKA ENOS 
8LOCKAo,OELTA:l .. •TAB03t11l•3S 

THEtJS 
TO PLAY'lS 

89 
Ell 

E7 

BJO 
E10 

Bil 

Ell 

b 
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1110 
101 
102 
Hl3 
1011 
UIS 
106 
107 
108 
109 
110 
lU 
112 
113 
1111 
115 
116 
117 
118 
119 
120 
121 
122 
123 
1211 
125 
126 
127 
128 
129 
130 
131 
132 
133 
1311 
135 
136 
137 
138 
139 
1'10 
1'11 
142 
143 
1'14 
11!5 
1'16 
1'17 
1'18 
1'19 
150 
151 
152 
153 

F"OQ r:llrlr'll DO BEGTN CTABLFl1 l:F"ILECELLS<OELTAl5 
OELTA:OELTA+l ENOS 

J::OS 
RACK4 •• J:J+U ·1:os 
BACK3. • J::J+U 

IF" POSITX lI I EGt. 0 THEN GO TO RLOCKR ELSE 
II' POSITXCll EGL CTABLE(JI THEN 60 TO qACKll EL<;E GO TO BACK3S 

BLOCKR•alllUMO:CTABLEIJIS 
WRlTEl•THE COMPUTER HAS BLOCKED A TYREE IN A ROW •IS 

WPITEI• qy MoVllllG TO CELL' rNU!401S 
GO TO NEXTMOVES 

TEST2n~.1=osK:os 
t:IACK5a•l=I+1S 
. lF" I LEG LOOPt21 TYEN 

8E6Illl DELTA:l'l*TAB201llJ-3S F"OR J"11rl•4l DO 
BEGIN M:J+Ks CTABLEIMl=F"ILECELL51DELTAIS. 

DELTA:DELTA+l END F"0RL00PS 
K:K+llS 

GO TO BACK<; ENO 
ELSE GO TO BIROS 

AIRD· .J:os K=lS 
t1AC1<6a•J::J+1S I:OS 

IF" CTARLEIJI EnL 0 THEN GO TO tOLTS 
t1ACK7a•I=I+1S 

IF" POSITO< Il EGL 0 THEN 
BEGIN GTABLE<t<>=tTARLEIJls ~:K+lS 

60 TO BACK~ ENOS 
IF P05ITOIII EGL CTABLEIJI THEN 60 TO RACK6 EL<;E GO TO 6ACK7S 

COLT •• J:1s K=2s . 
8ACl<11•aIF" QTABLEIJI EGL GTARLEIKI THEN GO TO RELATED ELSE K:K+lS 

IF" QTA8LE(KI GTR 0 THEN GO TO RACK11 ELSE J:J+IS K:J+lS 
11' GTA8LEIKI GTR 0 THEN GO TO RACK11 ELSE GO Tn REMAKES 

REMAKEa.F"OR I:llw1o601 00 CTA8LEII):0$ 
FOR 1:<1rlr301 00 GTMtLEctl:O$ 

IF" LOOPl51 EGL 0 THEN GO TO PRESETS 
TESTO~·.I=os K:os 
i:!ACKBa•I:l+1S 

IF" I l:.EG LOOPl51 T>!EN 
9Er,IN OELTA=<4•TABn21Ill-3$ FOR J:(l•l•lll no 

!'lEGIN '!=J+K$ 
CTAHLEIM):FILECELLSIOELTAIS 

GELTA:OELTA+l ENDS 
K=K+llS GO TO 8ACk8 ENOS 

ORIOL!".• .J:0$ K=ls 
8ACK9 •• J::J+1$ 1:0$ 

IF" CUSLEIJl EGL 0 THFN GO TO BULLET$ 
t1ACKlO•al:I+lS 

IF POSIT)(ltl EGL 0 THEN BEGIN ~TABLElKl=CTABLE<J>s 
K:K+U GO TO llACK9 ENnS 

IF POSITXIII EGL CTABLEIJl THEN GO TO BACK9 ELSE GO TO SACKlOS 
tlULLETa.J:tS K;2$ 
sACKl~··JF" QTABLE{Jl EGL QTABLEIK) THFN GO TO BLOCl<REL ELSE K:K+lS 

IF QTARLE<Kl GTR 0 TtlEN GO TO RACK12 ELSE J:J+lS K:J+U 
IF" GTABLEll<l GTR 0 THEN GO TO 6ACK12 ELSE GO TO PRESETS 
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154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
166 
167 
168 
169 
170 
171 
172 
173 

RELATEO •• NUMO:QTABLE<Jl$ 
wRITE<'THE COMPUTER HAS FORMEn 

WRITE(' PAIR AND WILL WIN 
WRITE<• IT HAS JUST MOVED 

GO TO NEXTMOVE$ 
HLOCKREL••NUMO:QTABLE(J)$ 

A RELATED•>S 
ON ITS NEXT MOVE.•Js 
TO CELL'•NUMOJ$ 

WRITE<'THE COMPUTER HAS,BLOCKED A POSSIBLE')$ 
WRITE <• RELATED PAIR BY MOVING TO CELL 1 rNUM0)$ 

GO TO NEXTMOVE$ 
PRESET •• 1:1$ J:ls 
BACK14•olF PTABLEIJ) EGL POSITX<Il OR PTARLE<J> EGL POSITO<I> THEN 

BEGIN J:J+1$ 1:1$ GO TO BACK14 ENDS I:I+l$ 
IF I GTR OPPMOV THEN BEGIN NUMo=PTABLE<Jl$ 

WRITE<'THE COMPUTER HAS NOT BEEN FORCED TO G0 1 )$ 
WRITE<' ON THE DEFENSIVE AND HAS MOVFD TO CELL 1 oNUM0)$ 

GO TO NEXTMOVE END$ GO TO BACK14$ 
VERY •• WRITE<•POSITO TABLE•)$ 
FOR I:<lrloCOMPMOV) DO WRITE <POSITO<Ill$ 
FOR l:<lol•OPPMOV l DO WRITE <POSITX<Il)$ 
FINISH 

END BLOCK 1 
COMPILATION COMPLETED 

819 
620 

E_,O 

FO 

'-' 
0 
CJ1 

E19 



APPENDIX V: 1107 PROGRAM 

The computer versus computer games have been played 

using the Univac 1107 computer programmed in ALGOL 60. 

To aid the interested reader in understanding the 

program, a list or the purp:>ses or the integers and arrays 

contained in the program are given below. The number in 

parenthesis ror each or the arrays is the number of available 

elements in that array. The elements of the first eight 

arrays discussed below are given in the data section shown 

after the program • 

OPPMOV 

OOMPMOV 

NUMX 

NUMO 

GAME 

SAVETR 

CNTFIL 

. Integer · 11stins; 

Move number of the preceding move of the 
opp:>nent 

Move number of the previous move of the 
machine 

Cell to which opp:>nent made previous move 
(numbered from 1 to 64) 

Cell to which machine made previous move 
(numbered from 1 to 64) 

Play under consideration. Allows many 
plays to be done in succession 

Cell in TREE which is saved for later 
examination 

Number of 2-0 files in plane under 
consideration 
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DEF 

FT,CK 

PLAYER 

TRY 1, 
TRY 2 

RELPR 

FILE1¢ 

STABP 

CNTSQ 

FORCESEQ 

COUNT2¢ 

CNT,CNT2 
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Switch which determines whether computer 
is observing offensive or defensive tactics 

Indices used for counting types of excess­
two and excess-three planar situations on 
offense and defense 

Switch determining whether the computer 
is playing as X or 0 

Switches indicating status of search for 
excess-two and excess-three planar sit­
uations on both offense and defense 

Switch indicating if a related pair is 
available to the opponent 

Number of 1-0 files in the cube under 
consideration 

Index counting number of planes of the 
same type 

Number corresponding to the move look­
ahead number of the plane under consider­
ation 

Switches indicating a TFS has been already 
found 

Number of cells in CELL2¢ at any particular 
time 

Indices indicating reason a lookahead for 
a planar TFS has f'ailed 

A ,B ,c ,D ,E ,I, J ,K,M,N ,Q,R,X, Y ,z., DELTA, DUM 

Dummy variables 



FILENOS ( 448) 

FILECEUS (504) 

CE11NOS (40) 

SF II.ENOS ( 48) 

SQFIIES (72) 

Pl'ABIE (64) 

MX,MY (17) 

OSQ,:XSQ (18) 
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Array Listing 

List or all files in which each of 
the 64 cells is a member 

List of the four cells in each of 
the 76 files 

List of the four cells in each of 
the 10 files in a given plane 

List of aJ.l files in a given plane 
in which each of the 16 cells of the 
plane is a member 

List of four independent files in 
each of the 18 planes 

List of the 64 cells for use as a 
preset move list 

List of the offensive and defensive 
planar situations to be considered 

List of number of machine and opponent 
cells occupied in each of the 18 
planes 

WATCH,OWATCH (7 ) List of cells in a plane which are 
XWATCH or OWATCH cells 

OFIIE,,IFIIE (76) List of number of machine and oppon­
ent cells occupied in each of the 
76 files 

CELL2¢ (12) List of all cells which are in 2-0 
files of a plane under consideration 

SPOSITO,,SPOSITX (10) 

List of occupied cells by machine 
and opponent respectively9 in a 
lookahead sequence in a plane under 
consideration 
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POSITO, POSITX (52) 

FILE2~ (5) 

DOFILE ,DXFIIE (10) 

List or occupied cells by machine 
and opponent in the overall play 

List of the 2-0 files in a plane 
under consideration 

List o:f.' number of machine and oppon­
ent cells occupied in each or the 
10 files of a plane under consider­
ation 

TREE (8,10) Array storing move possibilities 
for lookahead in TFS for a plane 
under study 

CIRC (7,7) Array storing number of types of 
planar situations available at any 
given time 

STAB (7 ,7 ,8) Array storing number of each type 
of planar situation available 

TABl¢,TAB¢1 (50) List or all 1-0 and 0-1 files in 
the cube 

TAB2¢,TAB¢2 (15) List of all 2-0 and 0-2 files in 
the cube 

TAB5~,TAB-5 (4) List of all 5...0 and 0-5 files in 
the cube 

LOOP ( 6) Number of each type of ttx-ylt file 
in the cube 

RCTABLE (16) List of the 16 cells in the plane 
under study 

CT.ABLE (60); QTABLE ,OQCELIS(50); DCTABLE ( 40); STABLE, 

TTABLE(7); CHK(lO) 
Lists used for storage purposes 

The program followed by the data arrays are given in 
the next several pages • 



ALG PJ>ORl 
Al GOL 

1 
2 
3 
4 
5 

MLOCt< 1 LEI/EL 
6 
7 
B 
9 

111 
11 
12 
13 
14 
15 
16 
17 
lA 
19 
211 
21 
2.2 
23 
24 
25 
26 
27 
28 
£9 
.311 
.31 
.32 
.33 
.34 
35 
.36 
.37 
.38 
.39 
40 
'+1 
42 
43 
44 
45 

MARCH 1011965 ll\ITE~l'ACE FFBAUllRY 151196~ PASS2 DECFM~EP ?3• 19~4 
C0"1'4El\IT T'il 5 PROGRAM TS OESfoNEO TO AU.OW THE COMPUTER TO PLAY THREE 

Dl .. ENSIO!\IAL TIC-TAC-TOE AGAINST ITSELF USING PLANA~ 51RAT£GY, 
ALL "IOVES "IAOE BY THE OPPONENT MUST 'IE SPECIFI~D kEFOR~ THE 
Gi.Mf BEGI1~S. $ 

tNTEGFR OPf>IW\11 COMPM0\11 l\lvMlC1NU"I01 DFLfA1 '.JUM1 SllVETP1 CNTl'lL• GA"1E1 
1 

DEF 1 Y • Y 1Z1FT 1 C-H1 q£LPR• TRYl • T<>Y21FILE1 O•S TA'lP1 PL HER 1 
CNTS!h FnRC£SEG1 COUNT201 CNTI CNT2• A1H•C•01E'11J1t<1·'11Q1R1N~ 

ll\ITEGER ~RRAY FILENOS!l,•448), 
FILECELLS<1 •• 30u} • PTAl-!l Elt •• 64)1 '"EW'4011El1,.2ul1 

OSOtXS0(1.,1Alt TH~£!1,.A11.,l~)twATCH!1,,7)1 
STABLE•TTA'lLEtl •• 8J1MX1MY(1.,l71•C4t<!1,.lOJ1 
JCTA~LE!t •• 4011 CELL201SPOSITX1SPOSITO!l •• 12l1 
"'ILE2u<1 •• c;1, SFIL~NOSll •• 481• nnFH.E10XF'l1 E<u •• 10)• 
~CTA!'!LE(l •• 1611 ST~a•o •• 1.n •• 711 •• 'll• CIRCC0,.710 •• 7)· 
SQ"1LES-ll .. 72h CELLNOSllo .40lt OQCElt.S0 •• 3011 OllATCHll .. 7l • 

PO::.IT01POSlTXl1 •• 34)1 CTABLE!1.,o01 • OHBLEll •• ,Ol • 
OFlLE• XFIL'::l-0.,76)1 TAi:>HloTA'lOl0 •• 501, TA'1201 
TA..in2(1,.1;,J, HB301 TAR03<1 •• ~I• L(l0P!! .. bl$ 

::.WITC4 L•=LA01 LAl • Lll2t LA3$ 
SlrlITC4 L'l:LAtltl!'!l•LR2•LB.h1.B4q: 
uU'1P TRE€ 1 Cl~TSO • CELL20$ 
t<EADI SQF ILES• SF lLElllOS • FJ1.ENnS• FTLECFLLS1 CELLNOS1PH tllf'o NE#1.10VE • 

MX1MY)$ -
.;RITE.I 'CUMPLETE LlSTll\IG OF DATA- INCL1IOINt; INFORMATIO" !111 THE LISTS,')$ 
wRITt l•~QFTLFS LIST'1SQFILESl$ 
.;RITE <•sFILE~OS LIST•1SFTLENnSl$ 
wRITE !•FILENOS LlST'•FlLf/110Sl$ 
-WRITE l'FTLECFLL!:> LIST'•FILECELLS>S 
wRITE l•CELLN()S LIST•1CELLNOSl$ 
.;RITE l•?TABLF LIST'•PTAHLEI$ 
#RlTEC'MX S#lTCH LIST•1MXl$ 
wRITE!'MT SWITCH LIST••MYli 

GA1.1£:us 
NXG'1•,GA'1E:GAME+l$ WRITEl'~E ARE NOW PLAYING GA'1E'1GAvEl$ 

IF 6A14E EGL lb THE!\I GO TO C0MPL$ 
FORCESEQ:us OPPMOl/:OS COMP"101/:0$ PLAYER=1s 
FUR r:<l•l132l DO REGIN POslTO!l}:ns P0SITXII>=O E"O$ 
FOR 1:1011•761 DO ~£GIN OFILECJ):Uq: XFILEIJ):~ ~Noq: 

NEXTMOVf •• FOR I:llt1•601 00 CTABLE1Il:O$ 
FOR I=<lol16l 00 FOR .;:(lf]olO) 00 TREEII•J>=os 
FUR I:<l1l1101 DO CHKIIl=os 

FOR 1:<1•1130) ~0 QTABLFIJl:OS 
FnR I=<l•l·~O) 00 OQCELLS!l>=os 
FOR l:(t•l•<;Ol 00 BEGIN TAR!O(ll:Os TAHOllIJ:O FN)A 
FOR I=l1•1•15l ~O BtGIN TAR~0(Il:O$ TAH021IJ:O FND~ 

M0 

'il 
ti:> 

rP 
HU 

El 
£:> 

u 
E'I 

j....-l 

i--· 
::-.. 



<+6 
.. 1 
.. s 
.. 9 
50 
51 
52 
53 
54 
55 
56 
57 
!>8 
59 
bO 
bl 
62 
b3 
bl! 
b5 
b6 
o7 
08 
b9 
70 
71 
72 
73 
711 
75 
76 
77 
78 
79 
80 
81 
82 
83 
811 
as 
86 
87 
1'8 
89 
90 
91 
92 
93 
911 
95 
96 

FOR 1:11•1•11 I '.)0 BEGIN TAR~O<ll:O$ TAnn3111=0 ENOi 
TAY1:os TAY2:os CH:OS FT:OS AELPP=ns 

FOR J:IOtlt71 00 FOR J:ln•1•71 Oil FOR K:llt1t81 00 
STABlltJti<l:ns. 

FOR J:!Otlt71 DO FOR J:l0tlt71 no ClRCIItJl=Os 
OPPMOv=OPP¥0V+lS IF OPPMOV EQL 1 THEN r.o TO PRESET~ 
FOR R:l2t2t61!) DO IF OPPMOV EQL R THEN REGIN PLAYER=ns 
POSITOIO"PMIOV/21:NLJ"IOS FOR l:(ltltOPPM'lV/2) 00 BEGTN J:POSTf'(ITIS 
POSlTxlll:POSITOlllS POSITOlll:JSEN0$ GO TO lNOEXUi ENDS 

PLAYER:U FOR I=<ltt•(OPPl40V•ll/21 no BEGIN POSITOl<OPPMIOV-1112>=NtNO$ 
J:POS1Tltllls POSIU!Il:POSJTOltlSPOSITOIIl:J ElllO'S r.O TO l'l'lEXO'S 

lNOExn •• FOR l=ll1l17b) 00 BEGJN XFlLE<l>=ns OFILEIIl:n ENOS J:Q$ 
1NOEX1•oJ:J+lS IF POSITXIJI GTR 0 THEN REGIN o:7•POSITXIJl•5S 

FOP K:<t1l17l 00 BEGIN M=FtLENOSIOIS XFILEIMl:XFILFll41+1S 1):1)+1 ENOS 
GO TO Il\l'.>EXl ENOS J:ns 

lNOEX~•.J=J+l'S IF POSITOIJI GTR 0 THEN RESIN o=7•POSITOIJl-5$ 
FOR •=<111171 00 BEGIN M=FJLENOS(OlS OFILEIMl:OFILFIMll+lS n=n+l ENnS 
GO TO lN1EX2 ENOS 
IF OPP"IOV LSS 5 TH~N GO TO PRESETS 

FOR 1:111116) 00 LOOPII>=os 
FOR 1:11111761 no 

BEGIN lF XFILEITl EQL 0 THE'I 
BEGIN ou~=OFlLEIIl+lS 

GD TO LA I OU¥ I e:•m ELSE 
IF -OFILElll EQL 0 THEN 

BEGIN OUM:XFlLEIIl+ls 

LAOo or.O TO f\Ll $ 
LAlooLOO?(tl=LOOPlll+tS 

K:i.;ooo 111 s 
TAR\O!Kl:U 

r.O TO f\LLI 
LA2 • oLOOP f ;>l:t.OOP I 2 l+t 5 

K:LOO:> I:? I$ 
TA>l20110 :rs 

r.O TO ALL!li 
LA3~·LOOPl3l:LOOPl31+15 

K:LOO=>l 31$ 
TAR301Kl:Js 

r.O TO ALLS 
LB1ooLOOP(41=LOOPl .. l+llo 

K:L00P(ll)$ 
TAROllKl:ts 

r.O TO ALLS 
LB2ooLOO?l51=LOOPl51+1S 

K:LOOl>IC,1$ 
TAa021KJ:U 

r.o TO ALLS 
LB3••L00P1nl:LOOPl&l+1S 

K:LOOl>lf>IS 
TAto1031Kl:U 

GO TO LB<011MI ENl)S 

B"' E5 

!:l" 
H7 
£7 £!', 
l;O 
£0 
HO Eq 
BllJ 
Hll Ell 
ElO 
H12 
HU E13 
1::12 

Hl'+ 
rl1'j 
El5 !--' 

!--' 
Hlb !--' 
Elb 



97 
98 
99 

100 
lUl 
102 
1U3 
UI• 
l.U5 
1U6 
107 
1UB 
1U9 
11-0 
111 
112 
113 
1111 
115 
116 
1l. 7 
1Hl 
119 
12-0 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
1-.0 
141 
142 
1113 
144 
145 
146 
1117 

r.O TO ALLS 
L84 .. WRITEI 'l'~ C014l>UTEP !o!AS LOST.• IS 

WRJT!i•THE OPPONfNT HAS FOllfl 1N A ROW JN FilE•,I>s 
GO T-0 VERYS 

4LL••11=1 £1110 FORLOOPS 
IF L00Pf3l GTR n THEN-GO TO ~AKt405 
IF t.OOPHil GTR n T-ti!N GO TO 8LOCK03~ 
IF LOOPl 21 G.TR 0 TttEN GO T-0 T.£ST205 
IF LO:>Pl5) GTR n THEN 'Gn TO TEST02 ELSE GO T-0 BlllLOSQS 

.. AK.£ .. n •• uEl.TA:l4•TAB3n 11) >-3s 
i::OR l:Uoh41 00 BEGhl CTABLEU>=FtLECELLSIOELTAlS 

n£LTA:::OELTA+1 ENO F~RL-00P5 
.J:os 

~ACK2 •• J:J+1S {:us 
tilACKl.•t:J+15 

lF .P::>SHOI r I E~L .I.I THE•t GO TO wIN ELSE 
IF POStTOIU EGL CTABLf'i.,U THEN GO TO l:IACo<;! 

~~SE GO TO 8•CK1S 
WlN •• wRITEt'THE COMPUT-£R HAS WON AS IT HAS 14A!'IE F-ouR'lS 

w~ITEl'lN A ROW BY !o40VllllG TO Cf:LL'•CTA~LE<Jlh 
GO TO VERU 

dl~CKn~ •• lF LOOPl&J GTR 1 THEN 
BEGIN WIHTEI •THE C014PUT£R CONCEnES THE GAMIE. IT HOPES TriE' IS 

wRITE!•OPPONF~T wILL GIVE IT AN OPPORTUNYTY TO PLAY'lS 
<IRITE<' AGA1'\1'1S 

GO TO -Si..OCKA ENOS 
riLOCKA•o0£LTA:(4•TABU3{1ll-3S 

"FO'I t=<l•1•4l 00 BEGTN CTABLF'(Il:FJLECELLS(O•l..TA>i 
OELTA=OELTA+l ENOS 

J=OS 
riACK4 •• J:J+lS I:os 
riACK3.•l=I+1S 

IF POSTTX<II E~L u THEN 60 T~ RLOCKA ELSE 
IF POSITXiII EGL CTABL~IJI THEN GO TO AACK4 ~L~ GO To BACK3S 

tiLOCK"l••NllMtO:CTASLEtJIS 
WRITE l'THE COMPUTER ttAS BLOCKED A T4REE IN A ROW • 1$ 

lllRlTE(' ~y MnVING TO CELL'•flll.1140)$ 
GO TO NEXTMOVES 

TEST2n •• 1:0SK:DS 
riACKS. • I=t+lS 

IF I LEQ L00Pl2J THEN 
AEGlN °'LTA=<4*UB201Ill-3S FOR J:lhh4l 00 

BEGIN M:J+Ks CTA8LElMl=FIL€C£LLSIOELTAlS 
OELTA:OELTA+l ENO F0RL00PS 

K:K+4S 
60 TO AACK5 EN'l 

ELSE GO TO BIRDS 
t'llRO· • .J:us l(:}S 

BACK& •• J=J+15 -i:os 
II'" CTABLE<.JI EQL u THElll GO TO C'.OLTS 

8ACK7,. I-=I+1S 

"E14 c 

tH7 
£17 c 

tHd 

£18 

019 
£19 

B?O 
H?l 
E?l C 

E?O 

I 

t-' 
t-' 
N 



~ 

1'+8 
1119 
150 
151 
152 
153 
1511 
155 
156 
157 
158 
159 
loO 
lbl 
lb2 
li>3 
lt>ll 
165 
lt>6 
167 
lb Fl 
lt>9 
170 
171 
172 
173 
1711 
175 
176 
177 
17R 
179 
180 
181 
182 
183 
1811 
185 
186 
187 
188 
189 
190 
191 
192 
193 
1911 
195 
196 
197 
198 

IF POSITOIII EOL 0 THEN 
REGIN OTA8LE!Kl:CTAAtE!Jl$ K:K+1$ 

GO TO RACK~ ENOS 
IF POSJTOIII EOL CTABLEIJl THEN GO TO RACK6 EL~E GO TJ 8ACK7$ 

COLT0,J:1s 1(:2$ 
!lACKlt•.lF QTABLE!Jl EQL OTABLE(Kl THFN b1 To RELATED ELSE K:K+l$ 

IF QTARLE!KI GTR 0 THEN GO TO PACKll ELSE J:J+•$ K:J+l$ 
JI" GTARLEIKl GTR 0 THEN GO TO PACi<.11 ELSE GO T'I REMME<; 

~EMAi<.Eo,FOR l:ll•l•ll*LOOPl2ll DO CTABLE<ll:O$ 
l"OR l:ll1l1<11•LOOP12ll/2l DO PEGlN OQCELL~(!l:QT~RLEl!l$ 

QTABLE(ll:n EN1$ 
IF LOOP!5l EOL u THEN GO TO PUIL1SO$ 

TESTU?o,1:0$ K:O$ 
..iACK8,oI:I+l$ 

IF I LFQ LOOPl5) T~EN 
BEr,IN DELTA=<~*TAAn21J))-3$ l"O~ J:(l1l14) ~o 

O\EGIN 1A:J+K$ 
CTABLEIM):FILECELL511ELTAl$ 

UELTA:OELTA+l ENO$ 
K:K+ll$ GO TU BACK8 END$ 

uRlOLF,,J:O$ K:l$ 
HACK9,oJ:J+l$ 1:0$ 

iF CTABLE(J) FQL n TrlFN GO To RULLET$ 
BACK1n.,1:I+l'f 

II" POSITX!Il EGL U THEN BEGIN oTABLE<K>=CTABLEIJl$ 
K:K+1$ GO TO ~ACi<.9 ENO'li 

II" POSTTX(I) EoL CTABLE(J) THEN GO TO PACK9 EL~E GO To oACKl0$ 
~ULLET.,J:1$ K=2$ 
HACKl?oolF QTABLE(J) EGL ?TABLE(K) THEN G0 TO BACK50 ELSE K:K+l$ 

II" QTARLEIK) GTR U THEN GO TO PACK12 ELSE J:J+1$ K:J+l<; 
lF ATABLE(Kl GTR D THEN GO TO RnCK12 ELSE GO TO BUILDS~$ 

RELATEO •• NU~O:QTABLE1Jl$ 
wRITEl'THE COMPUTER H~S FORMEO A RELATED•)$ 

WRITFl' PAIR AND WILL WIN ON ITS NEXT "10VE,'l$ 
WRITE!' IT HAS J!iST MOVED TO CELL'•NllMOl« 

GO TO NEXT"10VE$ 
riACK~n •• ~EL?R:GTABLEIJ)$ GO To BUILDSO$ 
riLOCKREL •• NUMO=RELPR$ 

wRITEl'THE COMPUTER H~S RLOCKFD A POSSIBLE 1 l$ 
wRITE (• RELATED PAIR BY "10VING TO CELL'•NUM0l$ 

GU TO NEXTMOVE'!i 
~RESET•• I:l$ R:ll*GAME-11$ J=R+l$ 

BACK111,,IF J EGL o5 THEN BEGIN WRlTEf 1 THE GAIAE HAS E•1DED IN A TIE.•>~ 
GO TO VE<H ENO$ 

lF PTABLE(J) EGL POSITX(Il OR PTAALEIJ) EGL POSITOlll THEN 
BEGIN J:J+1$ 1=1$ GO TO BACKlll ENO'li J:T+1$ 

IF PLAYER EQL 1 ANO I GTR <OPP"10V-1l/2 THEN GO TO M115 EL5E 
IF PLAYE~ EGL 0 AND I GTR OPPMOV/? THEN GO TO Mll~ ELSE 
GO TO AACK1't$ 

~115•, NUMO:PTA~LE(J)$ 
WRTTE<'THE COMPUTER HAS MAOE A PRE~ET "10VE TO CELL••NUMOli 

R?2 
E:>2 

B::>.3 
t:::>3 

8::04 
f:!::>5 

t.?5 
[?4 

11?6 
t:::>6 

B::>7 
E::>7 

B::>B E28 

!--' 
I-' 
~ 



199 
200 
201 
202 
203 
204 
205 
2@6 

207 
208 
2.(19 
216 
211 
212 
213 
214 
215 
216 
217 
218 
219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
-229 
230 
231. 
232 
233 
234 
235 
236 
237 
238 
239 
~o 
241 
242 
243 
244 
245 
246 
247 
248 
249 

60 TO "f£XTllOV£S 
riUILOSQ •• FOR t:(hlr181 00 8£G1N OSQIT):OS XSQtl):.0 E•tOS 

FOR J=<l•lrl!U 00 8£r.IW 1):4•J•3S .FOR K=ll•hlll Do 8£t;l'I 
14:.c;QFILES<illS OS91Jl:OSQfJl•OF1LEIM)S lCSQIJ):i(SQl.JJ+XFILE.1141 s 
l}:O•l E~!l E'-05 
.FOR t=lt•l•U\1 00 l'!£61'1 IF OSQUI LSS '3 ANO X<;QCU LSS 8 f!.!EN R£61N 
l<=lCS~tUS .r-ostHIIS CIRCIJ;i<J::CIRCIJ~Kl+ls 111:clRCIJ•K)$ 
5TA8lJ•lc:#lfl:l ENO ENOS 
z:1t5 ~E.F:Os C+t:OS 

oFFCHK •• A:os z=Z•lS IF z GTR 17 THEN so TO 1411-0S 
•1-05 •• X:14XtZIS Y:lllYIZIS IF TRYl £QL 1 THEN 60 TO M111S 
o11os •• 

IF CIRCOC•YI GTR A THEN GO TO 111107 £l.SE GO TO OFFCHKS 
'4107 •• c1-1:C1-4+U CHKlCH>=zs JF 1x-n LSc; 3 THEN BEGIN A:A+U 

GO TO M108 ENO ELS€ GO TO M112S 
14111-.IF CH!Cll(f\') GTR A Tl'IEN GO TO Mt12 ELSE A:os 
14lt20 0 A:A+lS STAfU>:STA8liC•Y•AlS 60 TO 1111025 
114ltO•olF REL.PR GTR 0 THEN GO TO ALOCKRELS OEF:lS z:os 
OEFCHK-.a=os 7:z+1s IF z GTR 17 THEN 50 TO FUTOFFS 

X:14ll71S Y:MYIZIS IF LOOPl~I GTR 0 AND CIRCIY,Xl GT'R A TH£'1 t;O TO 
CHANGE ELSE GO TO !)£FCHKS 

CHAllltiE•.IF (X•Yl LSS 3 THEN GO TO FUTnFF ELSE A:A+lS ~TAaP:STA8(Y,X•AIS 
GO TO 14102S 

FUTOFF•oIF CH EGL 0 THEN GO TO PRESETS DE.F=O'S TRYl=ts A:os FT=os 
14ln6• .FT:FT+U IF CHKiFTI GTR 0 THEN i;() TO 14113S IF TRY2 EQL 1 THEN 

GO TO PRESETS TRY2:1S .Fr=os GO TO MlO&'S 
14113 •• Z:CHKIFT)S 60 TO lil105S 
FORCSr.I• .E=E+lS NU140:SPOSITOlEIS WRJT£( 'CONTINUATIOM OF FORCE 

SEQUFNCE·•lS •RITEl•THE COlllPUTER HAS 141>VED TO CELL'•NU1401S 
60 TO NElCTMOV£S 

14102•• FOR J:f1•1•7l 00 BEGIN OWATCHIJl:OS WATCHII):O ENOS 
FOR 1:11.1.401 oo nCTABLEIJl:os 
FOR r:.11.1.101 oo RE6I~ CELL20lll=ns SPOSITXlll=Os 

. SPOSITO II l :o ENOS 
o=4•STABP ·3$ FOR I:IJ•l•~) DO BEGIN STABLEIIl=ns 

TTABu:<I>=n ENOS FOR ff:UtJ •41 00 REGil\I 
STABLEtRl=S~JLESIOlS 0:0+1 ENOS 

J:os FOR R=l1•1'4) oo BEGIN o=~•STARL£{1H·3!1i 
FOR t=<~·l·"' DO BEGIN K=J+IS RCTARLEl1<l=FILECELLSIOh o.=o+l ENDS 
J:J•~ EN!>S 
FOR 1:11•1•41 DO STABLElll:OS IF nEF EGL 1 THEN 60 T-0 OPOSS 

SPOS• oJ:lS J(:IS 
1490 •• FOR I:ft.1•161 00 BEGIN lF. POSITolJl EGt. RCTA8LEI 11 THEN 

BEGIN SPOSITOl1<1=RCTABLElI)S ·sTABLE'(K):IS J=J+1S 1<:K+lS 
IF PosITOtJI EQL 0 THEN GO TO 1491 ELSE GO TO M90 END ENOS 
J:J+U IF POSITO(J) EQL 0 THEN GO TO M91 ELSE GO Jn 1490S 

11191•.J:lS K:ts 
11492o•l"OR I=U•1'1i>I DO BEGIN JF POSITlCIJI EQL RCTABLEII> THEN 

8Er.IN SPOSHX tK J:RCTABLEII> S TTABLr<Kl:JS .i=J+lS K:1<+1S 
IF Poc;ITlC(JI EGL 0 THE"4 60 TO 11450 .ELSE GO TO 1492 ENO ENOS 
J:J+ls IF POSlTXIJI EGL 0 THEN 60 TO MSO ELSE GO Tn M92S 

R?9 £29 
830 
831 
£:51 E30 
832 
833 
E33 E32 

83 .. 
E3 .. 

Q 

B35 E35 

B3f> 
E3f> 
837 
E37 
838 £38 
839 
840 EltO 
£:'19 

841 
81i2 
£42 E41 

843 
844 
E44 E43 

t ._, 
1-o.I 
~ 



250 
251 
252 
253 
254 
255 
256 
257 
258 
259 
260 
261 
262 
263 
264 
265 
206 
267 
268 
269 
270 
271 
272 
273 
274 
275 
276 
27i 
278 
279 
2il0 
281 
282 
283 
284 
285 
286 
287 
288 
289 
290 
291 
292 
293 
294 
295 
296 
297 
298 
299 
300 

OPOS •• J:tS 1(:1$ 
M93eeFOR I:thlol&l DO flEGlN TF POSITlt'!JI EGL RCTABLE!ll. THEr~ 

BEGIN SPOSITO!K):RCTABLE<IIS STABLFIKl:IS J:J+1$ K:K+lS 
IF PO.,,ITXIJI EGL 0 THEN GO TO M94 ELSE GO TO M93 END ENOS 
J:J+U IF POSlTX.IJl EGL 0 THEN GO TO M94 ELSE GO TO M93S 

11194,,J:1s '<=ls 
M95eeFOR J:flolo161 DO BEGIN IF POSITO(J) EGL RCTABLElll THEN 

REr.IN SPOSJTXIKl:RCTABLE(IIS TTABLFIKl:IS J:J+l$ K:K+lS 
IF PO.,,ITOIJI EGL O THEN GO TO M50 ELSE GO TO M95 El\ID ENDS 
J:J+ts IF POSlTOIJl EGL 0 THEN GO TO M50 ELSE GO TO M95$ 

M5o •• FOR 1:10.1.101 DO REGIN DOFILEII>=os nXFILE!Il=O ENOS J:0$ 
M56 •• J:J+1S IF STABLE!Jl EGL O THEN GO TO M57$ 

D=3*STARLEIJl-25 FOR R:ll•1•3l DO REGIN M:SFILENOSIDIS 
DOFILEIMl:nOFILE(M)+l$ o=o+l ENDS r.O TO M5~5 

•~57 •• J:n,. 
M58 .. J=J+l5 IF TTABLEIJl EGL 11 THEN Go TO. ·~59$ 

D:3*TTARLE1Jl-25 FOR R:ll•l•31 DO REGIN M:SFlLENOSIDIS 
DXFlLEIM>=nxFlLEIMl+J$ D=D+l ENDS GO TO M5A$ 

M59 •• FOR I=<1.1.s> DO FILE201Jl=os J:1s 
IF TRY2 EGL 1 THEN BEGIN FOR y:lt,1•101 00 IF OOFTLECil E~L 1 
ANn OXFILE!Il EGL n THEN BEGIN FILFln=rs o=~*l-3$ FOR J=<1.1.~1 00 
BEGIN Ml=CELLNOSID)S DCTABLE(J):RCTABLEIM)S D=n+l El\10$ FOR I=<l•l•7l 
DO IF SPOSITOlll EQL DCTABLElll THFN GO TO M99$ 
NUMO:OCTABLEl11$ GO TO Ml01$ 

M99 •• l\IUMO:OCTABLEl2)$ 
MlOl •• WRITEl'THE COM~ITER ~AS MADE A ?-0 FILE IN A PROMISING•!$ 

WRITE(' SQUARE RY MOVING To CELL'•NUMOls 
GO TO NEXT.,OVE ENO'ENOS 
IF T~Y2 EGL 1 THEN GO TO M1065 
FOR I:<l•l•lOl 00 TF OXFILEIIl EQL 0 ANO OOFILEIIl EGL 2 THEN REGIN 
FILE2olJl=IS j:J+l ENO$ CNTFlL:J-1$ IF CNTFIL EGL n ANO T~Yl EGL n 
THEN REGIN 
WRITE<' NO FORCE EXIST IN SQUARE'•STABP1$ GO TO CYC ENDS 
CNTSQ:l$ GO TO M35 

M3 •• K:OSFOR I:ll•l•CNTFIL> DO BEGIN O:~•FILE2n<Il-3$ 
FOR J:lltl•4l DO BF.GIN R=J+KS M:CE!LNOSIDIS 

OCTARLEIRl:RCTABLE(M)$ o=o+l ENDS K:K+~ ENDS 
J:ns K:ts 

M4 •• J:J+l$ I=ns IF oCT~BLEIJ) FGL n THEN GO TO M40$ 
M5 •• 1:1+1s IF SPOSITO<ll EQL n THEN RFGIN CELL20!Kl =nCTARLE(J)S K:K+1$ 

GO TO M4 END 5 . 
IF SPOSITOIIl EGL DCTABLEIJl THEN GO TO M~ ELSE GO TO M55 

M4o •• J:os c=ns 
M:4•CNTFIL$ FOR I:<l•loMl DO nCTAPLEII>=Os 

M7le• J:J+lS IF OQCELLSIJl EQL 0 THEN GO TO MAOS 
FOR I:lloltl61 DO IF RCTABLEIIl EGL OQCELLSIJI THEl\I BEGIN 
IF DEF E~L 0 THEN REGIN 
R=CNTFIL*2$ FOR K=<l•l•Rl no REGIN IF RCTARLEIII E~L 
CELL.201Kl THEN GO TO M71 END ENDSC:C+l$ 
OwATCHICl:RCTARLEII)S GO TO M71 ENDS GO TO M71S 

MBo •• J:os c=os 

BU5 
BU6 
EU6 

l:!U7 
6118 
EU8 

Bll9 

850 
E<;O 

851 
E51 

B52 
f!53 
ti54 

E53 

ao;s 

8"6 

B57 
8o;B 
£56 

B'i9 
E~9 

1:1(,0 
861 
£(,2 
E!\O 

E45 

E47 

Ell9 

E54 

E52 

E55 

E5o 

E57 

B62 
E61 

:--1 
!-J 
en 



301 
302 
303 
304 
305 
306 
307 
308 
309 
310 
311 
312 
313 
314 
315 
316 
317 
318 
319 
320 
321 
322 
323 
324 
325 
326 
327 
328 
329 
330 
331 
332 
333 
334 
335 
336 
337 
338 
339 
340 
341 
342 
343 
344 
345 
346 
347 
348 
349 
350 
351 

M41 •• J:.J+U IF GTABLEl.Jl EGL n THEN Go TO Mf>S 
FOR y:Cltlt16) 00 JF RCTABLEII> EGL GTABLEC.JI THEN BEGIN 
IF DEF EGL 1 THEN BEGIN -
R:CNTFIL•2S FOR K:{l,1JRI 00 BEGIN IF RCTAl'ILECU EGL 
CELL20IKI THEN GO TO M41 ENO ENDSC:C+1$ 
WATCHICl:RCTA8LE(llS GO To 11441 ENDS GO TO M41S 

MfreeCOUNT20:2•CNTFILS 
tiRITf ( 'RCTA9LE' tRCTABLEI S 
wRITEf 1 S90SITO'•SPOSlTOIS 
wRITE!'SPOSJTX'•SPOSITXIS 
WRlTE! 1 WATCH'•WATCH)S 
wRITEC'OwATCH•tOWATCHIS 

IF TRYl EGL 1 ANO OtiATCH<l l GTR 0 THEN BEGIN NUMO:OliATCHI 1) S 
WRTTEl'TH£ COMPUTER HAS MAOE A 3-0 FILE IN HOPES OF ST~RTING•IS 

wRlTEI' A FORCING SEQUENCE. IT HAS N!OVEO TO CELL'•NUMOIS 
GO TO >4EXTMOVE ENDS 
IF TFnl EGL 1 THEN GO TO MJV6S 
FOR 1=1•4•13•16 DO BEGIN FOR J:<l•l•COUNT20) no BEr,lN 
IF RCTABLEIII EGL CELL20(JJ THEN GO TO M7 END ENOS 
GO TO CNTF$ 

M7 •• l(=CELL20 I 1l S R=CELL20 ( 2 I$ CELL20 C 1) =CELL20 < J l S 
IF J EQL 1 OR J EGL 3 OR J EGL 5 OR .J EGL 7 THEN N:J+l ELSE N:J-lS 
CELL20<2>=cELL20(N)$ CELL2n(Jl:KS C£LL20(N):Rs 

CNTF •• IF C'lTFIL LSS 2 THEN GO To CNSGS 
..1:1s J<:2s 

M9 •• IF CELL20(Jl EGL CELL20IKJ THEN GO TO oRELS K:K+l~ 
IF CELL20<Kl GTR 0 THEN GO TO M9S .J:J+lS K:J+tS 

lF CELL20(KI GTR 0 THEN-GO TO 114q5 
GO TO CNSQ$ 

OREL •• E:K+lS IF DEF EGL 1 THEN GO TO OEF03$ 
NUMO:SPOSITO!ElSFORCESEQ:ts 

WRJTEI 'THE COMPUTER HAS STARTED A FORCE BY MOVING TO CEl.L'oNUMOlS 
WRJTE ( 'SPOSITx:, SPOSITO=• TREE!CNTS~• 1> :, CNT=•CNTFIL=•CNTSQ:', 
SPOSITX• SPOSITO• TREEICNTSG•l>•CNT• CNTFIL• CNTSQlS 
WRITE I CELL20 l S 
N=Q+ts SPOSITOINl:cELL20(J)$ GO TO NEXTMOVES 

OEI003.•NLl140:S?OSITOIEIS 
WRJTEl'BLOCKEO A POSSIBLE FORCE BY MOVING TO CELL'oNUMOlS 
GO TO "IEXTMOVES 

CNSQ •• FOR t=<1•1•10l 00 TREE<CNTSQ•I>=CELL20<I>S 
M27ooCNT:1$ G:CNTSG+XS 
M12 •• SPOSITO(~):CELL20<CNTJS 

J:ns FOR I:<0•1•10) DO BEGIN OOFILE(J) :Os OXFILE<J>=n ENOS 
M13 •• J:J+1S IF SPOSITO(J) EGL 0 THEN r.O TO Ml4$ 

FOR I:t1rlr16) 00 IF RCTABLFlll EGL SPOSITOl.Jl 
THEN AEGIN o=3•I-2S FOR R=<l•lt3l no BEGIN M:SFIL~NOS<o>s 
OOFILE(M):noFILEIMl+1S 0=0+1 ENOSGO TO Ml3 ENO $ 

Ml4.•.J=os 
Mt5 •• ..1=..1+1s IF SPOSITX(J) EGL 0 THEN GO TO Ml&S 

FOR I:I 1' 1•161 00 lF RC TABLE II l. EGL SPOSJTX ( J) 
THEN BEGIN Q:3•I-2S FOR R:Clrlr3l no BEGIN M:SFIL~NOS!OlS 

863 
664 865 
E65 E64 
Eo3 

85& 

El>& 

6f>7 
6n8 E68 E67 

869 E69 

670 671 
E71 E70 

672 873 

""" !-' en 



352 
353 
354 
355 
356 
357 
358 
359 
3b0 
361 
3b2 
3b3 
364 
3o5 
366 
367 
368 
369 
370 
371 
372 
373 
374 
375 
376 
377 
378 
379 
380 
3111 
382 
383 
384 
385 
386 
387 
38!'. 
389 
390 
391 
392 
393 
394 
395 
396 
397 
398 
399 
4ll0 
4lll 
t+ll2 

ax~lLE(Ml=nxFILE(M)+l$ o=D+l END$ GO T0 v1~ EWO$ 
~16 •• FOR 1:(1~1·5> no FJLE20(!1:0$ J=li 

Foq 1=<1.1.101 DO IF OXFILEll) EQL 0 ANO onFILE(ll EOL 2 THEN 
BEGIN FILE?0(Jl=I$ J=J+l END$ CNTFTL=J-1$ IF CNTFIL GTR 0 THEN 
GO TO P,K3$ CNT2=0$ 

Ml 7., CNT=CNT+U SPOSl TO I G l =O:ti lF CNT2 EQL t T>iEN REG!'' K=CNTS0+Y$ 
SPnSITXl<l:O ENO$ IF CNT GTR COUNT?O THEN GO TO RE00$ N:C~T-1$ 
FOR I:llololOI DO qEGIN IF TREEICNTSO•Tl GTR ll ANO 

TPEE<CNTSO•Il LSS lOllO TH~N ~EGIN SAVETR=TREE<CNT~Qoll$ 
TREEICNTSO•Il=lOUO$ ~o To M12 ENO ENO$ 

nK3o•N=CNT$ J:N+l$ I=N-1$ R=CnUNT?0$ •=CNTSO+Y$ 
IF R E0L 2 OR R EGL 4 OR R EQL b nR R EQL 8 THEN qEGIN 
IF N EGL 1 OR N EGL 3 OR N EQL 5 OP N ~QL 7 THEN BEGIN 
SPnSTTXl<l=CELL20(J)$ GO Tn M21 ENO ELSE SDOSITXIKl= CELL2nlTl~ 
GO TO ·~21 FNO$ 
IF N EGL 1 THEN BEGIN SPOSITX!Kl=S~VETR$ GO TO M21 END$ 
IF N EGL 3 OR N EGL ~OR N EGL 7 THEN SPOSITX!Kl=C~LLZQIII ELSE 
SPrSTTXl<l=CELL20(J)$ GO To M21$ 

M2loolF C GTR 0 THEN FOR I=ll1l0Cl DO IF QEF FQL 0 THFN IF S~OSITX!Kl 
EGL WATCYlll THEN REGI\I CNT2=ts GO TO Ml7 END ELSE IF SPOSTTXlKl EOL 
ow~lCH(J) THEN AEGIN C\IT2=rs GO TO M17 END$ 
FOR I=<l•lol6l DO IF RCTA8LEIIl EGt SP0SITXlK> THE" REGI\I 
o='*T-?$ FOR R =<1.1,3> DO BEGIN v=SFILENOS([))$ 
OXFlLEIMl=rxFILEIM)+1$ o=o+l ENO$ GO TO MZ? ENO$ 

,..,;:o;:o • • J=n'i> 
M23,,J:J+11 IF J GTR 10 THEN GO TO M2~$ 

IF OXF!LEIJl EGL 3 AMO DOFTLElJl EnL U THEN GO TO Y24 ELSE 
GO TO \1;>3$ 

M24 •• rNT2=1$ GO TO M17$ 
M25 •• FOR I=llol110l 00 CFLL20lil=U$ 

FOR 1=<l•l140) DO nCTARLEITl=oi 
K=n$ FOR I:ll•l•CNTFILl DO BEGIN D='+*FILEZn!IJ-3$ 
FOR J:l!rlr4l DO KEGIN R:J+K$ M=CELLNOS!Dl$ 
DCTO;LE!Rl:RCTAALE!Mls o=o+l ENO$ 
K=K +L~ ENJ'l> 
J=ni ~=1$ 

M26,.J:J+l$ 1:0$ IF DCTABLEIJ) EOL O THEN GO Tr M33$ 
M32•·T=I+l$ IF SPOSJT0<Il EGL 0 THEN PEGI\I CELL20IKl =DCT~BLE1Jl$ K=K+lS 

GO TO \1126 fNO'b 
IF SPoSITOIIl EQL OCTARLElJl THEN GO fl') \1126 ELSE GO TO M32$ 

M33 •• rOUNT?n=?*CNTFIL$ CNTSG=CNTso+1$ 
IF DEF E~L 1 THEN GO TO M73$ K=l~ 

M75 •• rF OWATCHlKI EQL 0 THEN GO TO CNTF$ J=ls 
M74 •• JF CELL2n(Jl EQL OWATCHl<l THEN GO fl') D~ELI 

J=J+1$ IF CELL?O(Jl GTR 0 THEN GO TO M7t+ ELSE K=K+1$ GO TO ~75$ 
M73.oK::\'I> 
~7& •• IF w-TCH(K) EQL n THEN Go TO CNTF$ J=ls 
M71 •• rF CELL20lJI EQL WATCHIK) THEN GO TO nREL$ 

J=J+l$ IF CELL20(Jl GTR 0 THEN GO TO M77 ELSE K=K+1$ GO TO "176$ 
REDO •• FO~ 1=<1•1•10) 00 CELL;>Olll=O$ 

~OR 1=<1•1•10) DO TREE<CNTSQ1Il:O$ 

E7.; 

H74 

Fl7':> 
E75 
B76 
H77 
E77 

fl7t) 

fl7J 
E7~ 

f:\A:J 

K"l 
bP2 

RA3 
E<>4 

e<>S 
tlAo 
EP6 
ER':) 

H"-7 
E"-7 

E72 

E74 

E76 

E79 
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403 
404 
405 
406 
41.17 
40A 
409 
410 
411 
412 
413 
414 
415 
416 
417 
41A 
419 
420 
421 
422 
423 
424 
425 
426 

\ 

M28 •• CNTSQ:CNTSQ-1$ 
IF CNTSG EQL 0 THEt>J REGIN 
WRTTEl'T~ERE IS NO CONTINUnUS l='ORCF IN SQUARE•rSTARP)S 

CYCo•TF CIRC(XrY) GTR A ANO DF.F f~L 0 TH£~ GO TO M107q; 
IF CJRCIY•X> GTR A AND DEF EGL 1 THEN GO TO CHANGEi 

TF OEF EQL 0 THEt>J GO TO OFFCHK ELSE GO TO DEFCHKq; ENOS 
FOQ J:llrlr10) DO ~EGIN IF TREEICNTSQ•I> GTR o AND· 

TQEE!CNTSQ•I> LSS 1000 THEN REGIN SAVETR:TREElCNTSQrJ)$ 
TRF.ElCNTSGrll:l000$ GO TO ~39 F.NO FNDS 

1'129 .. l='OR t=<lrlrlO> DO TREElCNTSQ,J):os R:CNTS<HX$ J::rNTSQ+Yii 
SPOSITXlJl:O$ SPOSITO(R):0$ GO TO M2BS 

M30 •• Q=CNTSQ+X$ SPOSITO<R>=Os J=CNTSQ+Y$ SPOSITX<J>=o~ 
FOR J:<l•l•lOl DO REGI~ J:y+l$ CELL20lJ):TREE!CNTSnrI)$ 
IF CELL201J) ~QL 1000 THEN BEGIN rELL20(J):Os GO TO M31 Et>JD$ 
IF CELL20<J> EQL 0 THEN GO TO M31 ENDS 

M31 •• rOltNT20=J-l$ IF J EGL 1 nR J EQL 3 OR J EGL 5 OR J EGL 7 T~EN 
J:J+l~ Ct>JTl='lL=J/2$ 
GO TO M27$ 

VERY •. w~ITE<•POSITO TARLE 1 1$ 
FOR J:<l•lrlOPPMOV/2}) 00 ~RITE<PO~ITO(J))$ 

#RlTEC'POSITX TABLE')$ 
FOR J:llrltlOPPMOV/2l> 00 WRITE(POSlTX(I)}$ 
GO TO NXGM$ 

CO"IPL.•FINISH 
E.ND ALOCK 1 

COMPILATION COMPLErEo 

fjQ8 

EQ!:i 
(3Q9 
BOO 
Ec+O Eq9 

I 

I-' 
!-' 

901 (X) 

sq2 E92 
EOl 

FO 



COMPLETE LISTING OF DATA- lNCLUOING INFORMATION IN THE I ISTS. 
SQFILES LIST 

76 1 2 ... 10 11 12 l"\ 20 21 
22 23 30 31 32 33 76 10 20 30 

1 11 21 31 2 l? 22 3:> 3 1'I 
23 33 4 14 24 311 5 l'i 25 3'> 

6 1r. 26 36 7 17 27 .n II 15 
26 37 7 16 25 311 7o 11 22 33 

3 l? 21 30 " 1" 2R 3'1 Q ]Q 

2:9 39 
SFlLENOS UST 

1 5 9 1 r, fl 1 7 n l 
8 10 2 5 0 :> 6 q :> 1 

10 :> 8 ('I 3 " 0 3 ., 1 '1 

3 7 9 3 q n 4 5 1n 4 
6 0 4 1 0 u R 9 

FIL.ENOS LIST 
76 4 B 40 56 bf'I 61'1 l 4 II 1 
()9 0 0 n 2 u 42 1n 0 n 

0 3 4 9 43 b? oo 71 1':. , 
-.4 57 0 0 0 1 5 "' 45 0 I-' 

I-' 
0 n 2 5 9 '+6 0 0 0 3 (.() 

5 4 7 o3 0 0 n 76 ..., Ill> "" 0 0 0 1 r, q 49 n n '1 

2 6 8 50 I') (l 0 3 0 Sl 
b'+ n 0 n 76 7 9 5:> 59 61 
72 l 7 53 73 n 0 n ? 1 
54 7U 0 (l 0 ... 1 "' 55 65 
b7 75 10 14 l'I 40 n n (l 11 
14 '+ 1 56 n I) n 12 14 '+? 62 

0 n 0 13 14 19 43 n n n 
10 15 '+4 68 0 n 0 11 15 l 'I 

45 57 60 b9 12 15 19 4&, 63 6f> 
70 13 15 lj 7 71 n 0 0 10 1 r, 
48 7? 0 0 0 n 16 19 49 O,'I 

ol 73 12 ln 18 5n 64 67 74 n 
16 51 75 0 0 n 10 17 1 '1 s:> 

0 0 0 11 17 53 59 n 0 n 
12 17 54 65 0 n 0 13 17 1 'I 
55 n 0 0 20 2u 2R 41) n () 

0 21 24 41 02 n n n 22 24 
42 56 0 (l 0 2'.'I 24 29 113 n 

0 n 20 25 44 7:> 0 0 n 21 



25 2A ,,.5 63 67 73 22 25 29 46 
57 61 74 23 25 47 75 -0 0 0 
20 26 48 6A 0 n 0 2i 26 29 
'49 64 06 69 22 2n 28 so 58 60 
10 23 26 51 71 n 0 0 20 27 
29 52 a 0 0 21 27 53 65 0 

0 n 22 27 54 59 0 0 0 23 
27 2A 55 0 0 n 30 34 38 4'l 

62 67 72 31 34 41 73 0 0 0 
32 34 1+2 .74 0 n 0 33 34 39 
1+3 56 61 75 30 35 44 63 0 0 

0 31 35 3R 45 n 0 0 32 35 
39 1+6 0 0 0 33 35 47 57 0 

0 0 30 36 1+8 64 0 0 0 31 
36 39 49 0 0 n 32 36 31\ . 50 

0 0 0 33 36 51 58 0 0 0 

30 37 39 52 65 66 6A 31 37 53 
69 0 0 0 32 37 54 70 0 0 

0 33 37 38 55 5q 60 71 
FILECELLS LIST 

2 6 10 14 3 7 11 15 4 R 

12 16 1 2 3 4 5 n 7 A 

9 10 11 1?. 13 14 15 16 1 F. 

11 16 4 7 10 13 17 21 25 29 t-' 
18 22 26 30 19 23 27 31 20 24 ~ 
28 32 17 lA 19 20 21 2?. 23 24 
25 26 27 28 29 3n 31 32 17 22 
27 32 20 ·23 26 29 33 37 41 45 
34 38 42 46 35 39 43 47 36 40 
44 IH\ 33 34 35 36 37 38 39 40 
41 42 '+3 44 i+5 46 47 48 33 3R 
43 48 36 39 42 45 49 53 57 61 
50 54 58 &2 51 55 59 63 52 56 
60 64 49 50 51 5? 53 54 55 56 
57 58 59 &O 61 6? 63 64 49 54 
59 64 52 55 58 61 1 17 33 49 

2 lA 34 50 3 iq 35 51 4 20 
36 5? 5 21 37 53 6 22 38 54 

7 23 39 55 8 24 40 56 9 25 
41 57 10 26 42 5A 11 27 43 59 
12 28 44 60 13 29 45 &1 14 30 
46 62 15 31 '+7 63 16 32 4!' 64 

1 HI 35 52 5 2? 39 56 9 26 
43 bO 13 30 47 64 1 22 43 64 
13 26 39 52 4 lQ 34 49 8 23 
38 53 12 27 42 57 16 31 46 61 

4 23 42 61 16 27 38 49 1 21 
41 61 2 22 42 62 3 2:'1 43 63 

4 24 44 64 13 25 37 49 14 26 
38 50 15 27 39 51 16 28 40 52 

1 5 9 13 



-

CELLNOS LIST 
1 , 3 4 5 f, 7 A 9 1n 

11 12 13 14 15 11'> l 5 9 13 
2 6 10 14 3 7 11 15 4 A 

12 lf'> 1 6 11 lF- 4 ., 10 n 
PTABLE LIST 

10 20 30 4() 50 &n SA 4<\ 3" 2A 
I-' 

18 l'I 3 13 23 3:"1 43 53 b:!- 57 N 
'+7 37 27 17 7 5! 41 31 21 11 I-' 

1 bl 9 19 29 3q 49 59 &2 5::> I 
42 32 22 12 2 64 54 44 34 24 
14 56 46 36 26 l<. 6 4 5 1c:; 
25 35 45 55 

MX SwITCH LIST 
5 6 7 4 5 6 7 3 4 s; 
b 7 2 3 4 r; 6 

MY SWITCH LIST 
0 1 2 0 1 , 3 0 1 ? 
3 4 0 t 2 3 4 
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Error Location 

Page 

7 Line 10 

16 Line 2 

17 Line 3 

ERRATA 

17 Next to last line 

20 Line 4, third paragraph 

52 Figure Do2 

55 Line 2 

53 Line 5 

36 Line 16 

48 Line 2 

75 Line 4 

82 Line 4 

82 Line 7 

87 tine 3 

87 Line 5 

87 Flow chart, second 
block 

Correct Entry 

••• would involve ••• 

••• function f as·a mapping 
or a Cartesian ••• 

s - b 0 

r: 8 2i-l - f (s2i-2' xi) 

8 2i • g(2i-1 1 yi) 

••• as one which yields a 
state in C'>r• 

••• b2p+l e n_r i! bq e '\,•••• 

Cartesian ••• 

••• one is ••• 

••• but stopping to explore 
at ••• 

••• above are not ••• 

••• three l-0 files ••• 

ooomade on the ba.sis or the 
excess. o. 

The situation ... 

••• lead to termina.l ••• 

••• Table IV •• o 

••• or three cells ••• 






