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ABSTRACT

The game of three-dimensional Tic-Tac-Toe ("Qubic") has been

analyzed from a point of view distinct from the normal minimax-
intermediate-evaluation standpoint. Certain pruning strat-
egies have been developed based on the concept of forcing
moves, confining attention to planes inside the board. The
pruning is drastic enough to enable analysis to the end of

the game, reducing the need for intermediate evaluation to a
minimum,

Two computer programs, one on the PDP-4 (with a 340 D
scope display unit) and one on the UNIVAC 1107, have been
described. The level of sophistication of the two programs
is different (based on two different levels of strategies
discussed in the paper), and a comparison of games played by

the two makes an interesting study.
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1. INTRODUCTION

In the summer of 1962, a checker playing computer
defeated one of the nations foremost players. Amazingly,
the machine was programmed by a man who knew comparatively
little about the complex strategies of the game.

This and similar achievements fall into the realm of
artificial intelligence, a promising field in which computer
programs are being constructed to exhibit behavior that may
be called "intelligent behavior" when it is observed in
human beings; Such research, it is hoped, will lead to the
develomment of techniques and devices to relieve human beings
of various complex tasks,

Of the many different research paths being explored in
the field of artificial intelligence, perhaps the most
fascinating to the researcher is game playing. Game environ-
ments are useful in studying the nature and structure of
complex»problém solving processes, and, in addition, provide
man the amusing opportunity to challenge his wits against a
machine, The relatively highly regular and well defined pro-
blem environments characteristic of games in general iprovide
an excellent foundation for the use of intelligence and
symbolic reasoning skills, -Symbolism rather than numeric s
come directly under study.

-1 -
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A thorough understanding of the theory of the game
playing should help us to formulate problems which are closer
to realistic applications; Many game playing situations (such
as in chess) exhibit a complexity of structure beyond those
of the problem solving situations one normally encounters in
everyday life (provided the intangibles of the real-life
sitvation can somehow be removed), A primary difference be-
tween game playing and actual problem solving situations lies
in the origin of the uncertainties. In a game, the uncertain-
ties of the problem result from the large number of alter-
natives available, while the objective as well as the rules
are rather simply stated. However, in many actuai problem
solving situations, the uncertainties are essential attributes
resulting from an imperfect knowledge of the environment.
Furthermore, the problem itself is stated in a fairly complex
manner, involving a large number of variables; Hence, the
study of game playing might be relevant to only those real-
life problems in which the structure remains complex even
after the removal of the intangibles;

Perhaps an even better approach to problem solving
would be the theoretical development of a formal theory
offering a guideline on how to deal with these problems.(e’ll)

Such a theory must of necessity be of a general nature since
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problem solving situations are exceedingly difficult to
classify and group into types; Most realistic problems are
poorly structured and have their own specific features. The
results and procedures recommended by a formal theory would
have to be supplemented with additionai specifications to
meet the needs of the specific problem at hand., The theory
must offer the principles to be observed when dealing with a
given problem as well as indicate the structure of the pro-
blem solving process. The specifics of the problem have to
be designated by observance of the immediate problem under
consideration.,

The game which has received the most attention thus far
in artificial intelligence is chess. Obviously, any game
which is sufficiently complex and subtle in its implications
to have allowed a deepening analysis through centuries of
intensive study and play without becoming exhausted is an
excellent target for machine studies. A successful chess
playing machine would signify an achievement penetrating to
the core of human intellectual endeavor; In 1949, Shannon(l)
presented a paper in which he pointed out that although chess
is a finite game (there are only a finite number of positions,
each of which admits a finite number of move alternatives),

application of a minimaxing technique would be impossible on
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even the fastest digital computer because of the large number
of possibilities that must be explored. He estimated that
there are approxixmart;e‘ly1(1128 move possibilities as contrasted

to only 1016 microseconds in a century. Shannon's proposal

was that minimax continuations be explored to a certain
practical depth and static evaluations then be made to deter-
mine the move with the highest effective value. The greater
the depth of analysis, the better the chess that would be
played; He proposed a numerical measure, based on various
features that chess experts consider important, be formed

by summing a number of factors that could be computed for any
position; This has come to be known as intermediate evalua-
tion., While Shannon did not present a particular computer
program his specifications helped pave the‘wayvfor progfams
by Turing(ls) in 1951, Kisler, Stein, Ulam, Walden, and
Wells(a) (Los Alamos group) in 1956, Bernstein, Roberts,
Arbuckle, and Belsky(s) in 1957,and by Newell, Shaw, and
simon®) in 1058, The latter effort breaks away slightly
from the now conventional minimax - intermediate evaluation
 schema and approaches the game more as a model of human
problem solving in the chess eﬁvironment; The authors are
apparently convinced that human-1ike problem solving methods

wonld be more effective in chess problem solving than other
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computational schemes that had been proposed and tried; Their
conviction is supported by the comparatively fine behavior
of their chess playing program,

An excellent rebuttal to their approach might be voiced

(5)

by Samuel s whose checker-playing program might be considered
the classic achievement in game playing in artificial intell-
igence to date. Through the use of learning routines the
program has progressed from an initial classification of

"poor player" to the point it can defeat recognized champions.
It's position evaluation scheme and minimaxing techniques
place it clearly in the "pure" artificial intelligence area,
free from human-like problem solving mechanisms. Perhaps

the most interesting result of Samuel's program is the
possible conclusion that man is capable of solving problems
without knowing precisely how he solves them,

A game need not be as complex as chess or checkers to
prove of interest. Various programs have been written for
simpler games such as two dimensional (3x3) tic-tac-toe.

The "game-tree™ here is small enough for the computer to
determine the optimal move in the very beginning of the game.
Such a machine is currently on display at the New York
World's Fair. By its trivial nature, two dimensional tic-tac-

toe provides an excellent structure to test and observe
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(7)

simple rote learning procedures .
A more sophisticated attempt at machine learning has been

presented by Wéxelblat(l4)

using the game of Renjyu. This,
game is played on the vertices of a 19x19 board; a win

being 5 in a row in either a horizontal or vertical direction.
Wexelblat's learning procedure considers only the end-game
for its strategic evaluations, virtually ignoring all
offensive and defensive moves in the opening and middle-game.
Since a game of Renjyu between two good players may have
several blocked threats before the final one, it is“apparent
that much of the strategy is missed by failing to consider
the middle~-game.

A well-known game of relatively the same order of
difficulty as Renjyu is three dimensional tic-tac-toe played
in the cells of a 4x4x4 cube; This is a particularly attrac-
tive game for investigation as it contains the basic
characteristics of an intellectual activity in which heuristic
processes play a basic role, Some of the important character-
isties of three-dimensional tic=tac-toe include:

1; The game is or can be made familiar to a substantial

body of people; This is important so that the behavior

of the program can be made understandable to them,

2. The rules are definite and are known, It is this
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characteristic which many practical problems fail to

meet. Important problems such as war games and economic

processes have no definite known rules.

3, A definite goal exists - winning the game. In

addition an intermediate or sub-goal which has a bearing

on the final goal also exists. This will be discussed
1ater;

4, The game is finite, yet not deterministic in the

practical sense; An exploration of all possible paths

would envolve approximately 1025 choices of moves, which
at three choices per microsecond (far faster than the

speediest existing computer) would still require a

hundred million years.

5. There are no probabilistic decisions such as roll

of dice, toss of coin, etc,

6. There is no concealing of information by either

player as to his last move., Thus the state of the game

is always known by both players.

The game of three-dimensional tic-tac-toe has been
investigated by Daly(s). In his paper "Computer Strategies
for the Game of Qubic'", he applies the techniques of minimax
and intermediate evaluation to yield an effective game playing

machine, His approach is similar in this respect to that of



- 8 =

Samuel in checkers, Daly attempts no learning procedure,
however, because of the limited number of abstract strategies
and concepts available, and the limitations of the computer
used;

Although Daly recognizes that a strategy might be drawn
from concepts concerning planar arrangements in the cube, he
concludes that such patterns are not suited for machine use,
though they might be useful to human players; Perhaps this
is too hasty a brush-off of human=-like heuristics in favor of
the minimax-intermediate evaluation apprpach in a game which
admittedly contains comparatively few abstract strategies
and concepts; Even in the far more complicated game of chessy

(4)

Newell , Shaw, and Simon consider human heuristics superior

to machine-like play., In their introduction they state:

"We have now completed our survey of attempts
to program computers to play chess, There is clearly
evident in this succession of efforts a steady
development toward the use of more and more complex
programs and more and more selective heuristics,
and toward the use of principles of play similar to
those used by human players. We believe that any
processing system = a human, a computer or any other -
that plays chess successfully will use heuristics
generally similar to humans.®

The planar forcing techniques mentioned by Daly will
be expanded in this paper to yield an alternate approach to
the abstract minimax-intermediate evaluation technique based

on a deeper reliance on heuristics and human-like problem
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solving methods; The success of this alternative formulation
indicates that the techniques of minimax and intermediate
evaluation may be only one aspect of the general theory of
strategy - of which another aspect has been studied here.

In what follows, an indication will be made of a possible

form which such a theory might take.



2. A SYSTEMS THEORY APPROACH TO STRATEGY AND GAME PIAYING

The concept of strategy aé applied to games and game
theory has been discussed in numerous publications iﬁ fecent
years; Mathematical technigues have been formulated to pre-
dict and determine‘the outcome of many simple typeéiof games;
A great deal of the research has been direéted tdward the
application of mathematics to economic theory, However,
contrary to the success of mathematics in other sciences, it
has done little to improve existing economic knowledge; It's
failure has led to a recent view point that the foundation
of the present theory is not deep enough and that a theory of
problem solving might be the key to the clarification and
understanding of complex problems. The theory of problem
solving is evolving from a "systems approach" based on the
development and analysis of general models for problem solving
systems; In a recent paper, Windeknecht(ll) illustrated the
technique of "isomorphic systems" in which he demonstrated
the one-one correspondence between a derived model of one-
person games and a finite automation. His mathematical model
and corresponding analogy is used to shed light on the out-
come of one~person games,

In this paper an attempt is made to define many of the
concepts and applicable terminology to postulate a simple

- 10 -
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model of games in a discussion of strategy‘ for a particular
type of game; The discussion is directed toward a "finite,
perfect information, two-person game" in which "chance" is
not present (in the sense that die are not thrown, cards are
not drawn, etc;); Only games of pure opposition in which
the outcome is win, lose, or draw are considered; Games of
this type include chess, checkers, tic-tac-toe, nim, etc,.

Let us begin by defining what is meant by a "strategy®.
A strategy of a player in a given game is a complete plan of
behavior which specifies the player's decisions for all
possible éircumstances that may arise during the course of
play.

One can easily imagine that a player does not make his
individual decisions as the occasions arise during the course
of play, but that he chooses a complete plan of behavior
before the beginning of the game; In other words, he selects
a strategy which determines all the individual decisions that
may be required during the actual course of play; Clearly,
this does not leave the player with fewer possibilities then
if he were to make successive decisions during the course of
p&ay; His freedom of action is not restricted. In fact, by
choosing a strategy, the player makes more decisions than he
actually needs; only part of all possible circumstances can

arise during the actual course of play. All rules of behavior
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applying to circumstances which do not arise during the course
of play are redUndant;V On the other hand, introducing these
additional redundant decisions provides the formal advantage
that the various decisions arising during the course of play
can be combined into a single decision made before the game.
This advantage is retained even if the concept of strategy

is modified as indicated later; In general, a strategy not

only contains decisions for circumstances which may not arise
during the actual course of play, but it also contains
decisions for circumstances which can not possibly arise.
Owing to the decision provided by a strategy for a given
situation, certain subsequent circumstances may be exclﬁded
although they would otherwise have been possible, For
instance, if, in a game of checkers; a strategy calls for a
specific move yielding circumstance £ from circumstance ¢3%
then circumstance p' arising from a by means of a different
move cannotb arise; Decisions for such nonrealizable cir-
cumstances need not be made, of course, and the concept of -
strategy as a complete plan of behavior can be modified
accordingly, It would seem that for some purposes such as
the proof of theorems in formal logics; the original concept
of strategy as a complete plan of behavior is more appropriate;
while for the study of particular games, the modified concept

might be best..
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A deeper understanding of the concepts involved in
strategy can be obtained by considering the framework about
which strategies are built. For this one must precisely
define some of the terms necessary in the discussion.

A Ygame" may be defined as the totality of rules which
describe it. The abstract concept of a game is to be dis-
tinguished from the individual "plays" of that game in that
a "play" is a particular instance at which the game is played
from beginning to end. The component element of the game , the
"move', is the abstract occasion of a choice by either player
between various alternatives under conditions precisely des-
cribed by the rules of the game; The specific alterﬁative
chosen in a given instance in a play of the game is ﬁhe "choice".
Moves are related to choices in the same way as the game is
to the play: the game consists of a sequence of moveé; the
play of a sequence of choices, The "rules" of the game must
be considered absolute in the sense that an infraction of the
rules, by definition, changes the nature of the game. Under
no circumstances should the rules of the game be confused with
the players' power to use or reject a particular strategy,be
it good or bad, As previously mentioned, this paper is only
concerned with those games which are "finite" and contain

"perfect information". Such games are limited by their rules



to a finite number of states, and have the property that the
complete state of the game is known by each player at every
specific move time,

Consider the game I' of two players X and Y, The play
of the game consists of a sequence of 4moves whose number can
be denoted ty the integer v (since we are considering finite
games); The moves themselves can be denoted by the sets
Mx and My,

Mx ) {xl’xz’_'..,.xn} where v = n#m

M- { yl,yz,...ym}
Any move Xi(i==1,2,...n) or Yi(i=1,2,...m) is a choice made
from a number of alternatives. Move X, is thus chosen from

the set

{xi(l) x4 (2)5 . .xi(ai)}

where s is the total number of alternatives a for move i
of player X,

Let Q be the set of all possible situations which may
arise in r'; Each "particular situation"® (i.e; element of Q)
will be referred to as a "state of l"!“. Thus, the set O will
be called the complete state set and will be finite in many
cases of interes‘o; Any element of O may be obtained by a

proper succession of elements from Mx and My as specified by
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the rules of the game. Because of this unique formation of
the elements of the set, the state set Q is said to contain
"connected" elements. Any pair of states a,b (where a,b € Q)
are said to be "connected" if and only if there exists a

sequence of inputs { xl,xz,...xj} to the system such that

f(f(...f(f(f(a,xl)xz),xs)...)xj_l);x-j) =D

where f is the state transition function mapping a state
and an input (a move) into a new state. The “order of a
connection" is the number of moves that separate the states
in question. Thus, the order of connection of a to b ishif n
moves are required to take the game from state a to state b.

Let us denote those elements of O which correspond to
a win for X as Qx and those which correspond to a win for ¥
as Qy. It is#bvious that these two subsets are disjoint.
A tie game or draw can be denoted by a third subset C&. Note
that whereas QT is complete in tic-tac-toe, a tie in check-
ers might depend on a prescribed number of inconsequential
moves, no one of which leads to a state in QT. More will be
said about tie games later.

The prime objective of player X is to achieve an Qx
state before his opponént can achieve an Qy state, Should

the prime objective be impossible, a lesser goal would be a
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draw game; i.e. keeping Y from achieving a state in Qy‘
Consider the state transition function f which maps
the Cartesian product of a given state and an X move into
another possible state (i.e. some state which is a first
order connection to the given state). Similarly let g be
the corresponding function for Y.
Expressing the above in functional notation we have:
"Move f:4=0
choice g 1 BDQ

where ¢

i=1

m
pea*{U |
i=1

Goals of X and Y:
Primary goal of X: QX cn
Primary goal of Y: Qy cQ

Secondary goal of X and Y: e
Relations between goals:

Qo =0

% Nop = ¢

o, Oop =4
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The game itself may be modeled as a simple system of

state transitions dependent upon the functions f and g.

s, = b (b eQ)

s f (s

2i-1 ~ 2i-1° %y
Sp; = Blsps 95 ¥3)
The primary objective of player X can be expressed as a

recursive function which takes into account the move choice

of player Y, Definebthe "X-strategy" as a function.

FX: 9} ${:§1 Xi }

Given an X-strategy one can associate a mapping between
a sequence { yi} of moves made by Y and a sequence of states

{bi} (bi € ) such that:

bi = g(f(bi_1; F (bi"’l))’ Yi) H i= 1,2,...1’1

X
bo = the starting state

The strategyFx will be called a "primary X-strategy" if:

(1) For all i and for all y, b, ¢ QU Qy

(2) For all y there exists n such that b &0

It is obvious that such a strategy might not be realizable.
Thus, define a "secondary X-strategy" as one in which only

condition (1) is realized. The definition of an X-strategy
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brings out the feedback attribute characteristic of games.
A state of the game along with the strategy determines the
player's move, The move together with the previous state
determines the new state. This process continues until the
game terminates., It may be represented in block diagram as

shown in Figure 2.1

° < S
v n Y
: f
7Y% } £ q
x 1. J ——___e_r\___‘ra
{Q&lyi }
Y
N\ G : ) Q
; e
A A
a < £

Figure Rel

The game shown in Figure 1 begins at point "at®
if ¥ moves first, and at point b if X moves first. A move
sequence reQuires cycling through the points b,c,a,d
respectively.
ﬂ Let us now consider the characteristics of a primary

X-8trategy. This strategy considers sequences in which for
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any yi(k) € y; in the move sequence, an xi(k) € x, is
available such that eventually the sequence will terminate in
K)x, Furthermore, the defiﬁition excludes the possibility of
the sequence ever entering into a state within tﬁe setKly.

In some very simple games, such as nim, a primary X-Strategy
may be applied on the first move, guaranteeing a win for the
first player. In others such as tic-tac-toe (3x3) no such
strategy exists, and a win may be achieved only through a
poor move on the part of the opponent, Thus, a secondary
X-strategy would be applicable to tic-tac-toe.

In a more complicated game such as checkers, it is not
obvious whether or not a primary or even secondary X-strategy
exists on the first move; Intuition points to the likely
poésibility'that the first player should be able to do no
worse than tie in checkers, but this has yet to be proven.
Perhaps the best strategic attack to games in which an
X-strategy is not immediately evident is to decide on a set
of states Qs called the strategic sets which are advantageous
in the sense that each forms the basis of a priﬁary’X-strategy.
A strategic set of states 04 < has the property that for

any sequence My,

M = L ]
y " {79 Ygnr o 7o }
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there exists a sequence M&,

M T % Fg? 0 % }
such that b2p+l € Qx if bq e_Qs (where the subscript on
b € Q corresponds tq the subscripts on moves in Mx and M
yielding this state).

Once a primary X-strategy has been started,ithe two-
person game can be considered as having degenerated into
a one-person game since the outcome is dependent only on
the moves of the second player, A one-person game has the
advantage that the player has complete control over the
state transformations; once a transformation is chosen,
only one outcome is possible;

A sub-strategic set of states Oy €O may be defined

as those states having the property that for any sequence

M = ces there exists a sequence
v = { Vg Tqar oo T} ex q

Mx = {xq’ xq*i’ o'o. Xp} Such tha.t b l € Qx lf b €~Os.

_p+ q

The sub-strategic set Qg is related to the secondaryVX—
‘sifategy in the same‘ﬁanner as the strategic set QS is
related to the primary X-strategy. As previously pointed
out, a draw is possible in many games without entefing a.

state which is an element of Op. In many cases, the draw is

so declared by the rules of the game to prevent an infinite
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sequence of moves, A sequence of this type, knoun as a
'thain} is defined as follows: Let Qc be an arbitrary subset
of Q. Qc is said to be a chain if and only if there exists

an ordering of its elements, say Oc = {Pl,bz,...bn} such that:

L]

h(bi)

h(bn)

P41
b

(i = l,2,...n-l)

1

where h is a state transition function related to f and g.
Obviously, a chain is not a "stable" set in the éeneral

sense (i.,e., for all games containing a draw) since it is
dependent on the whims of two individvals. Thus, game rules
usually provide that a draw be declared when a preassigned
number of "inconsequential" moves are made in succession.
However, it may be conjectured that continuation of sequences
of "inconsequential! moves would eventually lead to a chain
anyway.

Let us now consider the nature of the state set Q more
closely. A first order comnection to some state bo € O might
consist of any one of the elements of the set bi.C: Q,

(i =1,2,...n), The set b, may thus be considered a subset

in Q which can be reached from the state bo. Emanating from
every element of the bi is another subset in 0,

bij (j = 1,25...m), each of whose elements is a first order

connection to a state in bi and a second order connection to
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bo. To illustrate, b,, represents the third of n possible

34
choices as a first order connection to bo’ and the fourth of

m possible choices as a first order connection to b Con~-

5.
tinuing in this manner, the state of the game may be repre-

sented at any time as an element bijkl...q

This labeling of states might be termed a “connective number-

~of the set Q.

ing system".

The connecﬁive numbering system,model of a game leads
to ﬁhe éoncept of a "tree", an artifice which is used
extensivély in game theory literature. The alternatives
available to progress from one state to a first ozder
connection give rise to the "branches" of the tree. A
simple tree configuration with the connective numbering

system is shown below in Figure 2,2.

b b214
212 213
Figure 2,2
Thg tfee representation clearly shows a prime difficulty
in dealing with games: +the number of possibilities grows

exponentially with move number as viewed from the initial
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state, Actually, the system has an additional complexity.
One need only be vaguely familiar with games to realivze
that some states may be reached by several alternatives.

Thus b,, might be the same state as byg or b, .. Consequently,

Rl
the tree degenerates in a '"met" which has the characteristic

that flow may only proceed in one direction as shown in

Figure R.3.

byo=0o1q

Figure 2;5
The model of a game as a non-planar network of possible
states best portrays the idea of "connection" presented
earlier;
The classical approach for determining a path thfough
the game network leading to a desired final state in a two-
player game is known as the minimax technique. In this

method, the following question is asked recursively until
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the net is exhausted and the end of the game has been
determined: "Where can I move such that my position after

my opponents move will be the best I can hope for should

he make the best countermove?" While minimax is effective

in trivial games, it is of little use in a complex game like
chess where the possibilities to be explored exceed 10128,

A digital computer checking at the fantastic rate of 6 moves
per microsecond wouldkreqpire an amount of time greater than
the expected lifetime of our universe to check all these
possibilities. Thus, the approach used in complex games is

to reduce the depth of search through the net to some feasible
limit and to investigate thé relative values of‘the end

points of the search; The operation undertaken at these end
points is usuvally based on the status of various empirically
established criteria considered to be important characteristics
of the particular game; To be more explicit, consider the

setsQ; €0 (i = 1,2,...n) where Q; is a set of states

i i
having a certain characteristic in common, A good strategy

might be to move to a state which is contained in the inter-

1

section of a number of the QI . To illustrate, states b
N ,

and b2 in Figure 2.4 are contained in the intersection of



7
Figure,2.4

four sets belonging to O (i.e. by sb, € 0

It is quite possible that good criteria for intermediate
evaluation coupled with a limited opening minimax application
might lead to a state situation from which a primary or
secondary X-strategy could be applied;

In this case, the outcome of the game is render=-
ed deterministic if and only if the opponent follows the
moves that the abbreviated minimax application shows 1o be
his best. However, the entire argument breaks down if the
opponent chooses a path other than the minimax prediction.
(In a game where minimax is used to find a path from a present
state to the end of the game, a mové other than one predicted
as his best by‘ihe minimax technique will not aid‘the oppon-

ent. On the other hand, in a game where minimax is limited
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in depth, the evaluation of the alternatives may be in
error, and the wrong path might be chosen, Such a possib-
ility always exists due to the empirical nature of the
evaluation criteria,) Thus, the technique of limited minimax
and intermediate evaiuation might not be a good strategy
to follow in complex games;

A very important factor wh%ch the minimax technique
does not consider is the "ability" of the opponent., If
a great deal is known about an opponent's reaction to
specific situations, statistics can be set up which predict
with a certain probability which alternative he will choose,
It is certainly possible to conceive of quite elaborate
schemes which could be used for saving information about a
particular player in order to determine the best approach
to take when playing him again, Entire games might be saved
in order to obtain an estimation of how he will react to a
given situation; This technique might be used in a situation
which appears to yield a draw by conservative play using the
minimax technique. "Daring! play backed by staunch probabil-
istic criteria for success might convert such a situation
into a win, while risking a loss should the opponent play
the minimax strategy. Carrying this reasoning one step’

further, a player should not use a strategy which can be
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detected and predicted by his opponent unless it will lead
to a win regardless. In other words, a slight deviation
from a consistent overall strategy for the express purpose
of perplexing the opponent might enhancegthe probability of
obtaining the goal. |

In lieu of the minimax technique, heuristics may be
established to reach desired intermediate points or criteria
or perhaps to reach as far as the states Qs from which a
primary X-strategy is available., The value of a heuristic
may be characterized by its efficiency in getting to the
desired state and its effectiveness in reducing the path
search to achieve this goal. By the use of heuristics,
the possible number of paths through the network is usually
drastically "pruned". A strategy may thus be considered in
this case as the use of a heuristic approach to the goal.

The two primary strategic constituents of the two-
person competitive class of games discussed may be summarized
briefly as follows:

1; Reasoning with heuristics that select fruitful

paths of exploration in a space of possibilities that

grows exponentially;

2. Using these heuristics to reach a state in which

the fixing of the strategy of one decision maker renders
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the system deterministic.

- As pointed out in the introduction, the game of three
dimensional tic-tac~toe is ideal for purposes of demonstrating
the use of heuristic processes., The remainder of the paper
will be devoted to a discussion of this game and a step-by-
step development of strategies and heuristics enabling a

computer to play in a sophisticated manner,



3. DESCRIPTION OF THE GAME

Three dimensional tic-tac-toe is a finite, perfect
information game played by two opponents on the 64 cells of
a 4x4x4 cube (see Figure 3;1); Oppoﬁents alternate moves,

a move being the occupation of any previously vacant cell

in the cube. Any position involving a‘straight line through
the cube containing four cells occupied by the same player
constitutes a win for that player, A two dimensional
representation of the cube can be obtained by breaking up
the 4x4x4 configuration into four 4x4 planes. For identifi-
cation purposes the cells can be numbered by Specifying
their coordinates on a three-axis Cartesion system as shown
in Figure 5;2, Of the three numbers assigned to each cell,
the first identifies the level (L) of the cell,'the second

" identifies the row (R) within the level, and the third
identifies the column (C) within the level.

A total of 76 straight lines containing four cells can
be shown to exist in the cube, Sﬁch 1ines will be referred
to as "files", The 76 files can be classified into three
groups as follows:

1, Variation of a coordinate with other two cdofdinates

constant‘(i;e. File orthogonal to two axéé) |

8. 'Variation of C with constant L‘énd R
(16 possibilities)

- 29 -
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b, Variation of L with constant C and R
(16 possibilities)

c. Variation of B with constant L and C
(16 possibilities)

2. Variation of two coordinates with constant third
coordinate (i.e. File orthogonal to one axis)

a. Variation of R and L with constant C
(8 possibilities)

b, Variation of R and C with constant L
(8 possibilities)

¢. Variation of L and C with constant R
(8 possibilities)

5; Variation of all three coordinates (i;e; File

orthogonal to no axes)

a., "Cross" diagonals of cube (4 possibilities)

Due to the presence of the diagonal files, some cells
have more files passing through them than others, The eight
vertice cells (see Figure 3.la) and the eight '"core" cells
(see Figure 3.1b) of the cube are contained in seven files
while all the other cells in the cube are found in only four
files.

One can study in isolation the eighteen distinguishable
4x4 planes (16 cells) which can be shown to be contained in
the cube, There are two distinct groups of classification,

1, Planes with a constant coordinate (i.e. planes

parallel to the plane formed by the intersection of any
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two axes)

a. Sixteen cells with same L (4 possibilities)
b. Sixteen cells with same R (4 possibilities)

c. Sixteen cells with same C (4 possibilities)
2. Planes formed by "side" and "cross" diagonals of cube
(6 possibilities)
A representative example of each of these two main groups
are shown in Figuré 5;5. As might be expected, all cells
are not contained in the same number of planes, Each of the
eight vertice cells and the eight core cells is a member of

six planes; each of the other cells is contained in four

planes.
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Figure 3.1
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4, EBILEMENTARY APPROACH

Since the ideal of minimaxing over an exponentially
growing game tree is impractical, one if forced to reduce

the size of the search tree in various ways. One of these

is the reduction of the depth of search - not going all the
way to the end of the game tree, but to stop exploring at
some set of intermediate points. The other consists of
"pruning" - where instead of looking at all possible

branches emanating from a node, one looks at only those which,
by some consideration, appear to be more "promising'". We
shall have later occassion to discuss this latter technique.
Meanwhile, we should remind ourselves that in games where

the final outcome is not a numerical-value pay~off but
merely consists of a "win-or-lose' decision, minimax becomes
a rather trivial operation, although one still calls it
minimax. Consider a play of such a game between player X
and an opponent, In the win-lose situation the value of a
state with the opponent to move is a "win" if the value of
all the states that can be reached from this state is a win.
("State" as used here refers to a particular board con-
figuration.) The value of a state with player X to move is a
"win" if at least one state that can be reached from this

state is a win. The relation between this definition of the

set of "win" positions and the "strategic set" QS of Chap. R is

- B3 -
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to be noticed;

In three dimensional tic~tac-toe let us designate the
state of any file by an ordered pair of integers (x,y) where
x is the number of cells in the file occupied by the player
under consideration, and y is the number of cells occupied by
the opponent, A file designated by (x,y) will be called an
"x~y file", The player under consideration will be referred
to as X,and his opponent as Y.

The novice player in his first attempts at this game
usually follows the sole strategy of blocking files which are
0-3 (making them into 1-3 files); or, if none exist, building
=0 files into 3-0 files; It soon becomes obvious to the
novice that the lone formation of a 3-0 file is of little
use against an alert opponent., A "stronger" strategy is to
strengthen the positioning of the pieces until a state is
reached from which two 3-0 files can be formed simultaneously.
On defense the objective is to keep the opponent from obtain-
ing the same opportunity. In the terminology of the last
chapter, the set of winning states Qx for player X consists
of all possibilities in which a 4-0 file will exist prior to
the formation of a 0-4 file; A state from which an X move
yields two 3-0 files is obviously”a third order connection to

Q. (i.e., In three moves - two by X and one by Y - the play
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may terminate in a win for X,

The formation of two 3-~0 files can be achieved by a
simple check on the state of the 76 files., Let us define a
related pair' as two 2-0 files which intersect at a vacant
cell; Moving to this vacant cell obviously produces a pair
of 3-0 files. A strategy based on this small amount of
information can be applied to a computer for use against
human opposition (see, however, the next chapter); A more
complete discussion of the background for this strategy is
presented in Appendix I.

Essentially this related pair strategy consists of four
basic gquestions posed in the following order:

a; Does the computer have a 3-0 file?

b, Does the opponent have a 0-3 file?

c. Does the computer have a related pair?

d; Does the opponent have a related pair?

If the answer to any of these four questions is yes,
proper action is taken, If the answer to all four questions
is no, a move is made from a "preset™ move list containing
the 64 cells in a predetermined order; The preset move list
can be arranged to take adwmntage of those cells in the cube
which are contained in seven different files (cube vertices

and core cells) or it can simply be a random ordering of the
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64 cells,

A flow chart of the "related pair strategy™ is shown in
Figure 4;1; In addition to the basic four questions dis-
cussed above, the flow chart includes several other pertinent
questions; These are numberéd in the flow chart and explaiﬁed
beiow. |

1. An illegal move by the opposition would wreak havoc
with the compuﬁer’s file indexes and must be guarded
against; Moving into an occupied cell or moving into
several cells simuitaneously'might constitute an illegal
move;

2. An initial check should be made to see if the
opponent has formed an 0O-4 file and thus won the game;

5; An initial check should be made to see if all

board positions are filled, leaving the game in a draw,

4, Obviously questions (a) and (b) above used not

asked until at least three moves have been made by the

appropriate player, and questions (c¢) and (d) used not
be asked until at least four moves have been made;

5. The dotted boxes labeled (5a) and (5b) in Figure 4

"oredict" a win for the opponent in one and two (opponent)

moves respectively. If desired, the computer can assume

that the opponent will not overlook the available 0=3
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file or related pair, and can concede the game at ﬁhis

point, The dotted box labeled (5¢c) might also lead to

a concession if the following conditions are met:

a, Opponent has a felated pair in addition
to the 0-3 file,

b; Blocking the 0-3 file has not either
blocked the related pair or yielded a 3-0
file for the computer;

Generation of a situation as described in the explan-
ations of (5¢c) involves a more complex process than the
related pair strategy outlined, The simultaneous formation
of a 3-0 file and a related pair forms a "stronger"
strategy than the lone formation of a related pair since the
former leads to a win while the latter can be blocked by an
alert opponent; Going one step further, the successive
formation of 3~0 files leading eventually to the simul-
taneous fofmation of a related pair and a 3-0 file constitutes
an even higher strategical level, If no 0-3 file can be
formed by the opponent in blocking the succession of 3~0 files,
fhe force sequence will terminate in a victory for the offens-
ive player, Thus, a situation in which the opponent is faced
with losing immediately (by not blocking the 3-0 file) or

losing further on (when a 3-0 file and related pair are formed



Figure 4,1

Flow Chart of Related Pair Strategy
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Sinultaneously) will be referred to as a "terminal forcing

sequence",



5, TERMINAL FORCING SEQUENCES

" A terminal forcing sequence may'initiaté a force to a
win several moves prior to the termination of the play. Its
basic premise at any move is the formation of a 3-0 file
in such a manner as to provide a 2-0 file for use on the
following move, and the eventual simultaneous formation of a
pair of 3-0 files; To simplify the verbal description of
the formation of terminal forcing sequences let us define the
counterforce setilﬂ as the set of states which contains a
0-3 file whose unoccupied cell is not in a 2-0 file;

Most terminal forcing sequences fall into two general
cases; (Examples will be provided in the next chapter.)
These cases provide sufficient but not necessary conditions
for a terminal forcing sequence.

Case 1: If there are two or more 2-0 files initially,

and if a sequence of 1=0 and 2-0 files exists such that

they (a) intersect each other at vacant cells; (b)

intersect two of the 2-0 files at vacant cells, and

(¢) intersect the remaining 2-0 files at occupied cellss

then a terminal forcing sequence can be executed pro-

vided that (d) the sequential blocking does not establish

a state in Q{B;

A Case 1 terminal forcing sequence can be executed by

- 40 -
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moving to a vacant cell in a 2-0 file such as to leave a new
-0 file, This is always possible because each 2-0 file
intersects a 1-0 file at a vacant cell., Since all initial
1-0 files in the sequence are constrained to intersect each
other at vacant cells, this procedure can be répeated until
a 3-0 file is formed while making a 2-0 file out of the 1-0
file intersecting an original R-0 file, The resulting state
will contain both a related pair and a 3-0 file., However,
due to condition (d) on the preceding page, the probability of
long range terminal forcing sequences is drastically reduced
because of the possibility that the opponent will form an
QB state while blocking a 3-0 file.
Case R: If there is at least one 2-0 file initially,
and if a sequence of 1-0 files exists such that they
intersect each other at vacant cells, and at least
one intersection involves more than two files; then a
terminal forcing sequence can be executed provided that
the sequential blocking does not establish a state
in Qﬁ'
The force procedure for Case 2 differs from that of Case 1
in that a second 2-0 file to terminate the force must be set

up, The procedure for this will be made clear by examples

later on, Although a terminal forcing sequence is maximally
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effective when encompassing the entire 64 cell cube, it is
most easily recognized, and there are far fewer cases to

look for in a given 4x4 plane of the cube (eighteen such
planes can be shown to exist); The terminal forcing sequences
described in this chapter can be used to obtain an excellent
"planar strategy". In the next chapter, in addition to
describing the planar strategy, examples and illustrations

of the two cases of the terminal forcing sequences are given.



6. PLANAR STRATEGY

A términal forcing sequence can often be reccgnized by
a given advantage in a 4x4 plane of the cube; Consider a
plane in which X occupies four cells while Y occupies none.
Such a plane will be called a 4-0 plane. The term "excess~four
plane" will denote a plane in which X occupies four cells
more than ¥, For purposes of simplicity the plane under
consideration will be assumed to be disjoint from the remainder
of the cube. It can be shown by a process of exhaustion that
every 4-0 plane which contains at least one 2-0 file is a
state in a terminal forcing sequence. (All but a very few of
the po&sible cases are covered by cases 1 and 2 in the pre-
ceding chapter.) Of the 1820 possible configurations of
four occupied cells in a set of sixteen, 1804 contain at
least one 2-0 file and thus yield a terminal forcing sequence.
There are only two basic configurations of 4-0 pianes, each
having eight symmetries, which do not have at least one 2-0
file; They are shown in Figure 6.1. Because of their
resemblance to chess patterns, the configurations are labeled
the "knight's position" and the "castle's position', respect-
ively; Although these two positional arrangements do not
contain a 2-0 file, they are still quite inieresting from a
forcing standpoint, More will be said about them further on
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in this chapter.

X X
X X
X X
X X
(a) (o)
"Knight's position" "Castle's position"
Figure 6,1

Several examples of the two cases of the terminal forcing
sequence will be illustrated using a 4-0 plane. For purposes
of discussion, the sixteen cells and the ten files in the

plane will be numbered as shown in Figure 6,2,

9. 10,

1 2 13 4
5 6 17 8
9 110 137 1312
13 (14 |15 | 16 @
Cell né;%ering : “Diagonal" files
LCTT T ORrm
2T T 11 [
T L
4, | | ’ ] i __]

"Row" féSQS o §n001u$§5;;1eg

Figure 6,2
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Sequences of file intersections will be denoted by a
shorthand notation as follows. The notation 102-’5-+2-912
will be interpreted to read: 'File 10, a 2-0 file, intersects
file 3, a 1-0 file, at a vacant cell. File 3, a 1-0 file,
intersects file 2, a 1-0 file, at a vacant cell. File R,

a 1-0 file, intersects file 1, a 2-0 file, at a vacant cell."

Example 1 Situation (figure 6.3a): X has two 2-0 files

(4, 10) intersecting at the vacant cells (16, 4)
of a 1-0 file (8).

Force Procedure: Form a sequence of 2-0 and 1-0

file intersections which begin and end with a

-0 file; This will be a terminal forcing sequence
according to Case 1., The intersection sequenée in
this example is: 102-‘-P8'->42

The move sequence is thus as follows:

1; Move to cell 4, the intersection of 2-0 file
10 with 1-0 file 8., The opponent will move to
cell 7 to block the 3-0 file,

2; Move to cell 16, the intersectign of the newly
formed 2-0 file 8 and 2-0 file 4, Both of these
files are now 3-0, guaranteeing a win,

The completed terminal forcing sequence with the

move order preservéd by subscript notation (i.e.Xﬁ
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is the nth move by X in the force procedure) is

shown in Figure 6,3b.

Xy
i P i i
(a b
X : X XS
X X X O2 X Xﬁz
X X X O1 X X1
}g‘
" —1 (@) T3 1% ; ' (d)
3 3

Figure 6,3
Example 2 Sitwation (figure 6.3c): X has two 2-0 files

(1, 3) which are intersected by many 1-0 files
(5, 6, 7, 85, 9, 10).

Force Procedure: Form an intersection sequence

as follows: 12“9 8-—-79—>52.

The succeséion X moves are thus to cells 4, 16, 11,
and either 6 or 9 depending on which of thebtwo
3-=0 files O chooseé to block; The complete force
is in Figure 6,3d, Notice that the intersection

sequence is not unique. Some of the other possib-

ilities are:
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a., 1.—210—55—>3

2 R
b, 12—" 6 -"9—"52
c. 12—"’10-"'7—*52

d. The reverse of all listed possibilities

(i.e. 3 ——»s—vlo—-»12 etc.)

, R ,
We shall later discuss the importance of having
such alternatives in view of the possibility of
Q, states.

B o o
Example 3 Situation (Figure 6.4a): X has two 2-0 files (1, 7)

and four 1-0 files (3, 4, 5, 6) with a sequence of
intersections at vacant cells.

Force Procedure: 12—95“’4#‘96 '-*3-972

This force sequence as shown in Figure 6.4b can

be shorted by a recursive procedure in which the
intersection sequence is studied again after each
X - 0 move pair. Doing this, the force sequence
can be shortened by one X move; The new move
sequence, shown in Figure 6.4d is obtained by using
the intersection sequence 5,—% 4> 9—>7, after

R

application of the 15=>5 opening (see Figure 6.4c)

of the original intersection section.
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X Ix Xl X1 X O1
“lo.lo, |X
(a) R1216 (b)
X X %, |%g [0g
X X, [Xs [X |Og
X, |X X | 0 X, |X 0
0, % |0,
2 4
(c) : (d)
X .X' )(4
X o, [x [x,

Figure 6.4
Example 4 Situation: X has four 2-0 files (R, 3, 10, 6)

and three 3-0 files (7, 8, 9) (Figure 6,5a)

Force Procedure: 52-—"9"‘*8---'102 (Figure 6,5b)

Example 5 Situation: X has one 2-0 file and a file inter-

section at cell 16 involving two 1~0 files and one

2-0 file (Figure 6,5c).

Force Procedure: (a) 9,—>4, 8 (b) 475258,
CFigure 6.,5d) The force is broken up into two
sections. A force is made to reach the triple
intersection making two 1-0 files into 2-0 files;

Then a second force is initiated there following

the Case 1 terminal forcing sequence procedure.
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0, s
X IX X
(a) 4 ()
X X Ol 1
| B Oz o
X X X,
X o5 01 X
" (c) " (a)
| X OAP o
' 0
| X X2 X R Xl
Figure 6.§

Examples 1, 2, and 3 illustrate Case 1 sequences of growing
length; example 4 illustrates a Case 1 sequence with more
than two initial 2-0 files, From example 5 it is clear that
terminal forcing sequence Case 2 is an extension of Case 1,
carrying with it an additional procedure.

The planar terminal forcing sequences include far more
situations than 4-0 planes or even excess-four planes., A
largely majority of 3-0 planes and excess-three planes
containing at least one 2-0 file can be shown to lead to a
terminal forcing sequence. (A complete list of these 3-0
planes is given in Appendix II,) Thus, the excess~-three
planes might correspond to some of the desirable intermediate
points denoted by 0O, in Chapter 2. An example of a Case 1

I
type 3-0 plane is shown in Figure 6.6 a,b and a Case 2 type in
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Figure 6.6 c,d,e. In the Case 2 situation the move to

XX |o X
X ) (@) et !
X5 X
X X |x \ 07| 95
X X
| X O5 X5 X X‘ X 01 Xl_.
01 XS 02 704 XS X4 X
(e) x_lo,lo
0, IX X IX
"4 ("4 2 (®) (e) 51 3] 2
05 X6 Xl _ X6 05 X2
Figure 6.6

the triple file intersection at cell 6 cannot be made until
a file passing through it is 2—0; The intersection sequence
here is: v(a) 12—"8—*9—72, 6 (figure 6.6d) (b) 22—'10""62‘
(Figure 6.6e).

Notice that the second portion of the intersection sequence
cannot be Zé"lﬁvsz because a 0-3 file is formed in this
sequence. This is the() , restriction found in the terminal

p
forcing sequence cases,

Thus far the planar discussion has been limited to
sitvations in which the plane is completely isolated from-
the rest of the cubic configuration, Quite often there will
be some 2-0 or 0-R files in the cube lying outside the plane

under consideration and having a vacant cell in that plane.

Let us first consider the case in which such a 0= file is
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present, The forcing sequence must then be constructéd to
insure that this vacant cell is never available for occupation
by the opponent since this will lead to an QB situation; The
cell can be avoided altogether or simply used as an X move
in the terminal forcing sequence. In the instance in which
a 2-0 file in the cube has a vacant cell in the plane under
study, the probability of the existence of a terminal forcing
sequence being available is greatly increased; Moving to the
vacant cell in the 2~0 file adds to the advantage in the plane
since the opponent's move is forced out of the plane to block
the 3-0 file; Applying this procedure one could convert a
nonforcing e#cess-three plane to an excess~four plane, most
all of which yield a terminal forcing sequence; Extending
this reasoning one step further, an excess~two plane (i.e.
a 2-0 plane, 3-1, plane etc.) containing a vacant cell which
is in a 2~0 file outside the plane, and even an excess-one
plane containing two vacant cells which are in R-0 files out~
side the plane constitute the threat of a possible terminal
forcing sequence and thus are glso states in QI'

The strong characteristic of all terminal forcing sequences
is the complete disregard for any offensive threat on the
part of the opponent (with the notable exception of a 0=3 file).

The formation of a related pair by the opposition during a
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terminal forcing sequence does not alter the outcome. No .
opportunity will arise for the opponent to utilize the re-
‘lated pair and form a pair of 0-3 files,

In addition to terminal forcing sequences, other "weaker®
move sequences leading to a w%p can be shown to exist, Re-
call the "knight's" position Qhown.in Figure 6.la. This
4-0 plane does not yield a terminal forcing sequence as it
has no =0 files., Assume this plane is isolated from the
cube and consider a move by X to cell 1 forming two 2-0 files
(files 1 and 5). It can easily be verified that regardless

of the opponent's reply to this move (unless it forms an

0-3 file) a terminal forcing sequence can be initiated on
the next move, Similarly a move to cell 16 in the castle's
position in Figure 6;1b will lead to a terminal forcing
sequence on the following move; Many excess~three planes
which are not states in a terminal forcing sequence have
similar properties. Consider, for example, the 3-0 plane
shown in Figure 6;73; An X move to cell 8 results in a win
regardless of the Ol move, Win sequences for several O

1
moves are shown in Figure 6.7 b,c,d,e.
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Figure 6;7

The obvious weakness in a non-=forcing opening move lies
in permitting the opponent to initiate his own terminal
forcing sequence elsewhere in the cube during this delay.

A slightly "stronger'" configuration of the non-terminal
forcing sequence opening move type is shown in Figure 6,.8a
(The reader might note that this 3-0 plane actually yields a
terminal forcing sequence, but this fact will be overlooked,)

An X move to cell 16 forms a related pair forecing the O, move

1
to cell 2, 4, 8, thus yielding a 4~1 plane which is the initial
state in a terminal forcing sequence, The completed win

possibilities are shown in Figure 6.8 b,c,;d. Actually, however,

the related pair formed by the X move does not prevent the

opponent from initiating his own terminal forcing sequence
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instead of blocking the related pair. In this sense it is
no more effective than the example discussed in Figure 6;7.
The advantage of the related pair force on the qi move is that
it controls the opponents move to a few selected cells in the
plane under consideration, rather than letting him build 2-0

files in the cube which might have vacant cells in the plane.

X X X X °1_
o,lo, X
(a) 212161 1)
X X |0, |X, |X
AN
X jo, | X[X, X fog | X [Xg
0, [X, |0, © Oy [%, |0; ‘(d)
¢ |X, 2 X o X, [X, ‘x
Xg 0, xl Xq 0, ﬁ_

Figure 6.8

Planar situations may arise in which the related pair
"force" occurs on the second or third move in the'pseudo-
forcing" sequence, Consider the example in Figure 6.9a. The
The opponents first move is forced by a 3-0 file in file 7.
The O2 move, however, may be to either cell 10, 12 or 13 to
block the related pair set up by files 3 and 10, Each of
these three possible moves gives rise to a terminal forcing

sequence for X as is shown in Figures 6.9 b,c,d, respectively.
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X X5 05 X XR
X _|X X 11X
(a) 54171 6 (b)
X X X 027 X
Osf  [% | 9%
Xg‘ O3 X X2 Xs O5 X XZ
X 0 X 1X
Ps 1 (c) 5111 6f )
X X5 X 02‘ X O% X XL
fa] % Ol 1% I%5
Figure 6.9

Let us term any move sequence of the types described in
figures 6;7, 6;8, 6;9 which lead to a win as '"pseudo-terminal
forcing sequences", To summarize, a pseudo=-terminal forcing
sequence is a sequence of moves which leads to a win while
containing a move which is not a strict force (e.g. a related
pair force); A win sequence can be executed provided that the
opponent cannot start his own terminal forcing sequence at
the non=-forcing move junwture;

A flow chart test te determine the existence of a terminal
forcing sequence in an isolated plane is shown in Figure 6,10.
A more practical test would include checking for the possibility
of vacant cells in the plane which are contained in 2-0 or

0-R files outside the plane as previously discussed. The flow
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chart does not make uée of Case 1 and Case 2 conditions of
the terminal forcihg sequences since these "rules" are
sufficient but not neéeésary conditions, Instead, a planar
"search technique" is utilized, Basically this technique may
be outlined as follows:
1. Check the states of all 18 planes in the cube.
2, If there is a 4-0 plane a pseudo-terminal forciﬁg
sequence existsyand if the plane has a 2-0 file, a
terminal forcing sequence is present. For 5-0 planes,
6-0 planes,etc.,,a terminal forcing sequence alwa&s
exists (since there is always at least one 2-0 file),
5; If there is an excess-three (or more) plane try all
possibilities to manufacture a terminal forcing
sequence., (This is done by forming a tree like structure
of vacant cells in 2-0 files,.)
4, Save move sequence of the terminal forcing sequence
discovered for use in play so that the next move in the

sequence will be readily available.



Figure 6,10.

Terminal Forcing Sequence (TFS) Flow Chart
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N a 2-0 file (con- . ,
N [sidering corner Are there Is there a
- cells first) so as anY untried least one |
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a related one remaining 2-0 =0 files? move ?
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exists Storg this X move
) - PBtore Remove last
this 0 X move and
mov?\ 0 move
Block the 3-0 file
N with an O. Is there Y

a 0-3 file?
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As an example the flow chart test is applied to the 3-0
planar situvation shown in Figure 6;113. Dots aré used to
signify vacant cells in 2-0 files.” Tﬁe step~by-step sequence
leads to a related pair af céllrlo in Figure 6;11f and is
quite smooth, the onlj séfhack oc¢urring in Figure 6;11ef
where the épponent forms a 0-3 file; VA great deal of éxtra
work is saved by the heuristic which considers placing an X
in vacant véftice cel;s of the plane which are in Z-O,files
before other possibiliiies; Without this heuristic the reader
might verify that the solution to this example is quite in-
vbived.‘ Also, this introduces a considerable amount of
"pruning" into the game tree, albeit at the sécrifice of some
involved strategles of greafer depﬁh. A"more%complex example

is shown in Figure 6.1%a, Here the X, move is a poor one and

R
must eventually be changed. Fourteen steps are required for

this solution.

4l

ENES KN X 1X | 0q1% X|Xx |o|X%
X X . X
L4 o 02
. X2
(a) (b) (c)

Figure 6.11
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X X 01 X;!-_.1 X1 X 01 Xl X X O1 Xl
. . X 1 X X
X X a| %3]0 Og| Xz|Xy | X
0, [0, . - ox [o, - o, |0,
. * X L] L J
Xz 2 X2
(a) (e) O has a 0-3 (£) related pair
file, erase at cell 10
X4 and 04
Figure 6.11 (Continued)
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. . ° °
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.| |% %] 1% “ %] %
X R . |X X3 X4 O4 X X5
X2 . X2 R X2
(d) no 2-0 file, (e) (£)
erase X5

Figure 6,12



X | X Ol Xl X [X Ol’Xl_ | X X 01‘ Xl
' o.| O 0
X5 %9l  |9% 5| %2 5 0, - |0
0 i o,| X, |X |[X
X, 0% [%5 X, 0] X|%g IKIE
| X R . X
X2 ! 5 | 2 ' :
(g) no 2-0 file, (h) O has 0-3 file, (1)
erase X erase X_ and O_,
5 _ 5 5
- also erase X 4
and O
) 4
| ~ X |x o
X | X Ol Xl X |X 0l Xl ) 1
L 1%]% |% %[% |% Ll
Og| Xg|® | Ogf Xgf* 1% | [ |Z%
X 1.
NI 2| | %s X s
(j) no 2-0 file, (k) O has 0-3 file, (1)
" erase XS erase X_ and O_, ‘
also erase X gnd
0,, also erase X
and 0,, also erage
X1 X X
X |X 01 Xl | 0
A Xz . . X_z 04_'
. ARIE | %X ]
%0 1% %% %
(m) o (n) related pair

at cell9

Figure 6.12 (Continued)




7. CUBIC STRATEGY

In this chapter we will consider a few game situations
which lie beyond the planar realm but are relatively simple
to detect. Elementary sequences of Case 1 and 2 terminal
forcing sequences are of this nature. The lowest form of
Case 1 has already been illustrated in Figure 5.3b. The
specific conditions for this force may be stated as follows:
If a 1-0 file intersects two 2-0 files at vacant cells, a
terminal forcing sequence exists if no G% state is formed by
virtue of the opponent's blocking moves.

The check for this situation is relatively simple. It
requires monitoring the short intersection sequences of -0
and 1-~0 files in the cube; When applied to a planar situation
it is possible that the Case 1 situation will be present even
when there is no X-excess in the plane; In Figure 7;1 a
4-5 plane, an X move to cell 4 or 16 (vacant cells in a 1-0
file) simultaneously forms a 3-0 file and a related pair,
yielding a win, Interesting configurations of this type in

which the three files (two 2-0 files and one 1-0 file) are

in different planes may occur.

X X |

0 X ‘
Figure 7.1

0l]0]|X

0] of -




- B2 -

Another "cubic heuristic" may be derived as a direct
result of those excess~thres planes which do not yield terminal
forcing sequences., Consider the situation in which two
inters;cting planes are excessfthree aﬁd excess-two respgct-
ivelyf Further assume that the excess-three plane does not
yield a terminal forcing sequencé and that there are no cells
in the expess~two planes which are vacant cells in 2-0 files
outside the plane, ‘It is entirely possible that a sequence
of forces in the excess=-three plane exists which builds the
excess-two planes into an excess-three (or more) plane yield-
ing é terminal foreing sequence, Such a force sequence
might be termed a"plane-plane terminal forcing sequence’ This
result may be expanded to multiple plane intersections but the
extensioﬁ will not be considered here due to the complexities
and search time involved., Actually, a multiple plane inter-
section situation leéding to a terminal forcing sequence might
be more easily described in terms of a Case 1 or 2 terminal

forcing sequence anyway.



8. SUMMARY - GENERAL MOVE STRATEGY

At this point let us piece together the fragments of
strategy discussed in the preceding chapters. The goal of
winning may be replaced by pursuing a wider objective or
sub-goal, achieving a state in a terminal forcing sequence,
The problem is thus - How does one achieve a state in a ter-
minal forcing sequence? This qurstion is not easily answered.
Perhaps the outstanding characteristic of a forcing sequence
in the overall cube is the presence of intersecting 2-0 and/
or 1-0 files; In the plane the sequence may be recognized
by the pattern of occupied cells or by the excess-cell advan-
tage. The objective in both cases (cubic and planar) centers
around the early formation of 2-0 and 1-0 files (which in
turn lead to the build up of plane excesses); Thus it
appears that a good opening move in a play of the game might
be to a cell which lies in seven files and six planes, (Re-
call that this characteristic is true of the eight vertice
and eight core cells of the cube. All other cells lie in
four files and four planes.)

Although there is no concrete theoretical evidence, it
appears from empirical observation that the player who opens
the play has a definite advantage over his opponent. (This
conclusion is quite sound intuitively since the first player
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is the only one to ever have an advantage in the number of
occupied cells;) Thus, it is probably best for the second.
player to place more emphasis on defense than offense at
least in his first few opening moves. A good reply to the
opening move, should’the first player occupy one of the six-
teen cells mentioned, might be a mirror image to this move
through the axes of symmetry of the cube. This would block
one of the seven O-1 files and generate six 1-0 files at the
same time; An "offensive" move in which no O-1 files are
blocked but seven 1-0 files are formed might be a better
choice if the first player did not move to one of the six-
teen "choice" cells,

After the first several moves, several questions should
be considered while pondering a proper move, These questions,
constituting a general strategy, are posed in the flow chart
in Figure 8;1. This chart represents a far more sorphisticated
strategy than that shown in Figure 4.1. Several of the
mechanical questions (i.e; how many moves are on the board)
introduced in Figure 4;1 are not repeated in this flow chart
although they still are pertinent, The term XWATCH cells
used in the flow chart refers to vacant cells in the plane
under consideration which are in 2-0 files outside the plane,

Similarly, OWATCH cells are such vacant cells in the 0-2 files,
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The final block in the flow chart - "Build a future
threat" - may be fulfilled by either of two possibilities.
First, the move might be made to an excess-plane which
does not presently yield a terminal forcing sequence by form-
ing a new -0 file without making a 3-0 file, When possible
the move should be made at the intersection of two or more
excess~planes so that the resulting threat will be more
formidable and better disguised. The second possibility is
to form a 2-0 file in the cube while moving into a plane in
which the opponent enjoys an occupied cell excess., A
defensive move of this type might be advisable in a game in
which the opponent is known to be é strong player and has the
advantage of moving first.

The relationship between offense and defense is clearly
evident on the floW'chart; If a win is not immediately avail-
able, a check must be made on the corresponding chances of
the opponent; Should neither player have a 3-0 file available,
an offensive check is made for a terminal forcing sequence,
If none is found to be available, a defensive check is made
checking the opponents possibilities, If no terminal forcing
sequence is found on either the offense of defense, a

"building™ move is made as described in the previous paragraph.



Figure 8.1:

General Move Strategy Flow Chart
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Move to block as
many of the TFS
threats as possible
If all cannot be
blocked, block the

shortest threats.




9, COMPUTER APPLICATION AND RESULTS

After an initial period of debugging, a PDP-4/340 D
Computer-Display combination was programmed in MIDAS 4
Assembly Language to play three dimensional tic-tac-toe
on an elementary level. The machine's capability is limited
to the strategy shown in the flow chart in Figure 4.1.

While this appears to be quite a strong limitation in

view of the powerful terminal forcing sequence techniques
presented, the machine has been quite successful against
human opposition, This success is probably influenced by
the lack of an actual three dimensional model of the cube
fér use by the opponent. A four level two-dimensional view
(cutting the 64 cells into four disjoint 4x4 planes) is
displayed on the 340 D unit and serves as the model, In
addition, an isometric view of the cube showing all 64 cells
is displayed; The opponent's moves are instigated by point-~
ing a "light pen" (photocell) attached to the display unit
to the desired cell in the four-level view, Immediately
upon triggering the light pen both the opponents move and
the computer's countermove appear simultaneously. In add-
ition, a message appears on the display to explain why the
computer made the move it did (i.,e. blocked a reléted pair,
etc.) As the flow chart shows, the computer makes a "preset"
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move when no threat of a win or related pair exists on either
offense or defense; The preset move is the first vacant cell
found on a list of the 64 cells randomly ordered for each
game .

Attempts by opponents to obtain suitable positioning
for terminal forcing sequences are quite often thwarted
by unintentionally "good" preset moves. Also, in a zest to
fortify their own offensive position and in deference to
the random quality of the machine's moves, many opponents
disregard defense., These factors have enabled the computer
to build up a large winning margin, probably exceeding 85%.
This statistic is even more impressive as the computer
always moves last, Furthermore, the computer rarely loses
on its first play against a particular opponent; Its
infrequent losses usvally occur only after the opponent
realizes the limitations of the program and sets his strat-
egy accordingly. Against novice opponents the computer
rarely requires more than sixteen moves (thirty-two occupied
cells) to complete a win; The state of the play is suffic-
iently complex at this point for many players to fail to
recognize a related pair. Naturally, the computer's logic
mechanisms are not effected by the complexity of the cubic

configuration (other than in move time required - which is
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nearly negligible in the related pair strategy).

A more sophisticated program has been written in ALGOL
60 to play using some of the techniques discussed in the
section on planar strategy. The computer used in this
instance is the Univac 1107, This machine has not been
pitted against human opposition due to the input-output
complexities inherent in the available system. A complete
play of the game would require a tie-up of the computer for
an excessive period of time. Thus, as an alternative, the
computer has been programmed to play against itself, using
the same strategies in each instance, An entire play of
the game, start to finish, usuvally takes less than one min-
ute., Briefly, the capabilities of the program include:

a., BElementary strategy - as used by the PDP-4 program.

b; Planar strategy - including both excess=two and

excess-three (or more terminal forcing sequences with

XWATCH and OWATCH provisions, Not including pseudo

terminal forcing segquences,

c. Building strategy - building excess-two planesinto

excess-three planes which are possible threats as TFS.

As in the FDF -4 program, the opening moves are made from
a preset move list, Many complete plays have been analyzed

and the results are quite interesting. A minimum of two moves
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from the preset move list is made by each player at the
opening of the play. If the moves form a 2-0 plane, the
building strategy takes over from there. If not, a few
additional preset moves might be necessary. No instance
has been encountered in which either player opened with more
than four preset moves. "Strong" opening combinations
(i.e. those complying to conditions specified in the last
section) by the first player almost invariably lead to a
win, BEven "weak" opening combinations by the first player
vield a high winning percentage, the wins usually resulting
from correspondingly "weak" openings by the second player,
As might be expected; strong openings by the second player
in reply to weak openings by the first player often lead
to a win by the second player.

A particularly interesting result of a computer versus
computer play was the achievement of a tie-game., It is
the first such occurrence the author has ever encountered;
Daly(l) states that neither he nor any of his associates
has ever seen a legitimate tie~game and that he is not
certain such a play is even possible, The complete play
of this unusual game is given im Appendix III. It is quite
fascinating to note that related pair and 3-0 files are

being formed and blocked even as the final cube positions
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are being filléd;

In a few instances, the computer accidentally formed
multiple related pairs simultaneously. A game in which
this occurs is also shown in Appendix III; A strategy to
locate such possibilities has not been drawn up as the time

necessary for its execution might prove excessive,



10, CONCLUSIONS

A minimax procedure beccmes essential in the solution
bf a game situvation when some intermediate evaluation scheme
is uvsed in conjunction with limitation of depth of search,
However, in the strategies under consideration the limit-
étion of depth is unnecessary because of the extremely
efficient tree-pruning heuristics used at extrapolations
while the intermediate evaluation schemes (if they can be
so called) used allow for single ply exploration. The
ma jor heuristic used for investigating win sequences is the
technique of "forcing". A state in a termimal forcing
sequence is one at the opponent's move time such that one
of the opponent's altermatives gives rise to an immediate
win for player X while the other give rise to a future win,
By restricting the search to looking only for sequences of
forces one certainly throws away the possibilities of some
very subtle maneuvers in the game (i.e. strings of related
pairs), but the sacrifice seems worthwhile in view of the
fact that the exploration of forcing situations takes place
along drastically pruned trees and the need for depth limit-
ations is avoided; Moreover, heuristics are available for
the creation of situations in which the possibility of

force sitvations may be highly probable.
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Another drastic reduction occurs im the search process
for forcing situations by limiting the search, in most
cases, to moves made in a suitably chosen fixed plane. The
choice of the plane is made on the basis of the bases of
the excess of X cells over the opponent's occupied cells.,
Actual enumeration has shown that in an isolated 3-0
plane, in 40 out of 77 cases (counting symmetrical situations
as identical) a terminal forcing sequence is possible.

This possibility continues even with a few of the opponents
pleces on the plane as long as the difference is three or
moré. The trend certainly does not continue all the way

to (ridiculously) the 9-6 ratio, but it is of benefit to

use the heuristic that an excess-three is worth concentrating
on., This heuristic applied to 2-0 planes and XWATCH cells
is also quite valuable, While developing a force on a
plane, the machine has to guard against the formation of

a threat by the opponent through his defensive moves.

These threats may consist of a 0-3 file either in the plane
or outside it. This is one consideration which prevents the
complete concentration of the efforts on a plane. However,
singe these entail only one-step explorations outside the
plane, they do not introduce any exponential growth of the

tree with the depth of search.
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The machine has capabilities of hlocking all tactics
on the part of the opponént that the machine uses for its
own; In addition to the depth searches, searches for
vrelateﬁ pairs and 3-0 files are carried out in a routine
manner and taken advantage of as well as blocked. The
one large failure on the part of the machine lies in its

| inability to either foresee or block forces of depth |
greater than one on both sides, However, since such cases
have necessarily to develop in three dimensions (the plane
case being taken care of by the planar terminal forcing
sequence tactics), the machine would probably not suffer
from this while playing humans, When no forcing sequence
presents itself to the machine, the strategy consists of
creating a plane with an excess of three; This may be
considered the only form of intermediate evaluation used
iﬁ the program.

No other intermediate evaluation schemes being avail=-
able, the machine plays from a table of preset moves when
mwne of the possibilities engendered above are available.
Such possibilities open up in about three moves or six
plies, Hence the fate of the entire game (when the machine
plays itself) is determined from the first few initial

moves, We have at present no statistics on the efficiency



of these initial moves, nor do we have any proven efficient
heuristic for choosing them. It is our hope that the two

or three plies made by the human player will be conducive

to the machine's ones only on a random basis, but in most
games the machine will be able to capitalize on the possib-
ilities opened up in the first few moves better than a human
player,

Although some of the move sequences resulting from
computer versus computer games in the 1107 program are
quite interesting, it is difficult to classify the strategy
as being exceptionally M"good"., It is obviously inferior
to the strategy shown in the flow chart in Figure 8.1 since
it includes fewer heuristics. As more and more heuristics
are added, the machine will play "better", but a trade-off
must be considered between "goodness of play" and move time.
The present 1107 program requires a move time of a few
seconds or less;

The results of the computer versus computer plays
1éave a clear indication that the first player should win
if the play is not a draw, The strategy which will insure
this has not heen found, but the planar terminal forcing
sequence heuristic when used in conjunction with "strong"

opening moves comes quite close. It is inconclusive
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whether or not a complete play of the game using minimax
techniques would result in a draw., This will probably
never be known for three dimensional tic-tac-toe because of
the gigantic number of explorations involved.

A main weakness of the game as programmed lies in the
absence of a strategically based opening move sequence.
Perhaps too much emphasis has been placed on terminal forc-
ing seqguences in lieu of this phase of the play. The
opening move strategy would certainly be a prime place to
devote further effort.

It may appear that the program discussed here is
specifically designed for three dimensional tic~tac-toe,
Howeﬁer, it must be pointed out that the strategy of forcing
is applicable in the end-portions of many games(ls). The
great effect this strategy has on tree-pruning is worthy of
note in the general case; It can also be pointed out that
the general applicability of the strategically based state
set argument in Chépter {2 is born out by the tic-tac~toe

terminal forcing sequence conditions in Chapter 5.



APPENDIX I: A PROCEDURE FOR DETERMINING RELATED PAIRS

The recognition of a related pair can be achieved by a
simple heuristic which may be used by man and machine alike,
To describe this heuristic properly, let us make several pre-
liminary definitions. A "file set" is the group of files
which passes through any given cell., The cell that the file
set passed through is the "file set basis". A related pair
can be described as two 2-0 files (or 0-2 files) in the same
file set having a vacant file set basis., The file set basis
in this case is referred to as a "major cell", and can be
designated as "offensive" when the files are 2-0 and
"defensive" when the files are 0-2.

It is clear that any of the 64 cells may serve as major
cells and that any individual vertice or core cell has a
comparatively greater probability (7 to 4) of being a ma jor
cell than do other cells., |

Three possible heuristic methods for finding related pair
may be stated as follows:

1; Check the file sets associated with all occupied X

cells. If any of the files in one of these file sets is

found to be a R-0 file, record the vacant cells in that

file, If one of the recorded cells appears again as a

vacant cell in another 2-0 file, it is a major cell.



Repeat the test for al] occupled Y cells and corresponding

0-2 files.

2. Check the file sets associated w1th all vacant cel]s.

If two (or more) of the files in a file set conta:m 2-0

flles or 0-2 files, the file set ba51s is a magor cell,

3, Check the 76 flles for 2-0 files, If any‘are found,

record the vacant cells in those files; If any cell is

recorded tﬁicé,'it is a major cell‘

Although each of these procedures mnay be useful in the
course of a game, procedure (3) is the best from both tlme‘
and relative efficiency standpoints. " Procedure (1) is an
excellent one to follow in thé‘first several moves of the
play since it is only concerned with occupied cells; How?
ever, much of its usefulness'ié wasted bijirtuevdf the fact
that a related pair cannot be formed until one player has
made at 1éast four moves, Inia similar ﬁanner, procédure (2)
can be applled in a play in which few vacant cells remaln
" on the board. Such a play'ls qulte rare in reallty; Appll-
cation of procedure (3) requires only 76 flle checks fegard-
less of the nﬁmbef of moves on the board. The céilé con-
tained in each of the 76 Files are listed in Table I, and
the file sets for any given file set basis ére given in

Table II. The information contained in Tables I and II,
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when used for the purpose of applying the "“related pair
strategy" is sufficient to yield a non-trivial play of the
game, This fact has been verified.by'the performance of

the PDP-4 computer against human opposition.



Table I:
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Cells Contained in Each File

11

12

13

141
142
143
144

111
1%R
133
144

114
123
132
141

211
221
251
241

1R
RRR
R3R
R42

Q13
RR3
R33
R43

214
224
234 |
244

<0

Rl

R2

R3

R4

R5

R6

311
31
331

341

31R
3%
332
342

31

33

34

313
3R3
333
343

35

314
324
334
344

36

311
312
313
314

37

321
3R2
323
324

38

331
332
333
334

39

412
422
43R
442

414
424
434
444

411
412
413
414

421
422
423
44

431
432
433
434

441
442
443
444

411
422
433
444

414
423
432
441

44

48

47

48

49

50

51

5

181
R21
3R1
421

57

123
RR3
323
423

59

1R4
RR4
3R4
424

131
R31
331
431

61

132
R3R
338
432

133
R33
333
433

134
R34
334
434

141
R4l
341
441

62

63

64

65

1R1
R2%
323
424

141
R42
343
444

111
2%
333
444

141
Q22
33
414

114
R13
312
411

124
]R3
32
41

134
R33
33R
431

144
R43
342
441

70

72

73

74

75

76

113
QR3
333
443

141
R31
3R1
411

142
Q3R
3R
412

143
R33
323
413

144
R34
324
414

111
121
131
141
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Table II: File Sets Corresponding to Each Major Cell

—> - o

111 | 114 | 144|141 (223 | 222 | 232]| 233 | 323| 322(332 | 533|411

76 | 3 | 3|76 |12 |11 |11 | 12] 22121 | 21 |22 | 30
4| a | 7|7 15|15 |16 16] 2525 | 26 |26 | 22
8l 9! 8|9 19|18 |19 18| 20|28 | 29 |28 | 38

40 |43 |, 55 |52 | 46 |45 | 49| 50| 46 |45 | 29 |50 | 40

56 |62 | 65 |59 | 65 |57 |58 | 64| 57 |63 | 64 |58 | 62

60 |66 | 67 |61 |66 |60 |61 | 67] 61 |67 | 66 |60 | 67

68 |71 | 75 |72 | 70 |69 |73 | 74|74 |73 | 69 |70 | 72

e emm— ———

414 444 441(132(113 | 124 | 123|122 1121 | 131|132 | 133|134
55 133 (30 | 1| 2|3 | 2| 1|76f76 | 1|2 ]| 3
34 137 |37 | 4| 4|5 | 5| 5{5|6| 6|l6] ¢
39 128 |39 | 41| 42|47 | 9| 8lac a8 | 9|8 | =
43 |55 |52 | 69|70 |63 |46 | 45|57 |58 | 49 |50 | 64
56 |59 |65 | - |- |- |- -} -}{=-1]-1]-1]-
6L |eo |es | - | - - -l -1 -1-1-
75 |71 |es | - | - -l -t --]-1-1-=
143 |142 | 211|212 (213 |214 [24 |221 Ip31 | 234 |244 |243 |oao
211 1011 {1213 |13 |10 |10 | 13113 | 12|11
717 |14 |14 |14 {14 |15 |15 |16 | 16|27 | 17|17
54 |53 |18 |41 | 42 |19 |47 |42 |48 | 51|18 | 54 | 53

74 |73 140 |56 |62 {43 |71 |68 |72 | 75| 55 | 65 59

241 |311 | 312{313 [314 |324 B2l |331 | 334|344 | 343|342 ka1
10 |20 |21 (22 |23 |23 |20 |20 |23 | 23|22 | 21 | 20

117 [24 |24 |24 |24 |25 |25 |26 |26 | 27|27 | 27 | 27
19 |28 |41 (42 |29 |47 |aa |48 |51 | 28|52 | 53 | 29
52 |40 |62 |56 |43 [75 |72 |68 |71 | 55|59 | 65 |52

412 |413 | 424|423 | 422|421 | 431 | 432|433 434 | 443 |a42
31 B2 33 [32 |31 |30 |30 |31 |32 |33 | 32| =
34 PB4 |35 |35 |35 |35 |36 |36 |36 |36 | 37| 37
41 Ja2 |47 |39 |38 |44 |48 |39 |38 |51 | 54 53
735 [14 |57 |46 |45 |63 |64 |49 |50 |58 | 70| 69




APPENDIX II: TERMINAL FORCING SEQUENCES IN ISOLATED
3-0 PLANES

As the terminal forcing sequence has been set forth as
the "strongest" strategy available in a given plane of the
cube, its earliest occurance is worthy of investigation;
This situation in which reasonable doubt in first encountered
with respect to terminal forcing sequences is in the 3-0
plane; (Recall that 1804 of the 1820 4-0 planar configur-
ations lead to pseuvdo-terminal forcing sequences;) Of the
560 different configurations arising from three occupied
cells in a set of 16, 77 can be shown to be independent
after symmetry considerations; The 77 configurations consist
of 63 having eight symmetries and fourteen having four
symmetries; The symmetries consist of two 'diagonal flips"
for each of four 90° rotatiohs; An example of the eight
symmetries for a simple four cell plane is shown in
Figure II.1. The 90° rotations are shown in a-d and the
"diagonal flips" for each of these rotations in e-h,
respectively, Those 3-0 planes which have only four
symmetries are the ones which are symmetrical about a
diagonal.

A program written in AIGOL 60 for the Univac 1107
for generating the 77 3-0 planes is shown at the end

of this appendix. A simplified flow chart of the
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Table III: List of the 77 3=0 Planes

. [No ,of] Possible : No Possible

Cell NO o - -+CCells in o

Brane |20 |Tes?|Genine | “p 2. lof Symmsq Opening

Files 81193 Moves

1, 2, 9 2 | Yes | 4,13 1, 9,15 11 |Yes | 13
1, 2,10 | 2 |Yes | 4, 6 1,10,11 | 2 |Yes| 9,16
1, 2,11 2 | Yes | 4, 6 1,10,14 | 1 |[Yes| 6

1, 2,13 2 | Yes | 4, 9 1,10,15 | 0 |[No -

1, 2,14 2 | No - 1,11,14 | 1 [No -

1, 2,15 1 | No - 1,11,15 1 2 |Yes | 7,16
1., 2,16 2. 1Yes | 4, 8 1,12,14 | O |No -

]., 5,15 2 YeS 4:, 5 1,14915 1 NO -

1, 3,14 1 | No - 2, 3,14 | 2 |No -

1, 3,15 2 | No - Ry 5,10 | 1 ([No- -

1, 3,16 | 2 |Yes | 4,11 R, 5,14 [ 1 |No -

l, 5, 9 1 | Yes 13 s 5,15 | O [No -

1, 5,10 1 | Yes 13 il Ry, 8, 91 1 |Yes 10
1, 5,14 1 | Yes 13 Ry 6,10 | 1 |Yes 14
1, 5,15 1 | Nos 6 2y 6,11 | 2 |Yes | 1,10
1, 6, 9 2 | Yes 13 . 2, 6514 | 1 |Yes 10
1, 6,10 | 2 | Yes |R,11,14,16|| 2, 6,15 | 1 |No -

1, 6,14 | 2 |Yes | 10,15 || 2, 7,14 | 1 [No -

1, 6,15 1 |XNo - Ry 7,15 | 1 |No -

1, 7,14 0 |No - 2:10,11 | 2 |Yes 6
1, 7’15 l Yes 11 2,12’14 1 NO -

1, 9,10 2 | Yes | 11,13 213,16 | 1 |No -

1, 9,11 3 |Yes | 10,13 5, 8515 | 1 [No* | 1, 7
1, 9,14 1 | No# 4 5.12:14 1 O INo - .

IChe Eglanes below -4 symmetries

5’14’15 1 NO - 3 3 [o)

6,10,15 1 |No - 11: 3, 9] 2 [No¥* 11
6,11,14 2 |Yes 10 6, 7,10 | 3 |Yes | 2,14
6,12,14 1 |Yes 10 1y, 4,13 | 3 |Yes R3,5,7,9 10
6,13,16 2 |7Yes 1,14,181, 6,11 | 1 [|Yes 18
65,14,15 2 |No - 1, 6,16 | 1 |Yes 11
7,12,14 0 |No - 1, 7,10 | 1 |Yes | 4,13
7,14,16 1 Yes 13 1, 7,16 1 Yes 6’11
9,11,15 2 |Yes 7 1, 8,141 0 [|No -
9,14,15 1 |No - 1,12,15 1 0 [No -
10,11,14 1l |Yes 6 R, 5, 6 | & [No# 1
10,13,16 2 |Yes 4,14,1412, 5,11 | O |No -
10,14,15 2 | No - 3, 5, 91 0 [No -
11,12,16 3 |Yes 1l 4 35 9,11 | 2 [No¥* | 1,7,10
13,14,16 1 |Yes 15




Table IV:
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Summary of Table III

[fumber of  [lotal No. of] Number of
2-0 files in] planes of | TFS planes
@ plane this type [of this typs

] r% 5 2 2

g 2 24 19

a7 1 31 13

it0 6 o
Bt 0

&0

@ | Totals 63 34

Fa

i 3 R 2

Eg 2 4 0
oo 1 4 4

09 Q 4 0

50

o Totals 14 8
=

3 4 4

N 2 28 19

[Sa ]

~ 2 1 35 17

o~ a& ] 10 0

~ 2,

< Totals 77 40
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program is shown in Figure II;Z. In addition, a pro-

gram is given for generating the different possible 4-0
planes, The "transformation" operations the programs

refer to are the rotations and flips used to obtain the
eight planar symmetries,

The cell configurations of the 77 3-0 planes are listed
in Table III (with cells numbered as in Figure 5.2). Also
the number of 2-0 files in the plane and the existance or
absence of a terminal forcing sequence are specified; When
a terminal forcing sequence exists, all possible opening
moves leading to the win are given. An asterisk indicates
that a pseudo~-terminal forcing sequence is known to exist,
As no exhaust search has been made for pseudo forces, this
list is by no means complete in this respect.

A summary of the information presented in Table III is
shown in Table IV, From Table IV it can be seen that all
3=0 planes having three 2-0 files yield a terminal
forcing sequence; As the number of initial 2-0 files
decreases, the probability of a terminal forcing sequence
in the eight-symmetry planes lessens. In the four-
symmetry planes, however, all planes which initially

contain either one or three 2-0 yield
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a force while those which contain zero or two 2-0
files do not. This result is most unusual.

While the information in Table 4 was not utilized
by the existing computer program, it gives rise to
further heuristics which may rprove to be reliable.
(i;e. All four-symmetry 3-0 planes having only one

2-0 file lead to a terminal forcing sequence.)

— -
Declaration of
integers and arrays

(

Generate all 560 com=-
binations of three
calls in a plane

YYy
Make symmetry trans-
formation and eliminate
those combination of
A the original 560 which
have been formed by
the transformation

\
N Have seven transform=-
ations been made?

I

iist all remaining
combinations

Figure II1.2., Flow Chart of ALGOL Program for 3-0 Planes



ALG PROB1
ALGOL MARCH 10,1965 ° INTERFACE FFBRUARY 1591965 - PAsS2 DECEM3ER 23, 1964

COMMENT THIS PROGRAM 1S DESIGNED TO -FIND ALL THE POSSTBLE WAYS
AFTER SYMMETRY CONSIDERATIONS THAT THREE OCCUPIED CELLS CAN BRE
PLACEN IN A PLANE OF SIXTEEN CELLS.S
INTEGER 1eJrKeQeZ¢RS
BLOCK 1 LEVEL 1 BN

£ O

s INTEGER ARRAY A¢BrCrErFrG(1ee560) sMZrMAIMBIMCoMDIME2IMF(0,..16)%
6 SWITCH L=LAsLRsLCILDILEsLF/LGS )
7 READ (MZ+MA)MBIMCsMDIMEMF)S
8 WRITE(*FIRST TRANSFORMATION'»M7)S
9 WRITE(*SECOND TRANSFORMATION' MA)S
10 WRITE(*THIRD TRANSFORMATION'sMR)S
11 WRITE('FOURTH TRANSFORMATION' MC)$
12 WRITE('FIFTH TRANSFORMATION' MN)S
13 WRITE(*SIXTH TRANSFORMATION'/MF)S
14 WRITE(YSEVENTH TRANSFORMATION',MF)S$
15 FOR I=(1s1+14) DO BEGIN FOR J=(2+1¢15) DO REGIN FOR K=(3s1¢10) NO BEGIN B1 Q2
16 I[F I LSS J-ANP J LSS K THEN BEGIN @=Q+1% A(Q)=I% B(Q)=J% C(R)=K END END B3 B84 £u £3
17 END ENNDS E2 El
18 FOR 1=(1+1¢560) DO BEGIN E(I)=MZ(A(I))ISF(TI)I=MZ(B(T))ISG(I)I=MZ(C(T)) B5
19 ENDS G0 Tn RS$S XS
20 LAs.FAR I=(1+1+560) DO BEGIN F(I)=MA(A(I))ISF(T)SMA(BI(T)ISG(TI)=MA(C(T)) 86 i
21 END% 60 TO RS$ Er
22 LBesFNR 1=(1+1+560) DO BEGIN F(I}=MB(A(I))ISF(I)=MB(BI(T)ISG(I)=MB(C(I)) 87 . 0
23 ENDS GO TO R5%$ E7 L
24 LCesFOR I=(1+¢1¢560) DO REGIN F(I)=MC(A(TI))ISF(I)=MC(B(T))ISG(I)=MCI(C(T)) B8R ¥
25 END$ GO TO RS5% ’ £a
26 LDeeFNR 1=(1+1+560) DO BEGIN E(IN=MD(A(I)ISF(II=MN(B(T)ISG(I)I=MN(C(TI)) KO
27 END$ GO TO RS5% go
28 LE++FOR T=(1+1:560) DO BEGIN F(I)=ME(A(I))ISF(TI=ME(B(T))SG(TI)I=ME(C(T)) B10
29 END$ 60 TO R5$ £10
30 LFeoFDOR I=(1¢1+560) DO BEGIN £(I)=MF(A(I))SF(T)=MF(B(T))ISG(I)=MF(C(I)) R11
31 END$ 60 TO R5S% E11
32 LGeo GO TO VERYS
33 RSe.FOR I=(1¢1¢560) DO REGIN
34 1F E(I) 6TR F(I) THEN BEGIN R=E(I)% E(I)=F(I)s F(I)=R END3 812 B13 E13
35 IF F(1) GTR G(I) THEN BREGIN R=F(I)& F(I)=G6(I)s G(I)=R END$% Bl14 El4
36 IF E(I) GTR F(I) THEN REGIN R=E(I)§ E(I)=F(I)$s F(I)=R END ENNS 815 E15 E12
37 GO To ROS
38 ROeeI=0%
39 RleoI=I+1% IF I EOL 561 THEN GO TO R6% J=0%
40 IF E(1) EQL 0 THEN G0 TO R1%
41 R2eedz=J+1% IF J EGL 561 THEN GO TO R1%
42 IF EC(I) EQL A(J) AND F(I) FQL B(J) AND G(I) EaL C(J) THEN REGIN
43 A(J)=0% 3(J)=0% C(J)=0% E(U)=0% F(U)=0% G(JI=0% GO TO R1 END% B16 El6
4y GO TO R2%

45 Rbee Z=2+1% GO.TO L(Z2)s



46 VERY.,
47 WRITE('LISTING OF ALL 3 IN A SQUARE POSSIBILITIES")S
48 I=n% Q=0% )
49 RBee1=I+1% IF I EQGL 561 THEN 60 TO VFRY2%
50 IF A(1) EQL 0 THEN GO TO RR% Q=Q+1%
51 WRITE(QeA(T)eB(I)eC(I))S
52 60 TO R8BS
53 VERY2..FINISH
END Bl OCK 1

COMPILATION COMPLETED

FIRST TRANSFORMATION
0

4
6 10
SECOND TRANSFORMATION
0 16"
7 [}
THIRD TRANSFORMATION
0 13
11 7
FOURTH TRANSFORVATION
0 1
7 11
FIFTH TRANSFORMATION
0 4
. 11 10
SIXTH TRANSFORMATION
0 16
10 6
SEVENTH TRANSFORMATION
0 13

6 7

-
F®

=

- -
NN O Ol g w o (5, %,

-
® F

11

1n

1n

11

15

14

12

15

14

—68_



MONITOR SYSTEM -= 65KB4 03711765
R CITRENBAUM

RUN

ALG .PROB2
ALGOL

BLOCK 1

VP NN F OGN =

MARCH 1001965 INTERFACE FFEBRUARY 15,1965 PASS2 DECEM3ER 23,

COMMENT THIS PROGRAM TS DESIGNED TO FIND ALL THE POSSTBLE WAYS
. AFTER SYMMETRY CONSIDERATIONS THAT FOUR OCCUPIED CELLS CAN BE
PLACED IN A PLANE OF SIXTEEN CELLS.S
INTEGER I+¢JeKeQrZsRS

LEVEL 1

INTEGER ARRAY A¢rBeCeDIEsFrGrH(14¢¢1820) ¢MZsMAIMBIMCIMDeME/MF(0,016)3
SWITCH L=LAsLRILCoLD?LE/LFsLGS
READ (MZsMAPMRIMC o MDPME/MF) S
WRITE('FIRST TRANSFORMATION'»M7)S
WRITE('SECOND TRANSFORMATION'sMA)S
WRITE(*THIRD TRANSFORMATION'/MR)S
WRITE(*FOURTH TRANSFORVATION'sMC)$
WRITE('FIFTH TRANSFORMATION'+»MD)S
WRITE(YSIXTH TRANSFORMATION'+ME)S
WRITE(*SEVENTH TRANSFORMATION',MF)$
FOR I=(1,1¢13) DO BEGIN FOR J=(2s1¢14) DO REGIN FOR K=(3,1+15) DO BEGIN
FOR R=(4s1¢16) DO REGIN
IF I LSS J AND J LSS K AND K LSS R
THEN BEGIN 0=Q+1% A(0)=IS B(Q)=J$ C(0)=K$D(Q)=R

ENN END END END ENDS

FAR I=(1+1+0) DO REGIN E(I)=MZ(A(I})ISFL{TI=MZ(B(T))ISG(I)I=MZ(C(I))
$ H(I)=MZ(D(1))
END$ GO TO RS5S%
LA+ oFNR I=(101+0) DO BEGIN E(I)=MA(A(I))SF(T)=MA(B(T))ISG(I)=MA(C(I))
$ H(I)=MA(D(I))
END$ GO TO RSS%
LBeoFOR I=(1010Q) DO REGIN F(I}=MB(A(I))ISF(I)I=MB(B(T))$6(I)I=M3(C(I))
$ H(I)ZMB(D(I))
£ND$ GO TO RSS
LCeeFOR I=(10120) D0 BEGIN F(IN=MC(A(I))SF(I)I=MC(B(T))ISG(I)=MC(C(I))
$ H(I)=MC(D(I))
ENDS GO TO R5%
LDeoFOR T=(101+Q) DO BEGIN F(I)=MD(A(TI))ISF(TI)I=MD(R(TIISG(II=MD(C(I))
$ H(I)zmMp(D(I))
END$ GO TD RSS
LE+oFaR I=(1s190) DO REGIN E(I)=ME(A(I))SF(T)ISME(B(T))SG(I)=ME(C(I))
$ H(I)sSME(D(I))
END$ GO TO RSS
LFeeFDR I=(10100) DO BEGIN FAIN=MF(A(I))ISFITISMF(B(T))ISG(II=MF(C(I))
$ H(I)=MF(D(I))
ENDS GO TO RS5%
LGse GO TO VERYS
R5..FOR I=(1r1¢Q) DO REGIN
IF E(I) GTR F(I) THEN REGIN R=E(I)$ E(I)ZF(I)s F(II=R END$
IF F(I) GTR G(I) THEN BEGIN R=F(I)§ F(I)=G(I)s G(I)=R END3

TIME:

10345214

1964

BO

81
B2
BU
85
ES
El
B&

E6
87

E7
BR

ER
89

E9
B10

E10
B11

E1l
B12

E12

B13
B1S

82

E4

Aly
E15

DATE:

E3

E14

15 MAR 65

E2



END BLOCK 1

IF 6(I) GTIR H(I) THEN 3EGIN R
IF E

=6(1)% G(I)=H(I)g H(II=R
(I) GTR F(I) THEN BEGIN RzE(I)& F(Ds

E(D=F(D)s FLI)=R

IF F(1) 6TR G(I) THEN REGIN R=F(IDs$ F(I)=G6(I)s G(I)=R

IF 6(I) BGTR H(I) THEN REGIN R=G(I)S G(I)=H(I)s H(I)=R
IF E(I) GTR F(I) THEN BEGIN R=E(I)S E(II=F(I)s F(I)=R
GO TO ROS
RO..1=0%
Rl.eI=I+1% IF I EGL 1821 THEN 60 TO RAS$ J=0%
IF E(1) ZQL 0 THEN GO TO R1S
R2eeuzJ+1% IF U EGL 1R21 THEN GO TO R1S
IF EC(1) 5QL A(J) AND F(I) fGL B(J) AND G(I) EQL C(U)
AND H(I) EQL D(J) THEN REGIN
olur=os H(J)=0%
A()=0% 8(J)=0% C(JI=0% E(J)=0s F(J)=0% G(J)=0% GO TO
GO To R2$
R6se 252+1% 60 TO L(2)S
VERY.,

ENDs
END$
ENDS
END$
END ENDS

R1 END%

WRITE('LISTING OF ALL 4 IN A SQUARE POSSIBILITIES")S

I=0% o=0% .
RBeoIz1+1% IF I EQL 1821 THEN GO TO VERY2S
IF A(I) EQL 0 THEN 60 TO RRS @=Q+1%

WRITE(RIA(T)B(I)sC(T)eD(I))S
GO TO R8S%
VERY2, «FINISH .

COMPILATION COMPLETED

FIRST TRANSFORMATION
0

6
SFECOND TRANSFORMATION
0

7

THIRD TRANSFORMATION
-0

11
FOURTH TRANSFORMATION

0

7
FIFTH TRANSFORMATION
0

11
SIXTH TRANSFORMATION
0

SEVENTH TRANSFORMATION

0
6

u 8 12 16 3
10 14 1 5 Q
16 15 1y 13 12

6 1) 4 3 >
13 9 5 1 1u
7 3 16 12 8

1 s 9 13 2
11 15 4 8 12

4 3 2 1 R
10 9 16 15 iu
14 12 8 4 15

6 2 13 9 5
13 14 15 16 o

7 8 2 3

11

in

10

11

B16
B17

B18
819
B20

B21
E21

Fn

El6
E17
E1l8
E19

£20

15

14

12

E13

15

12

14

6 -



APPENDIX IIT: INTERESTING COMPUTER VERSUS COMPUTER PLAYS

This appendix contains three complete computer

versus computer plays obtained by the 1107 program.

The plays chosen include:

1., A tie-game.

2. A win by the first player (X) resulting from

the simultaneous formation of two independent

related pairs.

3. A win by the second player (0).

These three plays are shown in Figures III.1 a,b,c

respectively. (The views shown in Figure III,1

correspond to the four level model of the cube shown

in Figure 3.2.) The reason behind each computer move

in these plays (as printed out by the computer itself)

is listed below:

Game One (Figure III,la)

: Preset move

H

XZ: Preset move
XS: Preset move
X4: Forms an excess-

three plane

X_: Forms an excess=-
three plane

o
..

=

o O

Preset move
Preset move
Preset move
Blocks a TFS

Forms an excess-
three plane



P
.

Blocks a TFS

Forms an excess=-
three plane

Forms an excess-
three plane

Blocks a TFS

Blocks a related
pair

Blocks a TFS
Preset move

Blocks a 0-3
file

Blocks a 0-3 file

Blocks a related
pair

Blocks a 0-3 file

Blocks a 0-=3 file
Blocks a 0-3 file

Moves to XWATCH
cells in excess~-
two plane

Forms an excess-
four plane

Blocks a related
pair

O

O
*”»

(@)

Forms an excess-
three plane

Blocks a related
pair

Blocks a related
pair

Blocks a 3-0 file

Forms an excess~-
three plane

Blocks a TFS

Preset move

Moves to OWATCH cell
in excess~-two plane

Forms an excess-
four plane

Forms an excess~
three plane

Blocks a 3-0 file

Blocks a related
pair

Blocks a related
pair

Blocks a 3-0 file

Blocks a related
pair

Preset move



- 94-

X_ s+ Moves to OWATCH 0
2 .
cell in excess=-
three plane
Xyt Moves to OWATCH 0
cell in excess-
three plane
X24: Forms an excess~ 0
- four plane
X25: Forms an excess~ - Q
four plane
X26: Preset move 0
X27: Blocks related 0
pair ,
X28= Preset move -0
ngz Preset move ‘O
XSO: Preset move 6]
XS]: Blocks 0=3 file (o}
ng: Preset move 0

30°
31°

Y
“

32"

Blocks

Blocks

Blocks

Preset

Preset

s Preset

Preset

Preset
Preset
Blocks

Preset

A1l board positions being occupied, the

declared a tie,

Game Two (Figure III,lb)

Xl : Preset move 0
Xz t Preset move 0]
X5 : Preset move | 0]
X4 ¢ Forms an excess- = O

three plane

-
.
-
.

[
.

Preset
Preset
Preset

Blocks

a 0-3 file

a 0-3 file

a 0f5 file
move

move

move

move
move
move
3=0 file

move

game is

move .
move
mnove

a TFS



el

al

Moves to XWATCH
cell in excess-
two plane

Blocks a 0-3 file

Forms an excess-
three plane

Blocks a TFS

Blocks a TFS

Blocks a TFS

Blocks 0-3 file
Moves to XWATCH
cell in excess-
two plane

Blocks a TFS

Blocks a related
pair

Blocks a 0=3 file

Blocks a related
pair

s Blocks a 0-3 file

0

(=]
e

(@]

o
L]

o
.

Forms two 3-0 files O, _.:

Forms a 4-0 file,
wins

18

Blocks a 3-0 file

Blocks a TFS

Blocks a TFS

Forms an excess-
three plane

Blocks a TFS

Moves to OWATCH
cell in excess~-
two plane

Blocks related pair

Blocks 3-0 file

Forms excess-
three plane

Moves to OWATCH
cell in excess-
two plane

Forms an excess-
four plane

Blocks a 3-0 file

Blocks a related
pair

Blocks a 3-0 file,
concedes
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(1] e
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Game Three (Figure III,lc)

Preset move

Preset move

Forms
three

Forms
three

Forms
three

Forms
three

an excess-
plane

an excess-
plane

an excess-
plane

an excess-
plane

Starts a TFS

Continues TFS

Continues TFS

Forms
files

Forms a 4~0 file,

wins

two 3-0

-96 =

0, :

0, :

o o

~J
L

L

.

o O o O

10°

Preset
Preset

Blocks
Blocks
Blocks
Blocks

Blocks
Blocks
Blocks

Blocks

move -

move

a TFS
a TFS
a TFS
a TFS

3-0 file

o

L

3=0 file
a 3-0 file

a 3~0 file,

concedes
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APPENDIX IV: FDP-4 PROGRAM

By virtue of a program similar to the one given
in this appendix, the PDP-4 computer plays against
human opponents; The game is played on the 340 dis~-
play unit which works in conjunction with the PDP~4;
Desired figures are programmed to appear on the 340 D
using the 2°° available points of light on the CRT,

a square of side 9 1/4 inches. These figures include:

1; Four level two dimensional view of cube

(four 4x4 planes)

R. Message giving reason for preceding computer

move

5; Isometric view of the cube

4, Clockface timing each opponent move (novelty)

The opponent's moves are read into the computer
by either of two means:

1; Pressing the appropriate buttons on the

console

2; Pointing light pen (photocell) at desired

cell on four level view

When an opponent's move is read into the computer,
a decision is made as to the proper countermove and

both the move and countermove are displayed on the

- 08 -
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four level view and isometric view, At tﬁé same

time, the message on the screen changes from its
former state to describe the reason for the computer's
move; The clock resets itself to zero and begins
ticking away in real time waiting for the opponent's
next move; (The clock has hour, minute, and second
hands which update themselves once each second by
means of an internal counter in the computer. The
counter is accurate to 1/60 second.)

When a win by either the computer or the opponent
occurs, a line is drawn through the apprcpriate four
cells in the isometric view;

Due to the 1ength of the original program written
in MIDAS 4 Assembly Language for the PDP-4 an AIGOL
680 program using the same related pair strategy is
substituted below? The novel characteristics of the
MIDAS 4 program are not included in the ALGOL version;

As ah aid to understanding the progfam, a flow
chart is given in Figure IV.1l, and definitions of the
integers and arrays used in the program are given in
Appendix V; The data for the three arrays used
(FILENOS, FILECELLS, and PTABIE) is the same as that

for the program in Appendix V and is included after
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that program.



Figure IV,1:
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MONITOR SYSTEM - 65KB4¢ 03/11/65
R CITRENBAUM

RUN

aL6 PROBL
ALGO!

BLOCK 1

e
OBNO _ N

LEVEL

MARCH 1001965 INTERFACE  FFBRUARY 1501965 PASS2
COMMENT THIS PROGRAM IS DESIGMED TO PLAY THREE DIMENSTONAL TIC=-TAC-TOF
USING THE RELATED PAIR STRATEGY.
ALL MOVES MADE BY THE OPPONENT MUST BE SPECIFIFD REFORE THE
GAME BEGINS.S
INTEGER DUMe 1+ OPPMOV ¢ NUMX » COMPMOV ¢ NUMN»DELTAS Jo Ko MS
1
INTEGER aRRAY FILENOS(1..448), )
FILECELLS(1¢4304)» PTABLE(1.464)¢ NEWMOVE(1,420)0
POSITOrPOSITX(1,432)¢ CTARLE(14.60)s QTABLE(1.430),
OFILE+ XFILE(04.76), TAB10¢,TABO1(1..50), TAR20+
TAB02(1.+15)¢ TAB30s TARO3(1.e4)e LOOP(1.4.6)8
SWITCH L Aa=LAO, LAle LA2s LA3S
SWITCH LR=LAO.LB1,LB2+LB3/LB4%
READ ( FILENOSe» FILECELLS» PTABLE, NEWMOVE)S
WRITF('COMPLETE LISTING OF DATA= INCLUDING INFORMATION IN THE LISTS.')$
WRITE (*FILENOS LIST',FILENDS)S .
WRITE ('FILECELLS LIST'»FILECELLS)S
WRITE (*PTA3LE LIST'+PTASLE)S
NEXTMOVE.+FOR I=(1+1¢60) DO CTABLE(1)=0%
FOR I=(1+1¢30) DO QTABLE(I)=0S%
FOR I=(1,1+50) DO BEGIN TABIO(I)=0$ TARO1(I)=0 ENDS
FOR I=(1+1+15) DO BFGIN TAB20(I)=0% TARO2(I)=0 END$S
FOR I=(1s1e4 ) DO BEGIN TAB30(I)=0% TARO3(I)=0 END$
OPPMOVIOPPMOV+1S
NUMX=NEWMOVE (OPPMOV) S
WRATE (*THE OPPONENT HAS MOVED TO CFLL'sNUMX)S
POSITX (OPPMOV ) SNUMXS
DELTAZ (74NUMX) =63
FOR K=(1+1+7) 0O
BEGIN MSFILENOS(NELTA)S
XFILE(M)ISXFILE(M)+1$
DELTA=DEL TA+1 ENNS
1F OPPMOV GTR 1 THEN
BEGIN COMPMOV=OPPMOV=-1$S
POSITO(COMPMOV) =NUMOS
DELTAZ (7#NUMO) =63
FOR K=(1¢1¢7) DO
BEGIN M=FILENOS(DELTA)S
OF ILE(M)SOFILE (M) +1$
DELTA=DELTA+1 END ENDS
IF OPPMOV LSS 3 THEN 60 TO PRESETS
FOR I=(121+6) DO LOOP{I)=0%
FOR I=(1¢1+76) DO
BEGIN IF XFILE(Y) EQL O THEN
BEGIN DUM=OFILE(I)+1%
60 TO LA(DUM) END ELSE

DECEM3ER 23,

TIVES 10:u4239

1964

B0

B1
82
83

8u
Eu

85

]3]
ER

B7
BR
ER

£l
E3

ES

DATE: 15 MAR 65
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IF OFILE(I)
BEGIN DumM=x

LAD.«R0 7O ALLS
LAL.oLOOP(1)=LOOP{1)+1S
K= 002(1)8
TARLO(K)=IS

60 TO ALLS
LA2..L00P(2)ZLOOP(2)+1S
K=SLO00P(2)S
TAB20(K)=1s

60 TO ALLS
LA3.«LOOP(3ISLOOR(3)+1S
K=SL00P(3)S
TAR30(K)=IS
G0 TO ALLS
LBl..LOOP(“)-LOOP(“)’\’
KSLO02(U)S
TARO1{K)=ZIS
G0 7O ALLS
LB2..L0OP(S)SLOOP(S)+1S
K=L002(5)S
TARD2(KI=I$
60 TO ALLS
LB3..L00RP(6)SL00P(6)+1S
K=L00P(R)S
TARNI(K)I=TS
GO TO ALLS

Ftelslvis

60 TO LB(DUM) ENDS

LBU..WRITE('THE COMPUTER HAS LOST.')S

WRITE('THE OPPONENT HAS FOUR IN A ROW IN FILE'»I)s

GO TO VERYS
ALLseMZ1 END FORLOOPS

IF LOOP(3) GTR n THEN GO TO MAKF40S$
IF LOOP(6) GTR 0 THEN GO TO BLOCKO3S
IF LOOP(2) GTR 1 THEN 60 TO TEST20$

IF LOOP(5) GTR 1 THEN GO

MAKEGN. NELTAZ(4sTAB3N(1)) =35

FOR .I=(1s1s4) DO REGIN

DELTASDELTA+1 ENN FORLOOPS

J=0%
BACK2,euzJ¢1s 1I=0$
BACK1, s 121418

IF POSTTO(I) EAL O THEN GO 7O wIN ELSE

IF POSITO(I) EAL CTABLE(J) THEN 60 TO RACK2

ELSE GO TO BACK1S

WIN..WRITE(*THE COMPUTER HAS WON AS IT HAS MADE FOUR") S
WRITE(*IN A ROW BY MOVING TO CELL*,CTARLE(J))S

GO TO VERYS

BLOCKN3..IF LOOP(6) GTR 1 THEN

BEBIN WRLITE(YTHE COMPUTER CONCENES THE GAME.
WRITE('*OPPONENT WILL GIVE IT AN OPPORTUNITY TO PLAY")S

WRITE(' AGAIN')S
G0 Tn BLOCKA ENDS
BLOCKA..DELYA:(Q*TABOS(l))-3$

TO TEST02 ELSE GD TO PRESETS
CTABLE(I)=FILECELLS(DELTA)S

IT HOPES THE')S

89
(2]

E7
B10O

E10

B11

E1t
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100
101

102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
14l
145
146
147
148
149
150
151
152
153

FOR T=(1s104) DO BEGIN CTABLF(I)=FILECELLS(DELTA)S
DELTA=DELTA+1 ENDS
J=0s
RACKU ,»J=J+1$ 1208
BACK3,I=T+1$
1IF POSITX(I) EQL O THEN 60 TO RLOCKR ELSE
1F£ POSITX(I) EQL CTABLE(J) THEN 6O TO BACK4 ELSE GO TO BACK3S
BLOCKR« s NUMO=CTABLE(U)S
WRITE(?*THE COMPUTER HAS BLOCKED A THREE IN A ROW ")$
WRITE(? BY MOVING TO CELL'»NUMO)S
60 TO NEXTMOVES® .
TEST20¢.I=03K=0%
HACKS, o IST+1$
IF I LER LOOP{2) THEN
REGIN DELTA=(4*TaB20(I))=3% FOR J=(1s1s4) DO
REGIN M=J+K$ CTABLE(M)=FILECELLS(DELTA)S
DELTA=DELTA+1 END FORLOOPS
KZK+4$
GO TO BACKS END
ELSE 6O TO BIRNDS
RIRD..J=0% K=1%
HBACK6 . e J=J+15 1=0%
1F CTARLE(J) ENL O THEN GO TO COLTS
BACKT7.+I=I+13% s
1F POSITO(I) EGL 0 THEN
BEGIN OTABLE(K)=CTARLE(J)S K=K+1$%
60 TO BACKe ENDS
IF POSITO(I) EQL CTABLE(J) THEN GO TO RACK6 ELSE GO TO BACK7%
COLT..J=1% K=2% . :
BACK11+.IF OTABLE(J) EQL OTABLE(K) THEN 60 TO RELATED ELSE K=K+1%
15 GTABLE(K) GTR O THEN GO TO RACK11 ELSE JZJ+1$ KZU+1%
IF OTABLE(K) GTR O THEN GO TO RACK11 ELSE GO Tn REMAKES
REMAKE+.FOR I=(1+1+,60) DO CTABLE(I)=0%
FOR I=(1,1+30) DO QTARLE(I)=US
IF LOOP(S) EQL 0 THEN 60 TO PRESETS
TEST02..1=0% K=0%
BACK8.eI=I+18
IF I LEQ@ LOOP(S) THEN
SEGIN DELTA:(“*TABOZ(I))-Ss FOR J=(1r1e4) NnO
BEGIN M=J+K$
CTABLE(M)SFILECELLS(DELTA)S
DELTA=DELTA+1 ENDS
K=K+4$ GO TO BACKk8 ENDS
URIOLE«,J=0% K=1%

. BACK9,eJzJ+1$ 1=0%

IF CTABLE(J) EQL 0 THFN 60 TO BULLETS

BACK10e ISI+18

IF POSITX(I) EQL O THEN BEGIN nTABLE(K)=CTABLE(J)S

. K=K+1% 60 TO BRACK9 ENDS

1F POSITX(I) EQAL CTABLE(J) THEN 60 TO BACK9 ELSE 60 TO BACK10$
BULLET..J=1% K=23% .
BACK12+.IF OTABLE(J) EGL QTABLE(K) THFN GO TO BLOCKREL ELSE K=K+1%

IF QOTABLE(K) GTR 0 THEN GO TO RACK12 ELSE J=J+1% K=J+1$%

IF GTABLE(K) GTR 0 THEN GO TO BACK12 ELSE 60 TO PRESETS

mx
-
o

813
B14
E14

E13

815
€15

816
B17

E17
E16

B18
E18
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154
155

156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
17
172
173
END BLOCK 1

RELATED. «NUMO=QTABLE(J)S
WRITE('THE COMPUTER HAS FORMENn A RELATED')S

WRITE(® PAIR AND WILL WIN ON ITS NEXT MOVE.')$
WRITE(® IT HAS JUST MOVED TO CELL'+NUMO)S
GO TO NEXTMOVES
BLOCKREL « « NUMO=QTABLE(J) S
WRITE('THE COMPUTER HAS, BLOCKED A POSSIBLE")S
WRITE (§ RELATED PAIR BY MOVING TO CELL'/NUMO)S
GO TO NEXTMOVES
PRESET..I=1% U=1%
BACK14e,.IF PTABLE(J) EQL POSITX(I) OR PTABLE(J) EQL POSITC(I) THEN
BEGIN J=J+1% I=1% GO TO BACK14 END$ I=I+1$%
IF 1 GTR OPPMOV THEN BEGIN NUMO=PTARLE(J)S
WRITE(*THE COMPUTER HAS NOT BEEN FORCED TO GO')$
WRITE(® ON THE DEFENSIVE AND HAS MOVFD TO CELL'»NUMO)S
GO TO NEXTMOVE END$ GO TO BACK14s
VERY., WRITE('POSITO TABLE")S
FOR I=(1,1,COMPMOV) DO WRITE (POSITO(I))S
FOR I=(1,1,0PPMOV ) DO WRITE (POSITX(I))$
FINISH

COMPILATION COMPLETED

B19
820

E?20

FO

E1l9
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APPENDIX V: 1107 FROGRAM

The computer versus computer games have been played
using the Univac 1107 computer programmed in ALGOL 60,

To aid the interested reader in understanding the
program, a list of the purposes of the integers and arrays
contained in the program are given Tbelow. The number in
parenthesis for each of the arrays is the number of available
elements in that array; The elements of the first eight
arrays discussed below are given in the data section shown
after the program,

Integer Listing

OPPMOV Move number of the preceding move of the
opponent

COMPMOV Move number of the previous move of the
machine

NUMX Cell to which opponent made previous move

(numbered from 1 to 64)

NUMO Cell to whibh machine made previous move
(numbered from 1 to 64)

GAME Play under consideration. Allows many
plays to be done in succession

SAVETR Cell in TREE which is saved for later
examination

CNTFIL Number of 2-0 files in plane under
consideration

= 106 <



DEF

FT,CK

PLAYER

TRY 1,
TRY R

RELPR
FILE1Q
STABP

CNTSQ

FORCESEQ
COUNT 2¢

CNT ,CNTR

- 107 =~

Switch which determines whether computer
is observing offensive or defensive tactics

Indices vsed for counting types of excess-
two and excess-three planar situations on
offense and defense

Switch determining whether the computer
is playing as X or O

Switches indicating status of search for
excess-two and excess-three planar sit-
vations on both offense and defense

Switch indicating if a related pair is
available to the opponent

Number of 1-0 files in the cube under
consideration

Index counting number of planes of the
same type

Number corresponding to the move look-~
ahead number of the plane under consider-
ation

Switches indicating a TFS has been already
found

Number of cells in CELL2¥ at any particular
time

Indices indicating reason a lookahead for
a planar TFS has failed

A,B,C,D,E,I,J,K,M,N,Q,R,X,Y,Z, DELTA, DUM

Dummy variables
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Array Listing

FILENOS (448)
FIIECELLS (304)
CELLNOS (40)

SFIIENOS (48)

SQFIIES (72)
PTABIE (64)

MX,MY (17)

05Q,XsQ (18)

WATCH ,OWATCH (7 )

OFIIE ,XFIIE (76)

CELL2¢Z (12)

Eist of all files in which each of
the 64 cells is a member

List of the four cells in each of
the 76 files

List of the four cells in each of
the 10 files in a given plane

List of g1l files in a given plane
in which each of the 16 cells of the
plane is a member

List of four independent files in
each of the 18 planes

List of the 64 éells for use as a
preset move list

List of the offensive and defensive
planar situations to be considered

List of number of machine and opponent
cells occupied in each of the 18
planes

List of cells in a plane which are
XWATCH or OWATCH cells

List of number of machine and oppon-
ent cells occupied in each of the
76 files

List of all cells which are in 2-0
files of a plane under consideration

SPOSITO,SPOSITX (10)

List of occupied cells by machine
and opponent respectively, in a
lookahead sequence in a plane under
consideration
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POSITO, POSITX (32)

List of occupied cells by machine
and opponent in the overall play

FILERQ (5) List of the 2-0 files in a plane
under consideration

DOFILE ,DXFIIE (10)

List of number of machine and oppon-
ent cells occupied in each of the

10 files of a plane under consider-
ation

TREE (8,10) Array storing move possibilities
for lookahead in TFS for a plane
under study

CIRC (7,7) Array storing number of types of
planar situations available at any
given time ‘

STAB (7,7,8) Array storing number of each type
of planar situation available

TAB1@,TABP1 (50) List of all 1-0 and O-1 files in

the cube

TAB2¢,TAB@R (15) List of all 2-0 and 0-2 files in
the cube

TAB3(,TABp3 (4) List of all 3-0 and 0-3 files in
the cube

LOOP (6) Number of each type of "x=y" file

in the cube

RCTABIE (16) List of the 16 cells in the plane
‘ under study
CTABIE (60); QTABLE,OQCELLS(30); DCTABIE (40); STABIE,

TTABIE (7); CHK(10) _
Lists used for storage purposes

The program followed by the data arrays are given in
the next several pages.



ALG PROB1
AL GOL

KLUCK 1

V&N

LEVEL

MARCH 1001965 INTERFACE FFBRUARY 1501965 PASS2 DECEM3ER 23,
COMMENT THIS PROGRAM TS DESIGNED TO ALLOW THE COMPUTE® TO PLAY THREE
DIVENSIONAL TIC=TAC=TOE AGAINST ITSELF USING PLANAR STRATEGY,

ALL MOVES MADE BY THE OPPONENT MUST BE SPECIFIFD WFFORF THE
GAME BEGINS.S
(NTEGFR OPPMOVs COMPMOVe NUMXsNUMOe DFLTA» DUMe SAVETPe CNTFIL» GAME,
1
NEFe XoYoZoFToCHIRELPRITRYLoTRY2oFILE1U+STARRPy PLAYER,
CNTSQRe FORCESE®s COUNT20» CNTe CNT2¢ ArBeCoDeErIoJdrKoMeQrReNS
INTEGFR 4RRAY FILENOS(1.e448),

FILECELLS 1.430u)r PTANIE(L1eebhld)r NEWMOVE(L1.e2U)»
0S0eXSR(1ee1R) e TREE(L,eBr10s1N) e WATCHILaa7)
STABLE+TTARLE(14e8) sMX MY (10,17)9CHK(14410)¢
JCTARLE(1+.40)» CELL20,SPOSITX»SPOSITO(14412)
SILE20(1ee5)s SFILENOS(1.euB)r DOFTLESDXFITE(U.+10)0
RCTARLE(1+.16)¢ STAB(O.e7+Nee7r1eeB)s CIRC(0ee700ee7)»
SUFILES(1e472)+ CELLNOS(1..40)s OOQCELI.S(1.,30)s ONATCH(1447)0

POSITOP0SITX(1.e34)0 CTABLE (14,6009 QTABLE(1.e30),

OF [LEr» XFILF(D0..76)¢ TARLID»TARU1(1..50), TARZ20,

TABN2(1.015) s TAB30: TARO3(1.ed)r LO0P(1..6)3

SWITCH La=LAO» LAls LA2, LA3S
SWITCH LR=LAUILRB1¢LB2,LB3sLBYS
VUMP TREEs CNTSOr CELLZ2DS
READ(SGFILESe SFILENOS» FILENNDS FTILECFLLS, CELLNOS»PTABLE »NEWMOVE,
MXoMY) S
WRITE('COMPLETE LISTING OF DATA= INCLIIDINS INFORMATION IN THE LISTS.
WRITE ('GAFTLES LIST',SAFILES)S
WRITE ('SFILENOS LIST'+SFILENDS)S
WRITE ('FILENOS LIST'»FILENDS)S
WRITE ('FILECFLLS LIST* FILECFLLS)S
WRITE (*CELLNOS LIST'»CFLLNOS)S
WRITE (*PTASLE LIST'+»PTAHSLE)S
WRITE('MX SWITCH LIST'eMX)3%
WRITE('MY SWITCH LIST'/MY)$
GAVE=y%
NXGMs , GAVE=GAVME+1% WRITE('WE ARE NOW PLAYING GAME'»GAVE)S
IF GAWE EQL 16 THEN GO TO COMPLS
FORCESEG=U$ OPPMOV=U$ COMPMOV=N$ PLAYERZ1S$
FOR I=(1+1,32) DO BEGIN POSITO(I)=n% PNSITX(I)=0 ENMDS
FOR 1=(0s1+76) DO REGIN OFILE(I)=0% XFILE(T)=) END®
NEXTMOVE«oFOR I=(1¢1+60) DO CTABLE(I)=0%
FOR I=(1+1+6) DO FOR U=(1v1r10) DO TREE(T»J)=0%
FOR I=(1+1910) DO CHK(I)=0%
FOR I=(1+¢1+¢30) NO QTABLFI(I)=0%
FOR I=(1+1+30) DO ONCELLS(1)=0%
FOR I=(1+1¢50) DO BFGIN TAR10(I)=0% TARNLI(I)I=0 FNDs%
FOR I=(1+1+15) N0 BFGIN TAR20(I)=0% TARN2(I)=0 FND%

19A4

Hn

s
B2

B2
Ba
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46
47
48
49
50
51
52
53
sS4
55
56
57
58

00
ol
02
o3
o4
65
06
o7
o8
69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88

90
91
92

94
95
96

FOR I=(1s1e4 ) D0 BEGIN TABXO0(I)=03s TABO3(1)=0 ENDS3
TRY)1=0% TRY2=0% CH=0% FT=0% RELPR=0S% .
. FOR I2(0e107) DO FOR J=(Ne1+7) DD FOR K=(1s1,8) DO
STAB(ledrk)=nS
FOR I=(0¢1¢7) DO FOR Uz=(0s1¢7) DO CIRC(IvUI=0S
OPOMOV=OPPMOV+1$ IF OPPMOV EQL 1 THEN 60 T0O PRESETe
FOR R=(2¢2,64) DO IF OPPMOV EQL R THEN REGIN PLAYERZ=0%
POSITO(02PMOV/2)=NUMOS FOR I=(1¢1:0PPMNIV/2) DO BEGTN U=POSTTX(I)S
POSITX(II=POSITO(INS POSITA(I)SJUSENDS GO TO INDEXU$ ENDS
PLAYER=1% FOR I=(1+10(0PPMOV=1)/2) NO BEGIN POSITO((OPPMOV=1)/2)=NUVOS
JSPOSITX(I)% POSITX(I)=POSITO(IISPOSITN(I)=J ENDS 6O TO INDEXUS
INDEXN« 50R I=(1¢1¢76) DO BEGIN XFILE(I)=N$ OFILE(I)=n ENNS J=0%
INDEX1eoJd=u+ls IF POSTTX(J) GTR O THEN BEGIN D=7xPOSITX(J)=5%
FOrR k={1¢1+7) DO BEGIN MSFTILENOS(DIS XFILE(MIZXFILE(M)+1% N3N+l ENNG
GO TO INDEX1 ENDS J=n$%
INDEX2e,u=U+1% IF POSITO(J) GTR 0O THENM BEGIN N=7#POSITO(U)-6%
FOR K={1+1¢7) DO BEGIN M=FTLENOS(D)S OFILE(MI=OFILF(M)+1% N=N+] ENND
60 To INDEX2 ENDS
IF OPPMDV LSS S THEN GO TO PRESETS
FOR I=(1+1¢6) DO LONP(I)=0%
FOR I=(101+76) NO
BEGIN 1F XFILE(T) EAL 0 THEN
BEGIN DUM=OFILE(I)+19%
GO TO LA(DUV) END ELSE
IF OFILE(I) EQL 0 THEN
HBEGIN DUM=XFILE(I)+1%
GO TO LB(DUM) ENDS
LAG«er0 TO ALLS .
LAL.eLO0RP(1IZLOOP(1)+18
K=002(1)s
TAR10(K)=IS
60 TO ALLS
LA2..L00P(2)SLO0P(2) 418
K=LN02(2)%
TAR20(K)=13%
60 TO ALLS
LA3..LONP(3)=LO0P(3)+18
KSLN02(3) %
TARIO(K)=TS
GO TO ALLS
LB1¢+LOOP(L)IZLOOP(4)+1%
K=L00P(u) %
TARDL(K)=1s
GO TO ALLS
LB2..L00OP(5)=LOOP(S)+1%
: K=L00P(8) S
TA302(K)=I$
GO TO ALLS
LB3..L00P(6)=L00P(6)+19%
K=L002(6) 8
TARN3(K)=Z1%

RE

BA
B7
[
Ke
£r
L)
-3 RY]
811
E10
n12
B13
g12

814
B15
E15

H16
€15

ES
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97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147

G0 TO ALLS
LBU+WRITE('THE COMPUTER HAS {0ST.')s .
WRITE(*THE OPPONENT HAS FOUR In A ROW IN FILE*.I)S
60 TO VERYS
alleeMS1 END FORLOOPS
IF LOOP(3) GTR N THEN GO TO MAKF403S
IF LOOP{B) GTR 0 THEN GO TO BLOCKD3S
If LOOP(2) GTR 0 THEN GO TO TEST20%
1IF LO9P(S) G6TR 0 THEN 60 TO TESTO02 ELSE 60 TO 8UILDSES
MAKEGN. s DELTA= (42TAB3N(1)) =39
£OR I=(1r1+4) DO BEGIN CTABLE(I)=FILECELLS(DELTA)S®
DELTASDELTA+1 END FORLOOPS
J=0%
HACK2,eJzJ+1% 1I=0%
BACKl.+IST+18%
IF POSITO(I) EnL U THENM GO TO wIN ELSE
IF POSITO(I) EAL CTABLF(J) THEN GO TO RACK?2
ELSE 60 TO BACK1S
WING.+WRITE(*THE COMPUTER HAS WON AS IT HAS VMANE FOUR")S
WRITE(*IN A ROW BY MOVING TO CFELL'+CTARLE(J))S
60 7O VERYS
BLOCKN3,.TF LOOP(6) GTR 1 THEN
BEGIN WRITE('THE COWPUTER CONCENES THE GAME. IT HOPES THE')S$
WRITE('OPPONENT WILL GIVE IT AN OPPORTUNITY TO PLAY")S$
WRITE(' AGAIN')S
: 60 To BLOCKA ENDS
BLOCKAs DELTAZ(u%TABU3(1))=3% - ‘
FOR T=(1e1e4) DO BEGIN CTABLF(I)=FILECELLS(DFLTA)S
DELTA=DELTA+1 ENDS
=0%
HACKG e JsJ+15 IZ0S
BACK3, . I=I+1%
IF POSTTX(I) EQL 0 THEN 60 TO RLOCKR ELSE
IF POSITX(I) EQL CTABLF(J) THEN GO TO RACKk4 ELSE GO T BACK3S
HLOCKR e NUMOSCTABLE(J) S
WRITE('THE COMPUTER HAS BLOCKED A THREE IN A ROw ')%
WRITE( BY MOVING TO CELL'»NUMO)S
GO TO NEXTMOVES .
TEST2N. . 1=08K=0%
BACKS,«I=T1+1% .
IF 1 LEQ LOOP(2) THEN
REGIN DELTA=(4*T8820(I))=3% FOR J=(1s1s4) DO
REGIN M=J+K$® CTABLE(M)SFILECELLS(DELTA)S
DELTA=DELTA+1 END FORLOOPS
TK+4S
60 TO RACKS END
ELSE 60 TO BIRDS
BIRD.,J=US K=19%
BACK6,sJ=J+1% 1208
1F CTABLE(J) EnNL O THEN GO TO COLTS
BACK7.¢I=I+1%
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IF POSITO(I) EAL O THEw
BEGIN QOTABLE(K)=CTARLE(JU)S K=K+1%
60 TO RACKs ENDS
IF POSITO(TI) EnL CTABLE(J) THEN GO TO RACK6 ELSE GO TO BACKTS
COLT.J=1% K=2%
BACK11..1F QTABLE(J) EQL ATABLE(K) THEN 69 TO RELATED ELSE K=K+1%
IF OTARLE(K) GTR U THEN GO TO RACK11 ELSE J=J+13% K=J+1%
IF OTABLE(K) GTR 0 THEN GO TO RACK11l ELSE GO Tn REMAKES
REMAKE+ FOR I=(1+104%00P(2)) DO CTABLE(I)=DS$
FOR I=(1+10(U4xLNOP(2))/2) DO REGIN 0QCELLS(I)=QTARLE(T)$
ATABLE(I)=n ENDS
IF LOOP(5) EAQL 0 THEN GO TO RUILNSHS
TESTU2.,1=0% K=0% .
BACKB,eI=T+1%
IF I LFQ LOOP(S) THEN
3EGIN DELTAS(4*TABN2(I))=3% FOR J=(1lelet) "0
REGIN M=J+K$
CTABLE(M)=FILECELLS(NDELTA)S
VELTA=DELTA+1 ENDS%
KZK+4$ 6O TOU BACKE END%
URIOLFe,U=0% K=1%
BACK9,eJ=J+1% 1=0%
{F CTABLE(J) FQL n THEN 60 TO BULLFTS
BACKINe  I=I+1%
IF POSITX(I) EAL U THEN BEGIN ATABLE(K)=CTABLE(J)%
K=K+1% GO TO RACKI ENDS
IF POSITX(I) EAL CTABLFE(J) THEN GO TO RACK9 ELSE GC TU 8ACK10%
BULLET. . iZ1% K=2% .
BACK12+.,1F QTABLE(J) FQL ATABLE(K) THEN 69 TO BACKS50 ELSE K=K+1%
IF QTARLE(K) G6TR U THEN GO TO RACK12 ELSE J=J+13 K=J+ls
1IF QTABLE(K) GTR 0 THEN GO TO RACK12 ELSE GO TO 8UILDSa%
RELATED. « NUMO=OTABLE(U) S
. WRITE('THE COMPUTER HAS FORMEN A RELATED'")3%
WRITE(? PATR AND wILL WIN ON ITS NEXT MOVE.")%
WRITE(? IT HAS JUST MOVED TO CELL*eNIIMO)=
GO TO NEXTMOVES
BACKSN« .RELPR=QTABLE(J)S GO TO BUILDSNS
BLOCKREL « « NUMCZRELPRS
WRITE(*THE COMPUTER HAS RLOCKFD A POSSIBLE')%
wRITE ( RELATED PAIR BY MOVING TO CELL'/NUMO) B
GO TO NEXTMOVES
PRESETes IZ1% RIUXGAME=US JUZR+1%
BACK14..IF JU EQL 65 THEN REGIN WRITE('THE GAME HAS EMDED IN A TIE.")%
GO TO VERY END$%
IF PTABLE(JU) EQL POSITX(I) OR PTARLE(J) EGL PNASITO(I) THEN
BEGIN J=J+1% I=1% GO TO BACK1H4 ENDD I=T+1s%
IF PLAYER EQL 1 AND I GTR (OPPMOV=1)/2 THEN GO TO w115 ELSE
IF PLAYER FQL 0 AND I GTR OPPMOV/2 THEN GO TO M1i1s ELSE
G0 TO BACK1u4S%
M115.., NUMO=PTABLE(JU)S
WRITE('THE COMPUTER HAS MANE A PRESET MOVE TO CELL'*NUMO)$
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G0 TO NEXTMOVES
RUILDSH@..FOR F={1r1¢18) 00 BEGIN 0SO(1)=0% XSAUI)=0 EMDS
FOR J=(1s1¢18) DO BEGIN DN=4xJ=3% FOR K=(1,1»u4) DO BEGIN
M=SQ@FILES(D)S 0SO(II=0SQ{N+OFILE(MIS XSQII)=XSQUNI+XFILE(M) 3
D=N+1 END ENDS
FOR 1=(1+1+18) DO REGIN IF 0SQ(I) LSS 8 ANN XSQ(I) LSS 8 THEN BEGIN
K=XSQ(I)% J=0S0{I)s CIRCIJ,KISCIRC(Jr1K)+1% M=CIRC(JsK)%
STAB(JUsKeMIZT END ENDS
=n$ NEF=0% CH=0%
OFFCHK+ ., A=0% 2=Z+1$ IF Z GTR 17 THEN 60 TO “110%
M10S..X=MX(Z)S Y=MY(Z)$ IF TRY1l €6L 1 THEN 60 TO Milis
4108+,
IF CIRC(XeY) GTR A THEN 60 TO M107 ELSE GO TO OFFCHKS
M107e¢ ,CH=CH+1S CHKI(CH)S=Z$ IF (X=Y) LSS 3 THEN BEGIN A=A+1$
GO TO M108 END ELSE GO TO m112%
wit1l.,IF CIRC(X,Y) GTR A THEN GO TO M112 ELSE A=0%
M112..A=a+1% STARBP=STAB(XeYrA)S GO TO M102%
M110..IF RELPR 6TR 0 THEN 60 TO BLOCKRELS DEF=1% 2=0%
OEFCHK+.a=0% 2=2+1% IF Z GTR 17 THEN 6O TO FUTOFFS
X=Mx{(7)$ Y=MY(2Z)$ IF LOOP(5) GTR 0 AND CIRC(Y.X) GTR A THEN 60 TO
CHANGE ELSE GO TO DEFCHKS :
CHANGE « o IF (X=Y) LSS 3 THEN 60 TO FUTOFF ELSE A=A+1% STABP=STAB(Y»XsA)S
60 TO M102% :
FUTOFF..IF CH EGL 0 THEN GO TD PRESETS DEF=0% TRY1=1% A=D% FT=0%
M106+.FT=FT+1% IF CHK{FT) GTR U THEN GO TO M113% IF TRY2 EQL 1 THEN
60 TO PRESETS TRY2:=1$ FT=0% GO 7O M106%
M113..Z2=CHK(FT)S GO T0O M105% )
FORCSNe E=E+1% NUMOZSPOSITO(E) S WRITE(*CONTINUATION OF FORCE
SEQUENCE+*)S WRITE('THE COMPUTER HAS MOVED TO CELL'/NUMO)S
GO TO NEXTMOVES
M102.., FOR T=(1+1+7) NO BEGIN OWATCH(T1)=0% WATCH(I)=0 ENDS
FOR I=(1,1,40) DO NCTABLE(T)=0%
FOR I=(1+1,10) DO BEGIN CELL20(I)=0$ SPOSITX(1)=0%
" SPOSITO(I)=0 ENDS
D=u*STABP -3% FOR I=(1¢1+8) DO BEGIN STABLE(I)=0%
TTABLE(I)=n END$ FOR R=(1lr1+4) DO REGIN
STABLE(R)=SAFILES(D)$ D=D+1 ENDS
J=0% FOR R=(1s1r4) DO BEGIN D=4*STARLE(R)=-3%
FOR I=(1¢1,4) DO BEGIN K=J+1% RCTARLE(K)=FILECELLS(D)% D=D+1 END$%
J=Jgty ENDS :
FOR I=(1s1,4) DO STABLE(I)=0% IF DFF EQL 1 THEN GO TO DPOSS%
SPDS..J=1% K=1%
M90..FOR I={1,1+16) DO BEGIN IF POSITO(J) EGL RCTABLE(I) THEN
BEGIN SPOSITO(K)=RCTABLE{(I)S STABLF(K)=IS JU=J+1$ K=K+1$%$
IF POSITO(J) EGL O THEN GO TO M91 FLSE GO TO M90 END ENDS
J=J+1% IF POSITO(JU)Y EGL O THEN GO TO M1 ELSE GO Tn M90N%
M9l.,.J=1% K=1$
M92+.FOR T=(1+1,16) DO BEGIN IF POSITx(J) EGL RCTABLE(I) THEN
BEGIN SPOSITX(K)=RCTABLE(I)S TTABLF(K)=IS U=J+1% K=K+1%
IF POSITX(J) EGL O THEN 60 TO M50 ELSE GO TO M92 END ENDS
J=J+1s IF POSITx(J) EQL O THEN 60 TO MS0 ELSE GO Tn M92%
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OP0S.,J=1% K=1$
M93,.FOR I=(1r1916) DO BEGIN TF PNSITX(J) EGL RCTABLE(I). THEW
BEGIN SPOSITO(K)=RCTABLE(I)S STABLE(K)=IS$ JU=J+13% K=K+1%
IF POSITX(J) EGL O THEN GO TO M94 ELSE GO TO M93 END ENDS%
J=J+1% IF POSITX(J) EQL O THEN GO YO M94 ELSE GO Tn M93%
M34.,Jz=1% K=19% )
M95.,.FOR I=(1,1+16) DO BEGIN IF POSITN(J) EGL RCTABLE(I) THEN
BEGIN SPOSITX(K)ZRCTABLE(I)S TTABLF(K)=IS$ J=J+1% K=K+1%$
IF POSITO(J) EOL 0O THEN GO TO M50 ELSE G0 TO M35 END ENDS
J=J+1% IF POSITO(J) EGL O THEN GO TO MSQ ELSE GO Tn M95%
450++FOR T=(0s1+10) DO BEGIN DOFILE(1)=0% NXFILE(I)=0 END$ J=0%
MS56+eJ=J+1% IF STABLE(J) EQL 0 THEN 60 TO M57%
D=3*STARLE(J)=2% FOR R=(1+1+3) DO REGIN M=SFILENOS(D)S$
DOFILE(MISNOFILE(M)+1$ D=D+1 ENDS GO TO M5s8%
M57eeJ=0%
M5B8..J3J+1% IF TTABLE(J) EQL 0 THEN 60 TO.459%
D=3*TTARLE(J)=2% FOR R=(1¢1+3) DO REGIN M=SFILENOS(D})$
DXFILE (M)=NXFILE(M)+1$ D=D+1 END$ GO TN M5R$
M594+FOR I=(1+1¢5) DO FILE20(T)=0% J=1%
IF TRY2 EQL 1 THEN BEGIN FOR I=(1,1.10) DN IF DOFTLE(I) EAL 1
AND DXFILE(I) EQL n THEN BEGIN FILF10N=I$ D=4*I-3% FOR J=(1,1,4) DO
BEGIN M=CELLNOS(D)$ DCTABLE(J)=RCTABLE(M)S D=n+1 ENDS FOR I=(1r1+7)
DO IF SPOSITO(I) EQL DCTABLE(1) THFN 60 TO M99%
NUMO=DCTABLE(1)% GO TO M101$
M99, « NUMO=DCTABLE(2)S
M101. . WRITE('THE COMPUTER HAS MADE A 2=0 FILE IN A PRNAMISING')S
WRITE(? SQUARE RY MOVING TO CELL'»NIMO)S
GO TO NEXTMOVE END ENDS
IF TRY2 £QL 1 THEN GO TO M106%
FOrR I=(1+1,10) DO IF DXFILE(I) EQL O AND DOFILE(I) EQL 2 THEN REGIN
FILE20(U)=1% J=u+1 ENDS$ CNTFIL=JU=-1s IF CNTFIL EQL n AND TRY1 EQL 0
THEN REGIN
WRITE(' NO FORCE EXIST IN SQUARE'»STABP)S$ GO TO CYC ENDS
CNTSQR=1% GO TO M3%
M3eoK=0SFOR I=(1¢1+CNTFIL) DO BEGIN D=4*FILE2n(I)=3%
FOR J=(1s1,4) DO BEGIN R=J+K$ M=CE({ LNOS(D)$
DCTARLE (R)=RCTABLE(M)$ D=D+1 END$ K=K+4 ENDS
J=n% x=1%
Mo odzJ+1% I=NS IF DCTABLE(J) FQL N THEN GO TO M40%
M5.eI=1+41% IF SPOSITO(I) EQL N THEN RFGIN CELL20(K) =nCTABLE(J)% KZK+1%
GO TO M4 END $
IF SPOSITO(I) EQL DCTABLE(J) THEN GO TO M4 ELSE GO TO M5%
M40e. Jz0S C=0$ )
M=4xCNTFILS FOR I=(1,1+M) DO NCTARLE(I)=0%
M71es J=U+1% IF OGCELLS(J) EGL 0 THEN G0 TO MBROS
FOR I=(1+1,16) DO IF RCTABLE(I) EQL OQCELLS(J) THEN BEGIN
IF DEF ESL O THEN BEGIN
RSCNTFIL#*2% FOR K=(1,1+R) N0 REGIN IF RCTARLE(I) EnL
CELL20(K) THEN GO TO M71 END ENDSC=C+1%
OWATCH(C)=RCTARLE(TI)S GO TO M71 END$ GO TO M71%
M80+¢ J=0% C=0%

BuS
Bub6
Eub

Bu?7
BuUB
Eus

Bu9
B50
ERO
851
ER1
R52

B53
Be4

ES3

BS5S
B%6

B57
B58
E58

B59
ER9

BAO
B61
ER2
E6O

EUS

ES4

ES2

ESS

ES6

ES7

Bbh2
E61




301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323
324
325
326
327
328
329
330
331
332
333
334
335
336
337
338
339
340
341
342
343
3uh
345
346
347
348
349
350
351

M41..J=J+1S IF GTABLE(J) EGL n THEN 60 TO M6S
FOR I=(1+1+16) DO IF RCTABLE(I) EQGL GTARLE(J) THEN BEGIN
IF DEF EOL 1 THEN BEGIN
R=CNTFIL*2% FOR K=(1,1+R) DO BEGIN IF acrAaLE(I) EnL
CELL20(K) THEN 60 TO Mul END ENDSC=C+1$%
WATCH(C)=RCTABLE(I)S 60 TO M41 ENDS GO TO wm4ls
M6e s COUNT20=2%CNTFILS :
WRITE('RCTABLE'»RCTABLE)S
WRITE('SPOSITO®»SPOSITO)S
WRITE('SPOSITX'+SPOSITX)S
WRITE('WATCH' »WATCH)S
WRITE('OWATCH' »OWATCH) S
IF TRY1 EQL 1 AND ONATCH(1) GTR 0 THEN REGIN NUMO=OWATCH(1)$%
WRTTE(*THE COMPUTER HAS MADE A 3-0 FILE IN HOPES OF STARTING')S
WRITE(? A FORCING SEQUENCE. IT HAS MOVED TO CELL'+NUMO)S
GO TO NEXTMOVE ENDS
IF TRyl EQL 1 THEN GO TO M106%
FOR I=1+4¢13¢16 DO BEGIN FOR J=(1+1,COUNT20) PO BEGIN
If RCTABLE(I) EQL CELL20(J) THEN Gno TO M7 END ENDS
GO TO CNTFS
M7ee ®¥SCELL20(1)$ R=CELL20(2)s CELL20(1)=CELL20(U)S
IF JEGL 1 OR J EQL 3 OR J EQL 5 OR J EQL 7 THEN N=J+1 ELSE N=J-1%
CELL20(2)=CELL20(N)$ CELL2n(J)=KS$ CELL20(N)=RS
CNTF.. IF CNTFIL LSS 2 THEN 60 TO CNS@s
J=1% K=2%
M9..IF CELL20(J) EGL CELL20(K) THEN 60 TO DRELS K=K+1%
IF CELL20(K) GTR O THEN GO TO M9% J=J+1% K=J+1$
IF CELL20(K) GTR 0 THEN 60 TO M9$
60 TO CNSOS
DREL..E=x+1$ IF DEF EQL 1 THEN GO TO NEFO03s
NUMO=SPOSITO(E) $FORCESEQ=1S
WRITE('THE COMPUTER HAS STARTED A FORCE BY MOVING TO CELL',NUMO)S
WRTITE('SPOSITX=sSPOSITOSs TREE(CNTSRr1)=sCNT=eCNTFIL =+ CNTSQ=",
SPOSITXe SPOSITOr TREE(CNTSGe1)eCNTe CNTFILe CNTSQ)S
WRITE(CELL20)S )
N=0+1% SPOSITO(N)IZCELL20(J)S GO TO NEXTMOVES
NEF03, «NUMO=SPOSITO(E) S
WRITE('RLOCKED A POSSIBLE FORCE BY MOVING TO CELL',NUMO)S
GO TO NEXTMOVES
CNSQe«. FOR I=(1¢1,10) DO TREE(CNTSQrI)=CELL20(I)S
M27.+.CNT=1% Q=CNTSQ+XS$
M12..SPOSITO(Q)=CELL20(CNT)S
J=n$ FOR I=(0+1+10) DO BEGIN DOFILE{T) =0% DXFILE(TI)=0 END%
M13..J=J+1$ IF SPOSITO(J) EGL O THEN GO TO Mius
FOR I=(1¢1+16) DO IF RCTABLE(I) EQL SPOSITO(J)
THEN REGIN D=3%*I-2% FOR R=(1r1,3) nO BEGIN M-SFILFNOS(D)S
DOFILE(M)=NOFILE(M)+1$ D=D+1 ENDSGO TO M13 END $
M1l4.eJ=0%-
M15..J5J+18 IF SPOSITX(J) EGL O THEN GO TO M1s$
FOR I=(1+1+16) DO IF RCTABLE(I) EGL SPOSITX(J)
THEN BEGIN D=3*%I=2$% FOR R=(1+1,3) NO BEGIN M=SFILFNOS(D)S
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DXCILE(MIENXFILE(M)Y+41% D=D+1 ENDS GO T2 M15 EnD%

Mlbee FOR I=(101+5) N0 FTLE20(I)=0% J=13%

FOR I=(1+1+10) DO IF DXFILF(I) EQL O AND ODOFILE(I) EQL 2 THEN
BEGIN FILE20(JU)=I% J=J+1 END® CNTFIL=J=-1% IF CNTFIL GTR 0 THEN
GO TO RK3% CNT2=0%

M17¢«CNT=CNT+1% SPOSITO(Q)=03% IF CNT2 EGL 1 THEN REGIM KZCNTSA+Y$
SPNASITX(XK)=0 END® TF CNT GTR COUNT20 THEN GO TO RENO% N=CNT-1%
FOR T=(1s1,10) DO REGIN IF TREE(CNTSO:I) GTR U AND

TREE(CNTSQrI) LSS 1000 THFN BEGIN SAVETR=TREE(CNTSQ@,I)%
TREE(CNTSR,1)=1000% G0 TO M12 END ENDS

HK3e o NSCNTS J=N+1% I=N=1% RZCOUNT20% k=CNTSO+YS$
IF R EAL 2 OR R EGL 4 OR R EQL & nNR R EQL 8 THEN REGIN
IF N EQL 1 OR N EGL 3 OR N EOQL 5 Or N EGL 7 THEN BFGIN
SPASTTX(K)=CELL20(J)% GO TN M21 ENN ELSE SPOSITX(K)= CELL2n(I)®
G0 TO M21 END%

IF N EQL 1 THEN BEGIN SPOSITX(K)=SAVETR$ 60n TO M21 END%
IF N EQL 3 OR N EQL 5 OR N EQL 7 THEN SPOSITX(K)=CFLL20(TI) ELSE
SPASTTX(XK)=CELL20(J)F GO To M21%

M21ee¢TF C GTR O THEN FOR 1=(1,1»C) DO IF NEF FQL 0 THFEN IF SPOSITX(K)
EQL WATCH(T) THEN REGIN CNT2=1% GO TO M17 END FELSE IF SPOSITX(K) EnL
OWATCH(I) THEN BEGIN CNT2=n% GO TO M17 ENN%

FOr I=(31,1+16) DO IF RCTABLE(I) EQL SPASITX(K) THEM BEGIN
D=3A%T=2% FOR R =(1+1+3) DO BEGIN MISFILENOS(D)S
DXFILE(M)ZNXFILE(M)+1$ D=D+1 END® GO TO M22 ENDS

M224 ¢ J=0%

M23.0J=J+1% IF J GTR 10 THEN GO TN M2R$
IF DXFILE(J) EGL 3 AND DOFTLE(J) EQL U THEN GO TO w24 ELSc
GO TO v23s%

M2U4 .+ CNT2=1% GO TO M17%

M254+FOR I=(1s1010) DO CFLL20(T)=US%

FOR 1=(1+1,40) DO NCTABLE(T)=0%

K=n% FOR I=(1+1+CNTFIL) DO BEGIN D=u4*FILE2N(I)=3%
FOR Jz(1,1e4) DO BEGIN R=J+KD MZCELLNOS(D)S

DCTa5 E(RI=RCTARLE(M)$ D=D+1 ENDS

K=K+4 END%

J=n% x=1%

M26eeJ=J+1% I=0% IF DCTABLE(J) EQL O THEN GO Tn M32%

M32.«T=T+1% IF SPOSITNA(I) EGL U THEN REGIN CELL20(K) =DCTABLE(J)D K=K+1%
GU TO M26s FND%

IF SPOSITO(I) EQL NCTARLE(JY) THEN 6O TO M2 ELSE GN TO M32%

M33+« COUNTO2NZoxCNTFILS CNTSO=CNTSQA+1S
IF DEF EOQL 1 THEN GO T0 M73% K=1¢

M756+TF OWATCH(K) EGL O THEN GO TO CNTF$ J=1%

M74eeTF CELL2N(J) EGL OWATCH(K) THEN O TN DRFELS
J=J+1% IF CELL20(J) GTR 0 THEN GO TO M74 ELSE K=K+1% GO TO 475%

M73.eK=1%

M76++1F WATCH(K) EQL 0 THEN GO TO CNTF$ J=1%

MT77e«1F CELL2N(J) EOL WATCH(K) THEN GN TO NRELS
Jz=J+1$ IF CELL20(J) GTR O THEN GO TO M77 ELSE K=K+13 GO TO M76%

REDD..FOR I=(1¢1¢10) DO CELL20(1)=0%

FOR I=(1¢10,10) DO TREE(CNTS@,»I1)=0%
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M28.++ CNTSR=CNTSO~1%
IF CNTSQ EOL O THEN REGIN
WRYTE(*THERE IS NO CONTINUNUS FORCF IN SQUARE'»STARP)S
CYCeoTF CIRCIXsY) GTR A AND DEF EAL O THEN 60O TO M107%
IF CIRC(YrX) GTR A AND DEF EQL 1 THEN GO To CHANGES
TF DEF EQL O THEN 60 TO OFFCHK ELSE 60 TH DEFCHK® END%
FOR I=(1+1¢10) DO REGIN IF TREE(CNTSR,I) GTR 0 AND -
TREF(CNTSQrI) LSS 1000 THEN BREGIN SAVETR=TREE(CNTSE,I)S%
TREE(CNTSQ,I)=1000% GO TO w30 FND FNDS
M29++FOR I1=(1,1010) DO TREE(CNTS@,I)=n% R=CNTSQ+X3 JEONTSO+YS$
SPNASITX(J)=0% SPOSITO(R)=0% GO TO m28%
M30e+RTCNTSO+XS SPOSITO(R)=0% J=CNTSQ+Y$S SPOSTITX(J)=0%
For J=(1,1+10) DO REGIN I=T+1% CELL20(J)=TREE(CNTSRs/I)%
IF CELL20(J) EQL 1000 THEN BEGIN CELL20(J)=0% 60 TO M31 END%
IF CFLL20(J) EQL 0 THEN GO TO M31 ENDS
M31..00UNT20=J=1% IF. J EQL 1 NR U EQL 3 OR J EQL 5 OR J EGL 7 THEN
J=J+1% CNTFIL=JU/2%
GO TO M27%
VERYe. WRITE('POSITO TARLE®")S
FOR I=(1+s1,(OPPMOV/2)) DO WRITE(POSITO(IN)S
WRITE('POSITX TABLE")S
FOR T=(1+1s(OPPMOV/2)) DO WRITE(POSITX(IN)S
GO TO NxGM$
COVPL ,oFINISH

COMPILATION COMPLETED
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COMPLETE LISTING OF DATA= INCLUDING INFORMATION IN THE | ISTS.

SQFILES LIST
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SFILENOS LIST
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FILENOS LIST
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FILECELLS

25
57
20
49
70
29

27
62
32
43
39
36

30
69

LIST

23

46

44
39
62
50
60
55
50
21
55
26
60
31
52
30
52
27
61
22
6u
27
13

73 .

47
26

21
59

41
35

33
bu

51
66
37
59

1iu
13
23
20
3n
29
39
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46
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52
62
61
19
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24
58/
29
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22
6u
19
57
27
62
25
51
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CELLNOS LIST
1
11
2
12
PTABLE LIST
10
18
“7
1
42
14
25
MX SWITCH LIST
' 5

6
MY SwITCH LIST

0

3
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16
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6n
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Page L o
7 Line 10 oo owWould involve,..
16 Line 2 ...function f as'a mapping
of a Cartesian..,
17 Line 3 8, = b
Tt { Spig = Tlspy oo %)

Sp5 = 8(o4.99 73)

17 Next to last line .++88 one which yields a
state in or,

20 Line 4, third paragraph '°°b2pﬁl € Op if bq € Ogpoee

32 Figure 5;2 Cartesian,..

33 Line R .;.one is;;;

33 Line 5 .;;but stopping to explore
at... ‘

36 Line 16 e sabOVe are not;,.

48 Line 2 °.;thraa 1-0 files..;

73 Line 4 c.;mada'on the basis of the
eXCeS8. ..,

82 Line 4 The situation;,.

82 Line 7 ;;;1ead,to terminal;.g

87 Line 3 ..;Tabla V...

87 Line 5 ;;.prcve to be valuable;;.

87 Flow chart, second ;;;af three cells..,
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