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Just the same way as we put the Next Assembly
Quantities into a tabular form, we put the Total Re-
quirement Factors into a table too.** To illustrate
the case, Figure 4 shows the Total Requirement
Factor Table associated with the illustrative ex-

ample in Figure 2.

| 2 3 4 5 6 7 8 9
1{1 3 03 00 It I |
2|0 1 © 0O 00 00
37 331 27 3 0 I3 10 10
4/0 0 01 0 00 0O
5|2 00 8 I 0 4 3 3
6|2 120 8 I | 4 3 6
7{01 01 00 1 00O
8/{0 2 00 000 I |
9/o0 0 0 00 00 0 1I

Fig. 4. Total Requirement Factor Table. Observe, say,
the second column relating to A,. The third element from
the top in this column relates to and displays the nume
ber 33.  This means that 33 A.’)’s are required (in total) for

each Az.

We agree that each 4, takes four of 4;’s in total.
In Figure 4, in the fifth row, under the seventh col-
umn, the number 4 is listed. The figure shows that
33 of A4 is required for each 4,. Verification of
this in Figure 2 requires a careful tracing of the
various arrows. This tracing in Figure 2 can be de-
scribed by the following statement:

Total number of 4.’ srequired for each A, 2
(Number of A5’s going directly into' each 4;)
* (Total number of Al’s required for each Az)
+ (Number of 4;’s going directly into each 4,)
* (Total number of A,’s required for each 4,)
+ (Number of 4;’s going directly into each 4y)
* (Total number of A4g’s required for each 4,)

»Note that we put “O’s” in the diagonal. This again
makes the mathematical development easier.

Note again, carefully, the distinction between
the statement “total number of A’s required”...and
“number of A’s going directly into...”

We proceed now to put the above statement into
mathematical form. We denote by N, the Next As-

1
sembly Quantity, which indicates the number of 4;’s

going directly into an4_. Furthermore, we denote by

Tp i the Total Requirement Factor, that is the total
aumber of 4,’s required for each 4;. Then the state-

ment above can be written as:

Tio Ng "L N p T o Ny g Ty (1)
or .
_ )
Ts,0 § NS,P TP»Z

A schematic representation of these two equations
is given in Figure 5.
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Fig. 5. Schematic representation of the equation

T5,2 - gNs,p Tp,2

The second number of the fifth row of the T Table equals
the “‘scaler multiple’’ of the fifth row of the N Table and
second column of the T Table:

10=2x3+4+0x1+0%33+0x0+0x10+0x12

+2x1+1x2+0x0

[t is quite plausible now to believe that the above
formula can be generalized for any pair of articles
4; and Ai; therefore, we write that

Tj = §Np " Toy ¢ 7i (3)

Our conveation about the “diagonal” elements can
be written as

(4)

=
1!
[

0 (5)

Equation 3 can be written in a more concise form by
using matrix algebra:
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[T] =[1—:’—N-] (6)

where [/] denotes the unit matrix. It can be seen
then, that our first problem, the problem of the de-
termination of the Total Requirement Factors, leads
to a problem in matrix inversion, as shown by (6).
Or, to say it in another way, our problem is t solve
the system of equations (3), (4) and (5) for the un-
known T’s., If these mattrices had no special prop-
erty, it would be practically impossible w carry
through this computational task for thousands of ar-
ticles. Fortunately, most of the elements on the
matrices are zeros and the matx is '‘triangular”
and, consequently, special computational procedures
can be developed, ‘

At this stage, we have a formula for determining

the parts required for each shippable article; the -

next problem of determining requirements to meet a
given shipping schelule can be handled relatively
easily. Suppose we are shipping only Articles 4,
4,, 4y, and 4;, the last being a spare. How do we
compute the quantity of As’s required? Clearly

Quantity of 45’s required =

(Total number of As’s required for each 4,)
x (shipping requirements of 4y)
+ (Total number ot 4,'s required for each 4,)
« (shipping requirement of 4,)
+ (Total number of Ay ’s required for each 4g)
x (shipping requirement of ‘4g)
+ (Shiéping requirement of 4g)

In order to put this in mathematical form, we intro-
duce the notation that the shipping requirements are

given by §,, §,,... and that the unknown requirements
for the articles are X;, X,,... With this notation the

above verbal statement can be written as

X

s TS T 05 T oS tSy (D

This equation can again be written as

Xs = %Ts,k'sk (8

Again, it is plausible to generalize for any article

A,.:

X, = 3%k S 9

This last equation then gives a method of determin-
ing the quantity of each article required, oncethe T
matrix is known. It is important to recognize from
the computational point of view that most of the §’s
are zero, as usually only a small fraction of the ar
ticles manufactured are shippable,

THE PROBLEM OF SCHEDULING

So far, we have concemed ourselves only with
the problem of quantities required. Now we propose
to introduce the dme element, We will assume that
our hypothetical factory operates in production peri-
ods, and we will assume that the shipping require-
ment is given, for each article, in each petiod. The
question we prop se to answer now is how many of
each article is to ke made in each period.

In every manufacturing process, articles must be
made in a certain technological sequence. By in-
specting Figure 2, one can see that, say, Article 44
must be completed before A4y can be started, as 4
is required when 4y is to be assembled, The ques-
ton is, then, how long does it take to make 4o

and how much time should be allowed for making it.

Fig. 6 represents a routing sheet for manufacturing
a certain article; the various operations, standard
machine and labor hours required are shown. However,
the time required from start to completion is not
shown, as further inquiry into the method of manu-
facturing must be made, before this "make-span” can
be determined.

Suppose first, that say, A  is manufactured on an

assembly line. By a detailedaanalysis of the method
of expending labor, and the time required between
operations, the “"assembly flow time” for Ag can be
determined. To this time one must add the time re-
quired to transport Ag to the assembly line, which
produces Ag; the total of these times is the “make-
span” of Ay and this is the time allowance that must

be allowed when developing the production schedule.
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PART NAME: SEAL STATIONARY FUEL NO. §3-12972

MATERIAL: NITRALLOY €2 OR ‘G MODIFIED 1} RD SHEET NO. | OF |
OPERATION OPERATION [ OEPARTMENT[ ' STANDARD HOURS PER 100

NO AND GROUP MAN MACH.

FACE,DRILL,REAM.ETC. | 10-4270 | 301-45 1002 | HH 2 22

COPPER PLATE 13- PURC|HASED

DEGREASE 4 - PURC NASECT’

DRAW TO SPEC 50| 6 - PURC[HASED

RECEIVE

HARDNESS INSPECT 25-6900 314-89 5508 20n

ROUGH GRIND ETC. 30-2840 | 305-52 2404 13 H R

NITRIDE TO SPEC ®1600 | 55- \ PURC|HASED

FINISH GRIND FLANGE SIDE 65-2040 305-52 2404 IS H

MAGNETIC PARTICLE INSPECT| 90-6900 314-685 5612 42H

DEMAGNETIZE 12-6900 314-89 5508 Ol H

STOCK 362 -

Fig. 6. Typical Factory Routing Sheet

\On the other hand, suppose that A is manufactur-
ed in a job shop; that is A, is manufactured in various
lots, at various times. What should the make-span of
Ag be in such a case? It turns out that here the make-
spans primarily depend on the number of operations
required, as most of the time is spent by the lot
“waiting” for the next operation. Such a situation is
shown in Fig. 7, where time required is plotted
against number of operations.

In both cases, it is convenient to assume that there
is such a thing as a make-span associated with each
article. By combining these make-spans, it is possi-
ble to establish set-back charts as illustrated in Fig.
8. It can be seen,for instance, that A is allowed
eight production periods, 5 periods of manufacturing
Ay, and 3 production periods as a safety factor or
“cushion.” The set-back chart tells us that, say, A,
must be started 19 production periods prior to the
shipping day of A,. If, say, 100 of A, must be shipped
in the 30th production period, then 3(100) of A, must
be made in the 11lth production period, as each A,
requires a total of 3 A.’s.
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Fig. 7. Statistical Relationship between Number of Opera-
tions and Make Span.
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Fig. 8. Setback Chart in Assembly 49 as an Example,

the Setback of AI is 16.

However, this is not all: As’s are also required
for shipping A,’s and A,’s. If A,, A,, and A are
shipped as spares, there will be additional require-
ments for A.. In order to handle this problem, we
assume that a complete setback chart is developed
“in” each article (Fig. 8 is the setback chart "in” Aj)
and that a setback matrix, as shown in Fig. 9 is
developed, where each column represents a setback
chart. This table in Fig. 9 shows, for instance, that
in order to ship A2’s, (second column), As’s (fifth
row) must be made in advance of 18 periods.

Suppose now that the shipping schedules are
given in tabular form as shown in the upper part of
Fig. 10, where each row refers to an article and each
column to a production period. Suppose that the
manufacturing schedules are to be developed as
shown on the lower part of the figure. Let xs'“k (the
number in the k’th row and m’th column) denote the
number of A ’s to be shipped in the m’th period and
let x;'denote the quantity of A, to be manufactured
in the same period. Then, for instance,

11 - 519 29 30 14 24
x5l =2s)0 +10s3° + 8570 +5.% + 453 4 (10)

22 30
3s8 + 3s9

1 2 3 L4 5 6 7 8 9
1| 5|{15| 0|16| o| of10| 8|16
2l o| 7]10] 0|l o] o] o]l of o
30 1323 o0}|2h| 8| o|18]16]| 24
4| ol of{o]l 6]l 0] 0] ojo]| o
5] 8[i18 | o0}j19]| 3] 0|13j11]19
6] 10j20]0|21] 5} 0fl15|13|22
71 oJi2jol1r|ofjo} 5] 0
8] oj1w0|lo|lo]Jo]lo] o 1
9l oj oflo]lo]lo]o] ol o] 8

Fig. 9. Setback Matrix [0]. Each column represents a
setback chart. For instance, the ninth column represents
the setback chart shown in Figure 8.
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PRCDUCTION PERIODS
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Fig. 10. Representétion of the Scheduling Equation.
211 19 29 30 14
3 Tasy # T 9%+ T 530+ T o s
+ 24 4 22 30
T5,7 7 T5,8 38 ¥ T5,9 89
as shown schematically in Fig. 10. A somewhat
simpler schematic representation is shown in Fig. 11,
where the various shipping schedules are transposed
or set-back so that the method of computation be-
comes matrix multiplication.
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Fig. 11. Scheduling asa Problem in Matrix Multiplication.
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Let us denote by o, . the set-back of A, in A, ; then
this number is shown in the i'th row and j’th column
of Fig. 9. With this notation, equation (10) can be
written as :

Ute g ) 1itog o “+°'s.4

xg!=2s) +10s, +8s

X5

11t 11+ 1140 11+v
S5 5,8 tds, 5'7+338 58+3s 5.9

(11)

This same equation holds not only for the 1lth
period, but for any production period m and so we can
write

m+as L
x“‘,u‘z T s ’
5 X 5,k 7k . (12)

&

Again, the equation holds not oaly for A,, but for
any article A:
m+q .
i, .
2 T, Sy (13)

This last equation is our scheduling equation: it
relates the unknown number of articles to be manu-
factured to the given shipping schedule.

ARTICLES

Tn,i

CLASSES OF LABOR

Fig. 12. Manhours Requirement Matrix.

MACHINE LOADING

Finally, we proceed to the machine hours computa-
tions associated with the schedule. We assume that
each article is routed through a number of machines
and that the standard times are available from routing
sheets similar to Fig. 6. This information is to be
represented as a T, i matrix shown in Fig. 12, where
T, ; denotes the number of hours required on machine
type n, to manufactured article A,.

The total labor hours required in production period m,
on machine type n, is given by the matrix multiplica-
tion relationship

=iz T X7 (14)

as. shown schematically in Fig. 13. When equation (14)
is combined with equation (13) we get

+
meS ST s Lk (15)
i k xk k

This last equation relates the machine hours associ-
ated with the given shipping schedule.

In these formulae we neglected set-up time. If
this is important, the formula can be modified by
adding these set-up times. Man hour computations for
assembly or other type of labor can be computed in a
similar fashion.

In summary, then, we see that if a shipping schedule
is given, equations (3), (9) and (13) allow the computa-
tion of the number of articles that must be manu-
factured in each production period; equations (14) or
(15) allow determination of the machine hour require-
ments in these production periods. All these equations
are formulae from matrix algebra.

ADVANTAGES OF USING MATHEMATICAL MODEL

The mathematical model developed in this paper
describes the problem of parts listing and sched-
uling (or at least some aspect of the problem) better
than a verbal description. The concepts used in
the mathematical model, such as the next assembly
quantity, total requirement factor, the set-back time,
are all concepts currently used in industry. It is
believed, though, that setting these concepts into

. mathematical form and stating their inter-relation-

ship mathematically greatly contributes to the clear
understanding of these concepts, and also to the
comprehension of their quantitative inter-relation-
ships.
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Fig. 13. Scheduling of Labor with Matrix Multiplication:

We proceed now to describe the advantages to be
gained from the use of mathematical models in this
" or other management fields:

1. A mathematical model indicates what data should
be collected to deal with the problem quantita-
tively.

In our particular case, for instance, the concept
of set backs is brought into focus. From the pre-
sentation youmight think that thisis quite astraight-
forward concept, and used by all manufacturers. The
fact of the matter is that the concept is not usually
used in a very clear-cut fashion. Different people
in different plants, or even within the same plant,
have a different notion of what these set-backs are.
Such vagueness in concepts leads to a great deal
of frustration and lost motion. The advantages to
be gained by a common understanding as imposed
by the mathematical model, leads to significant ad-
vantages in production control.

2. A mathematical model establishes indices of ef-
fectiveness and control.

We can again refer in this particular case to the
concept of set-backs. Once this concept is firmly
‘understood it leads to a method of control of a par-
ticular production department. As time goes on one
can determine whether this particular department is
improving or getting worse. Or, again, it is possi-

ble to compare various departments and see how
their particular effectiveness compares.

3. The mathematical model makes it possible to use
mathematical techniques that otherwise appear 16
have no applicability to the problem.

Who would have thought that matrix algebra is
applicable to parts listing? The advantage to be
gained by using a known mathematical technique is
not to be ignored. We have found that when the de-
tailed computational techniques for parts listing
and scheduling are developed, known mathematical
techniques from matrix algebra become of importance.

4. The mathematical model makes it possible to
deal with the problem in its entirety and allows o
consideration of all the varicbles of the problem
simultaneously.

In our particular case, relationships were deter-
mined between the shipping schedule, the number of
parts manufactured in each production period, and
the labor loads imposed by this particular shipping
schedule. If any of these production variables are
changed, our equations permit the determination of
the effect of these changes on the other production

~ variables.
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5. The mathematical model is capable of being en-
larged, step by step to a more comprehensive model,
to include factors that are neglected in verbal de-
scripfions.

There are many important factors that are left
out of our mathematical model. For instance, we
have not talked about inventory levels, accounts
payable or accounts receivable. Let us stress here
that the mathematical model presented here is only
a beginning. We have found, however, that when
dealing with specific problems it is possible to in-
clude these other factors by modifications of the
mathematical model.

6.. The mathematical model uncovers relations be-
tween the various aspects of the problem which are
not apparent in the verbal description.

- When we developed this mathematical model fur-
ther,v we discovered relationships between inventory
levels and tightness of schedules. When set-backs

are made large, large inventories follow, but the’

plant manager finds it easier to keep the schedule.
On the other hand, when setbacks are made short,
inventory levels go down, but effort and expense
must be expended in keeping this tight schedule.

7. The mathematical model prepares the groundwork
for the introduction of large-scale electronic data
processors.

The scheduling of manufacturing operations re-
quire the processing of large amounts of data. It
is expected that in the future large-scale electronic
data processors will be able to handle the bulk of
this data processing, and, therefore; that electronic
computers will play a prominent role in production
control. Manufacturing firms making plans for the

intreduction of electronic computers are experienc-
ing considerable difficulty in introducing these com-
puters effectively. Electronic computers by their
nature are machines that compute and perform logi-
cal operations, and, consequently, the problem of
obtaining solutions through electronic computers
can be greatly alleviated by the introduction of mathe-
matical models.

8. The mathematical model frequently leads to a
solution that can be adequately described and justi-
fied on the basis of a verbal description.

The mathematical model described in this paper
uses such concepts as the next assembly quantity
matrix, total requirement factor matrix, set-back
matrix, etc. This does not mean, however, that the
various operating personnel dealing with these vari-
ables, must learn the mathematics of matrix algebra.
These people usually deal only with certain zones
of the problem, and itis usually possible to describe
these various zones without using mathematical e-
quations.

Let me thank you now for bearing with me—vol-
untarily, or involuntarily——in developing this long
argument in favor of the use of mathematical models
in management and business. As a final note let
me point out that mathematical models perhaps
should be compared with maps. Most of us use maps
to find our way around when we travel. However,
the multitudes of problems that beset us while trav-
eling are not usually blamed on the maps we use.
Mathematical models will become more and more im-
portant in business; they will help to describe and
to solve management problems. However, a mathe-
matical model does not necessarily include all the
facts of a business situation, and we should not
plan to obtain solutions to management problems by
**formulas.”’ ‘




