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a certain shipping schedule is often referred to as 
the problem of parts listing. Therefore, we proceed 
now to establish a mathematical model; that is, a 
system of equations, that describes the problem of 
parts listing in a manufacturing firm. 

A MATHEMATICAL MODEL FOR PARTS LISTING 

The basic information required for production con­
trol is usually listed on so-called assembly parts 

lists. An example, shown on Figure 1, refers to a 

Panel with part number 435090012. This "Makes 
Assembly" is made up of seven different articles 
as shown on the parts list under the heading N. A. 
QTY. (next assemblies quantity). It is shown how 
many of these articles are needed. Thus, the bush­
ing part number 420990309 is required in a quantity 
of three for each of the panels 435090012. 

There would be a similar sheet for every assem­
bly, and in our hypothetical factory there would be 
perhaps a few thousand of these sheets. Our first 
problem, then, is to put this information into con­
cise mathematical form. Before we do this it will 
be useful to think of this problem in terms of a 
graphical representation. Figure 2 shows a simpli­
fied situation with three top assemblies and a total 
of nine articles. 

Fig. 2. The Gozinto Graph is a pictorial representation 
of the parts reCJ!lirements. The next assembly quantities 
can be observen directly by counting the arrows on each 
connecting line. Total �r�e�q�u�i�r�~�m�e�n�t�s� cannot be observed 
directly but can be deduced. 

The Next Assembly Quantities are shown by the 
arrows on the figure. The various N ext Assembly Quan­
tities shown on Figure 2 are represented in a tabular 
form in Figure 3, and this Next Assenbly Quantity Ma­
trix is a concise mathematical representation of the 
information contained in the assembly parts list.· 

I 2 3 4 5 6 7 8 9 

I 0 0 0 2 0 0 I I 0 

2 0 0 0 0 0 0 0 0 0 

:3 I 0 0 0 3 0 0 0 0 

4 0 0 0 0 0 0 0 0 0 

'5 2 0 0 0 0 0 2 I 0 

6 0 2 0 0 I 0 0 0 3 

7 0 I 0 I 0 0 0 0 0 

8 0 2 0 0 0 0 0 0 I 

9 0 0 0 0 0 0 0 0 0 

Fig. 3. Next Assembly Quantity Table. This is a con­
cise mathematical representation of the information con­
tained in the Assembly Parts Lists. 

For instance, it can be seen either from Figure 2 
or Figure 3 that each Article 7 or A7 takes two As's 
directly. We use the word "directly" advisedly as 
A7 requires, in total, four of As, as A7 requires two 
A l's directly and each Alt in its turn, requires two 

of As directly. We are, of course, interested to know 
how many of each article is required in total (di-

'rectly or indirectly) for each other article. This in­
formation cannot be read directly from the Next As­
sembly Quantity Table, and our problem is how to 
determine these Total Requirement Factors from the 
Next Assembly Quantity Table. 

* Note that we put "1 's" in the diagonal. This makes the 
mathematical aevelopment easier. 
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Just the same way as we put the Next Assembly 
("luantities into a tabular form, we put the Total Re­
quirement Factors into a table too.·· To illustrate 
the case, Figure 4 shows the' Total Requirement 
F actor Table associated with the illustrative ex­
ample in Figure 2. 
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33 

0 

10 

12 
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0 
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0 0 0 

I 27 3 

0 I 0 

0 8 I 

0 8 1 

0 1 0 

0 0 0 

0 0 0 

6 7 8 9 

0 I I I 

0 0 0 0 

0 13 10 10 

0 0 0 0 

0 4 :3 3 

I 4 3 6 

0 1 0 0 

0 0 I I 

0 0 0 1 

Fig. 4. Total Requirement Factor Table. Observe say 
the serond column relating to Ar The third eleme;t fro~ 
the t1, in th.is column relates to A3 and displays the num­
ber 3. ThIS means that 33 A3's are required (in total) for 
each A2• 

We a.&ree that each A7 takes four of As's in total. 
In Figure 4, in the fifth row, under the seventh col­
umn, the number 4 is listed. The figure shows that 
33 of A 3 is required for each A2 • Verification of 
this in Figure 2 requires a careful tracing of the 
various arrows. This tracing in Figure 2 can be de­
scribed by the following statement: 

Total number ofAs'srequired for each A2 ~ 

(Number of As's going directly into l each AI) 

• (Total number of AI's required for .each A2 ) 

+ (Number of As's going directly .irito e~ch A7) 

• (Total number of A7 's required for each A2) 

+ (Number of As's going directly into each A ) 
. 8 

• (Total number of As's required for each ~) 

.... Note that we put "D's" in the diagonal. This again 
makes the matliematical development easier. . 

Note again, carefully, the distinction between 
the statement "total number of A's required" ... and 
"number of A's going directly into ... " 

We proceed now to put the above ~tatement into 
mathematical form. We denote by Ni,p the Next As­
sembly Quantity, which indicates the number of Ai's 

going directly.into anA • Furthennore, we denote by 
p 

Tp,j the Total Requirement Factor, that is the total 

number of ~ 's required for each 1. Then the state­
ment above can be written· as: 

( 1) 

or 

T = 2: N T 
5,2 P s,p p,2 

(2) 

A schematic representation of these two equations 
is given in Figure 5. 

3 
,--- -------- ---~-- - I 
I 
I ,----------- -- -33 
I 
I I r----------f--- - 0 

5 
I I I 

(@] i- 2 0 0 00 o 2 I 0 5-
~-r-·I-i- --- -12 

I I 
I 

I 
2 

L -- f-- 0 

N TABLE T TABLE 
Fig. 5. Schematic representation of the equation 

T = 2.N T 
S,2 P s,p p,2 

The second nu~ber of the fifth row of the T Table equals 
the "scaler multiple" of the fifth row of the N Table and 
second column of the T Table: 

10 = 2 x 3 + 0 x 1 + 0 ><33 + 0 x 0 + 0 x 10 + 0 x 12 

+2xl+lx2+0xO 

It is quite plausible now to believe that the above 
formula can be generalized for any pair of articles 
Ai and Aj ; therefore, we write that 

(3) 

Our convention about the "diagonal" elements can 
be written as 

N· . = 1 " , ( 4) 

T . . = 0 ',' 
(5) 

Equation 3 can be written in a more concise form by 

using matrix algebra: . 
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[T] =[/!NJ (6) 

where [I] denDtes the unit matrix. It can be seen 
then, that Dur first prDblem, the prDblem Df the de­
termination of the Total Requirement Factors, leads 
to a problem in matrix inversion, as shown by (6). 
Or, to' say it in anDther way, Dur problem is to solve 
the system Df equatiDns (3), (4) and (5) for the un­
knDwn T's. If these matrices had no special prop­
erty,. it wDuld be practically impossible to carry 
thrDugh this cDmputatiDnal task for thDusands of ar­
ticles. FDrtunately, most Df the elements Dn the 
matrices are zeros and the matrix is "triangular" 
and, consequently, special cDmputatiDnal procedures 
can be developed. 

At this stage, we have a formula fDr determining 
the parts required for each shippable article; the 
next problem O'f determining requirements to' meet a 
given shipping sche:Iule can be handled relatively 
easily. SuppDse we are shipping only Articles A2 , 

A4 ' ~, and As, the last being a spare. How dO' we 
CDmpute the quantity Df As's required? Clearly 

Quantity Df As's required = 

(TDtal number of A 's required fDr each A2 ) 
s 

x (shipping requirements Df A2 ) 

+ (IDtal number Dr As's required fDr each A4) 

>: (shipping requirement Df A4 ) 

+ (Total number Df As's required fDr each A9 ) 

x (shipping requirement Df A9 ) 

+ (Shipping requirement of As) 

In O'rder to' put this in mathematical fonn, we intro­
duce the notatiDn that the shipp. ing requirements are 

given by ~, S2' .•. and that the unknDwn requirements 
fDr the articles are Xl, X2, ••• With this nO'tation the 

abDve verbal statement can be written as 

This equation can again be wri tten as 

(8) 

Again, it is plausible to' generalize fDr any article 

~: 

X-l (9) 

This last equatiDn then gives a methDd Df detennin­
ingthe quantity of each article required, Dncethe T 
matrix .is knDwn. It is impDrtant to' recDgnize frDm 
the computatiDnal point Df view that most O'f the S's 
are zero, as usually DnI y a small fractiDn 0' f the ar­

ticles manufactured' are shippable. 

THE PROBLEM OF SCHEDULING 

SO' far, we have cDncerned ourselves Dnly with 
the prDblem of quantities required. NDW we prDpose 
to' intrDduce the time element. We will assume that 
our hypothetical factory operates in production peri­
Dds, and we will assume that the shipping require­
ment is given, fDr each article, in each periDd. The 
questiDn we prop (Se to answer now is how many O'f 
each article is to re made.in each periDd. 

In every manufacturing process, articles must be 
made in a certain technDIDgical sequence. By in­
specting Figure 2, Dne can see that, say, Article Aa 
must be completed before ~ can be started, as As 
is required when A9 is to' be assembled. The ques-
tiDn is, then, hDW IO'ng does it take to make A9 
and hDW much time should be allO'wed for making it. 

Fig. 6 represents a routing sheet fDr manufacturing 
a certain article; the variDus DperatiDns, standard 
machine and labDr hDurS required are shDwn. HO'wever, 
the time required frDm start to' cO'mpletiDn is nDt 
shDwn, as further inquiry intO' the methDd Df manu­
facturing must be made, befO're this ftmake-span" can 
be determined. 

SuppDse first, that say, A8 is manufactured O'n an 
assembly line. By a detailed analysis Df the methO'd 
O'f expending labor, and the time required between 
DperatiO'ns, the ftassembly flO'W time It fO'r A 8 can be 
determined. TO' this time Dne must add the time re­
quired to' transpDrt A 8 to' the assembly line, which 
prO'duces A 9; the tDtal Df these times is the ftmake­
span" Df A9 and -this is the time allO'wance that must 
be allO'wed when develDping the prDductiDn schedule. 
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PART NAME: StAL ~TATIONARY rU(L NO. 53-12972 

MATERIAL: NITRALlOY [Z OR "G" .. oolrl[O It RO SHEET NO. I Of I - -
OPERATION 

OPERATION D[PARTMENT 
CODE 

STANDARD HOURS PER 100 

NO AND GROUP Wf,N WACH. 

FACE. DRILL. REAM. ETC. 10-4270 ·301 - 45 1002 I IlH 2 22 

COPPEll PLATE 13 - PURe HAsrD 

DtGREASE 14 - P'URC HAste> 
I 

DRAW TO SPEC 501 16- PURC HASED 

REC [IVE 

HARDNESS INSP[C T 25-6900 ~14 - 89 5506 20 H --
ROUGH GRIND ETC. '0-2840 ~05-52 2404 13 H 

NITRIDE TO SPEC "'600 55- PURe HAS(O 

rlNISH CRIND fLANCE ~IDE &5-2840 ~o 5 - 52 2404 15 H 

MAGNETIC PARTICLE INSPECT 90-5900 314 - e 5 5612 42 H 

DEMACN[TIZE 112-6900 314 - 89 5508 OIH 

STOCK ~62 -

Fig. 6. Typical Factory Routing Sheet 

IOn the other hand, suppose that A 8 is manufactur­
ed in a job shop; that is A 8 is manufactured in various 
lots, at various times. What should the make-span of 
As be in such a case? It turns out that here the make­
span s primarily depend on the number of operations 
required, as most of the time is spent by the lot 
ftwaiting" for the next operation. Such a situation is 
shown in Fig. 7, where time required is plotted 
against number of operations. 

In both cases, it is convenient to ass ume that there 
is such a thing as a make-span associated with each 
article. By combining these make-spans, it is possi­
ble to establish set-back charts as illustrated in Fig. 
8. It can be seen,for instance, that A9 is allowed 
eight production periods, 5 periods of manufacturing 
A

9
, and 3 production periods as a safety factor or 

ftcushion." The set-back chart tells us .that, say, A 5 

must be started 19 production periods prior to the 
shipping day of A 9 • If, say, 100 of A9 must be shipped 
in the 30th production period, then 3(100) of A 5 must 
be made in the 11th production period, as each A9 
requires a total of 3 A 5' s. 

50 

40 

30 

20 

10 

~ ____ ~ ____ ~ ____ ~ ______ L-____ ~ _____ ~ 

o 20 40 60 80 i20 
NUMBER OF OPERATIONS 

Fig. 7. Statistical Relationship between NUlT'her of Opera­
tions and lVlake Span. 
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Fig. 8. Setback Chart in Assembly Ag as an Example, 
the Setback of AI is 16. 

However, this is not all: As's are also required 
for shipping A2's and A/s. If A l' A 7, and As are 
shipped as spares, there will be additional require­
ments for A 5. In order to handle this problem, we 
assume that a complete setback chart is developed 
"in" each article (Fig. 8 is the setback chart "in" A 9 ) 

and that a setback matrix, as shown in Fig. 9 is 
developed, where each column represents a setback 
chart. This table in Fig. 9 shows, for instance, that 
in order to ship A

2
's, (second column), As's (fifth 

row) must be made in advance of 18 periods. 

Suppose now that ,the shipping schedules are 
given in tabular form as shown in the upper part of 
Fig. 10, where each row refers to an article and each 
column to a production period. Suppose that the 
manufacturing schedules are to be developed as 
shown on the lower part of the figure. Let sk (the 
numrer in the k'th row and m'th column) denote the 
numrer of ~'s to be shipped in the m'th period and 
let x~denote the quantity of A k to be manufactured 
in the same period. Then, for instance, 

xlI = 25 19 + 10529 + 8530 + 5 14 + 45 24 + (10) 
5 1 2 y 5 7 

1 

2 

3 
4 
5 
6 

7 
8 

9 

1 

5 
0 

13 
0 

8 

10 
O· 

0 

0 

2 3 
15 0 

7 0 

23 0 

0 0 

18 0 

20 0 

12 0 

10 0 

0 0 

4 
16 

0 

24 
6 

19 

21 

11 

0 

0 

17',9: 16 

172 ,9: 24 

175 ,9: 19 

176 ,9: 21 

178 ,9: II 

179,': 8 

5 
0 

0 

8 

0 

3 

5 
0 

0 

0 

35 40 

6 7 8 9 
0 10 8 16 

0 0 0 0 

0 18 16 24 
0 0 0 0 

0 13 11 19 
0 15 13 21 

0 5 0 0 

0 0 3 11 

0 0 0 8 

Fig. 9. Setback Matrix [a]. Each column represents a 
setback chart. For instance, the ninth column represents 
the setback chart shown in Figure 8. 
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PRODUCTION PERIODS 

o 5 10 15 20 25 30 

~-------- ------------------
I r------- .... -------------------------- .... 
II 
I I 
I I 
I I 
I I 
I I 
I I 
I I 
I I 

~------~---------------------------
~~---~------------

I Sk" ,--- ~---------------------
I r-- ~-~-----------------

I 
I 
I 
I 
I 
I 
I 

I 
I 
I 
I 
I 

I I r-- .... ----------------------- --:----
I I I 
I I I 

I I I I I I 

I I I 
r -1 T 

I I I I 
I I I I I , I 
I I I I I I I 
! ! l 1 ~ ~ ! 

T· . 
I.J 

Fig. 10. Representation of the Scheduling Equation. 

x511 = T s19 + T s29 + T sao + T s14 
5,1 1 5,2 2 5,4 4 5,5 5 

+ T ~4 + T s22 + T sao 
5,7 7 5,8 8 5,9 9 

as shown schematically in Fig. 10. A somewhat 
simpler schematic representation is shown in Fig. 11, 
where the various shipping schedules are transposed 
or set-back so that the method of computation be­
comes matrix multiplication. 

r-------------------- ~--_____________ _.... 

I I I I I I 

I r--------- --------------------------
: I TRANSPOSED SHIPPING SCHEDULE 
II ------ ---------------------------
I l .: r------------------ ------------
II I I ~------- ____________________ _ 
I I I I I __________________ _ 
'I I I I , ___________________________ _ 
I, I: I I I 
II I I I I I o 5 

11 Ii I I I 
I I I , I I I 
I I I I I I I 

5 l 1 ! ! 1 l ~ 

T· . 
I.j 

Fig. 11. Scheduling as a Problem in Matrix Multiplication. 

16 

35 40 
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Let us denote by o .. the set-back of A. in A. ; then 
1,J 1 J 

this number is shown in the i'th row and j'th column 
of Fig. 9. With this notation, equation (10) can be 
written as 

11..L- 11 to- II -ft:T 
11_ TtT51+10s 5,2+ 8s 5,4.+ 

x5 - 2s 1 ' 2 3 

u-h:r 
S 

5,5 
5 

11~ I1-h:r 11~ 
+ 4s 5,7 +3s 5,8+3s 5,9 

7 8 9 

(11) 

This same equation holds not only for the 11th 
period, but for any production period m and so we can 
write 

m+u 
x m

5
,_ =-.L T s 5,k 

-k 5, k k (12) 

Again, the equation holds not only for ..4
5

, but for 
any article Ai: 

m+t'T 
m ~ T l,k x. I: L. • kSk 
1 k 1, 

- (13) 

This last equation is our scheduling equation: it 
relates the unknown number of articles to be manu­
factured to the given shipping schedule. 

[)< ARTICLES 

I 2 3 4 5 6 7 8 9 
I 

I 

2 

3 

4 

5 
a:: 
0 
CD 
<l 6 -' 
~ Tn.i 
0 

7 
(/) 
LIJ 
(/) 
(/) 

8 <l 
-' u 

9 

10 

II 

12 

Fig. 12. Manhours Requirement Matrix. 

MACHINE LOADING 

Finally, we proceed to the machine hours computa­
tions associated with the schedule. We assume that 
each article is routed through a number of machines 
and that the standard time s are available from routing 
sheets similar to Fig. 6. This information is to be 
represented as aT. matrix shown in Fig. 12, where n,l 
T . denotes the number of hours required on machine n,l 
type n, to manufactured article Ai' 

The total labor hours required in production period m, 
on machine type n, is given by the matrix multiplica­
tion relationship 

hm = L T .x~ 
n n,l 1 

(14) 

as shown schematically in Fig. 13. When equation (14) 
is combined with equation (13) we get 

m+o-
h~ := L L T s i,k 

i k i,k k 
(15) 

This last equation relates the machine hours associ­
ated with the given shipping schedule. 

In these formulae we neglected set-up time. If 
this is important, the formula can be modified by 
adding these set-up time s. Man hour computations for 
assembly or other type of labor can be computed in a 
similar fashion. 

In summary, then, we see that if a shipping schedule 
is given, equations (3), (9) and (13) allow the computa­
tion of the num rer of articles that must be manu­
factured in each production period; equations (14) or 
(15) allow determination of the machine hour require­
ments in these production periods. All these equations 
are formulae from matrix algebra. 

ADVANTAGES OF USING MATHEMATICAL MODEL 

The mathematical model developed in this paper 
describes the problem of parts listing and sched­
uling (or at least some aspect of the problem) better 
than a verbal description. The concepts used in 
the mathematical model, such as the next assembly 
quantity, total requirement factor, the set-back time, 
are all concepts currently used in industry. It is 

believed, though, that setting these concepts into 
mathematical form and stating their inter~relation­
ship mathematically greatly contrihutes to the clear 
understanding of these concepts, and also to the 
comprehension of their quantitative inter-relation­
ships. 
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Fig. 13. Scheduling of Labor with Matrix Multiplication: 

L 7" • x. 
i n,' Z 

We proceed now to describe the advantages to be 
gained from the use of mathematical models in this 
or other management fields: 

1. A mathematical model indicates what data should 
be collected to deal with the problem quantita­
tively. 

In our particular case, for instance, the concept 
of set backs is brought into focus. From the pre­
sentation you might think that this is quite a straight­
forward concept, and used by all manufacturers. The 
fact of the matter is that the concept is not usually 
used in a very clear-cut fashion. Different people 
in different plants, or even within the same plant, 
have a different notion of what these set-backs are. 
Such vagueness in concepts leads to a great deal 
of frustration and lost motion. The advantages to 
be gained by a common understanding as imposed 
by the mathematical model, leads to significant ad­
vantages in production control. 

2. A mathematical model establishes indices of ef­
fectiveness and control. 

We can again refer in this particular case to the 
concept of set-backs. Once this concept is firmly 
understood it leads to a method of control of a par­
ticular production department. As time goes on one 
can determine whether this particular department is 
improving or getting worse. Or, again, it is possi-

m 
x. , 

ble to compare various departments and see how 
their particular effectiveness compares. 

3. The mathematical model makes it possible to use 
mathematical techni ques that otherwise appear tb 
have no applicabi lity to the prOblem. 

Who would have thought that matrix algebra is 
applicable to parts listing? The advantage to be 
gained by using a known mathematical technique is 
not to be ignored. We have found that when the de­
tailed computational techniques for parts listing 
and scheduling are developed, known mathematical 
techniques from matrix algebra become of importance. 

4. The mathematical model makes it possible to 
deal with the problem in its entirety and allows a 
consideration of all the variables of the problem 
simultaneously. 

In our particular case, relationships were deter­
mined between the shipping schedule, the number of 
parts manufactured in each produ~tion period, and 
the labor loads imposed by this particular shipping 
schedule. If any of these production variables are 
changed, our equations permit the determination of \ 
the effect of these changes on the other production 
variables. 
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5. The mathematical model is capable of being en­
larged, step by step to a more comprehensive model, 
to include factors that are neglected in verbal de­
scriptions. 

There are many iQ1portant factors that are left 
out of our mathematical mode 1. F or instance, we 
have not talked about inventory levels, account~ 

payable or accounts receivable. Let us stress here 
that the mathematical model presented here is only 
a besinning. We have found, however, that when 
dealing with specific problems it is possible to in­
chIde these other factors by modifications of the 
mathematical model. 

6 •. The mathematical model uncovers relations be .. 
tween the various aspects of the problem which are 
nof apparent in the verbal description. 

When we developed this mathematical model fur­
ther, we discovered relationships between inventory 
leveis and tightness of schedules. When set-hacks 
ate made large, large inventories follow, but the 
plant manager finds it easier to keep the schedule. 
On the other hand, when setbacks are made short, 
invehtory levels go down, but effort and expense 
mUst be expended in keeping this tight schedule. 

7. The mathematical model prepares the groundwork 
*or the introduction of large-scale electronic data 
processors. 

The scheduling of manufacturing operations re­
qUlre the processing of large amounts of data. It 
is expeCted that in the future large-scale electronic 
data processors will be abie to handie the bUlk of 
this data processing, and, therefore; that electronic 
computers ViHI play a prominent r()le in production 
control. Manufacturing firms making plans for the 

introduction of electronic computers are experienc­
ing considerable difficulty in introducing these com­
puters effectively. Electronic computers by their 
nature are machines that compute and perform logi­
cal operations, and, consequently, the problem of 
obtaining solutions through electronic computers 
can be greatly alleviated by the introduction of mathe­
matical models. 

8. The mathematical model frequently leads to a 
solution that can be adequately described and iusti. 
fied on the basis of a verbal description. 

The mathematical model described in this paper 
uses such concepts as the next assembly quantity 
matrix, total requirement factor matrix, set-back 
matrix, etc. This does not mean, however, that the 
various operating personnel dealing with these vari­
ables, mUst learn the mathematics of matrix algebra. 
These people usually deal only with certain zones 
of the problem, and it is usually possible to describe 
these various zones without using mathematical e­
quations. 

Let me thank you now for bearing with me-vol­
untarily, or involuntarily-in developing this long 
argument in favor of the use of mathematical models 
in management and business. As a final note let 
me point out that mathematical models perhaps 
should be compared with maps. Most of us use maps 
to find our way around when we travel. However, 
the multitudes of problems that beset us while trav­
eling are not usually blamed on the maps we use. 
Mathematical models witI become more and more im­
portant in business; they will help to describe and 
to solve management problems. However, a mathe­
matical model does not necessarily include ail the 
facts of a business situati()n, and we should not 
plan to obtain s01utions to management problems by 
"formulas.'i' 


