






























































































































Theory of Game s 61 

playing this gam.e to get m.ore than 37 cents profit on each barrel of 
product? If the answer is affirmative, I would like to know what would 
be the best possible way of marking the tokens in order to get the 
highest possible profit, and .what is the value of this highest possible 

. profit. 

The problem. we have formulated here is a problem. in the branch of 
mathematics called "Theory of Garnes". This mathematical theory 
leads to the anSwer to the problems posed here--place a single token 
into the urn with the number "2" written on it, and put in two tokens 
with the number "3" written on them. Pull one of the three tokens from 
the urn and play the particular policy tha.t is written on the token. Re­
place the token and pull one out .again next m.onth, etc. On the basis of 
"Theory of Game s" we can be certain that this is the best possible policy 
that we can adopt; this policy leads to an average profit of 37 2/3 cents 
per barrel. In other words, using this scheme improves the profit by 
2/3 of a cent per barrel. 

To be more specific, accepting this policy insures getting this 37 2/3 
cents per barrel of profit. Furthermore, on the basis of the "Theory 
of Game s" I also know that if my competitor "plays II the same sort of 
"game II., he should place into his urn one token with his policy m and 
two tokens with his policy m. Then my competitor will restrict me 

. ,to the long-run profit of 372/3 cents per barrel. On the other hand, if 
he "playsll any other "strategy" my profit will be higher than this 37 2/3 
cents. . 

The game we describe here is called by mathematicians a zero- sum 
two-person game. The table of profits shown in Figure I is called the 
payoff matrix of the game. We have here a five-by~five payoff matrix, 
since we have five row;S and five columns in the table. 

A Two-By-Three Two-Person Game 

In order to develop the basic concepts of the Theory of Game 5, we will 
examine in detail a two-person game which is somewhat simpler than the 
one we have considered so far. We as surne that there are only two 
strategies available to me, and there are three strategies available to 
my opponent and that the payoff m.atrix is given by 

[l] EI [il 3 

1 2 3 11 

2 7 5 2. 
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The question is, wltat strategy should I play? 

I might take a very optimistic point of view and say that I am after the 
largest possible gain. This is the $7 shown in the lower left-hand 
corner in the rna trix. So, I say I ,am tp pl?-y strategy 0. However, 
as tim. e goes -,on, my op. ponent is going to find out that I play strate.~ 0 
and he is going to counteract my strategy by playing his strategx 1l.J. 
-In this case, then, my gain is only $2. Furthermore, suppose now that 
in some other game, there is a fourth strategy for the opponent, with 
payoffs of $1 and ~6. Under this condition, my opponent would never 
play his strategy []Jas in strategy a:J he has to pay $2br $7, while 
in this hypothetical fourth strategy he has to pay only $1 and¢6. This 
meanS that his strategy m is always better than his strategy II] (as 

, he always loses less mon~ by playing strategy [i]).Therefore, it 
,would be in vain for me to '~ope for the $7 gain, as he would never play 
strategy II]. It is seen, then, that my policy of g9ing after the largest 
possible payoff is not neces1sarily a rational one. 

I 

i 

According to theargUIIlent we followed in the case of tlle case of the oil 
refinery, we, suspect that I should play ,a combinati9n of my two strate~ 
gie.s,. that is, Ishouldc;lternate betwee.n strategy:m and stra .. tegy 0.2 ~ 
Perhaps I should play Q) half of the' tune, and strategy 0 also half 
of the tinle. ,UfPose for the nlonlent, that nlY. opponent always plays 
his strategy 1. How much money am. I going ~~et in the long run, if 
I play 500/0 of strategy <D and 50% of strategy ~. Clearly, the anSwer 
is ~halfway between the gain of $2 and $73 that is, my gain in the long run 
will be $4.50. 

We propose now: to extend this argument to a somewhat· more complicated 
c'ase. Let us assUIIleagaini that :my opponent still plays his strategy []J, 
but ~at I pl.ay.a fraction x times stra~y <D a~d the re~t of the times, 
that IS,. (l .. x tunes), I play :strategy ~. What IS my gaIn under these 
conditions? In the long rqn, I will get x times $2, ,and I-x times $7, 
which give s me 

z = 3~ + 5(1 - x) = 5"-,2x. (1) 

A grafflical. representation bf this equation is shown in Figure 2 by the 
li~ 1. It can be v, erified that if x=. 5, that is, if I play my -strategy 
\!).5 times 3 then the gain is, indeed, $4.50. If I never play my 

strategy CD, x is z~ro .and the gain is ¢7, as it can again be seen in, 
the figure. Furthermore, if I play strategy, <D all the time, then x is 
1 and the gain is $2. It is seen, then, tha:t in Figure 2 the straight line 
rr.:l shows any possible gain I can get, as long as my opponent plays 
strategy cq. ' 
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Quite similarly, we can compute the possible gain if my opponent plays 
strate~y IT]. This gain is given by 

x := 3x + 5(1-x) = 5 - 2x (2) 

and is shown graphically in Figure 2 by the straight line marked with 0. 
Finally, if my opponent plays strategy ,~, then my gain is described by 

z = llx + 2( 1 - x) = 2 + 9x (3) 

which is again shown in. Figure 2 by the straight line ill. 
Incidentally, if I play only strat.egy CD or only ®, this is described 
in the theory as playing a pure strategy. We observe that in .Figure 2, 
pure strategies are represented by either the value x=O or x=l, and, 
therefore, the gains for pure strategies are given by the left-hand or 
right-hand side verticals. 

We noticed that being a optimist is not necessarily a rational way of 
playing the game. Another~>pos·sible:method of argument is Jlthe principle 
of insufficient reason". I take the point of view that I have no idea what 
my opponent is going to play and, therefore, I arbitrarily assume that 
one-third of the time he is going to play strategy m, one-third of the 
time strategy 11l, and one-third of the time strategy IJ]. Again, let 
us assume that I play strategy CD x fraction of the time. Now let us 
ask the question, what is my gain under these conditions? The way to 
compute this gain is to take the gain shown by- Equation 1 multiplied by 
one-third, take the ga~n shown by Equation 2 multiplied by one-third, 
take the gain shown by Equation 3 multiplied by one-third, and add up 
these three gains. On the basis of the principle of insufficient reason, 
then, we get the following gain: 

z = 1/3(7 - 5x) + 1/3(5 - 2x) + 1/3(2 + 9x). (4) 

This can be simplified to 

z = 14/3 + 2/3x. (5 ) 



Theory of Game s 64 

In Figu17e 2 this line is shown by the dotted straight line. For instance, 
it can be seen that if I play my strategy CD half of the time and my 
strategy ® half the time (and I assume that my opponent will'pla;y his 
three strategies in equal proportion), I can'expect.a gain of¢5, (point 
P in the figure). In_ order to make my gain the largest, I should mix my 
strategies such that I reach the right-hand upper end of the dotted 
straight line. This means ~ that I should play my strategy (i) J all the 
time, that is,, I should have the pure strategy of CD. Then'1'.can hope 
for a ga.in .of 16/3 or ¢5. 30, (point Q in Figure2). '. 

Let us now ask the questio, n Wh, ether this p*ciple of insufficient reason 
makes good sense. If I play my strategy \..!) all the time, my opponent 
is going to find this out and then he is going to countera,ct by pl'aying his 
strategy fll and so I will collect only $2 instead of the $5. 30 I had 
hoped for.We can see, then, that the principle of insufficient reason 
is not necessarily a rational argument for deciding what strategy I 
should use. 

We propose now toexamine another method of arg,uing, which one could 
describe as the conservativE(attitude. If I play the pure str~tegy CD, 
I am quite certain to get at leC!lst ¢2. (I get exactly this amount if my 
opponent plays his strategy [iJ.) If he plays .some other strategy, or a 

~ combination of his otl.rer strategie s, 1 am. going to get m.ore than .~2. 
However, I am qll:ite certain that if I playstrateg~ CD" I will get at 
least ¢2. Suppose now I play my pure. strategy 0. It happen.s to turn 
out (this is just a coincidence) that in this case again I can be certain of 
.'~t~ atJe,,-'ast ¢2., ,NOW, lask the, q.uestion, if I should mix strategie'S 
~ ~and® in some fashton, what is the num.ber of· dollars I can be 
certain of getting? If I play my strategy CD, x number, of times then 
the respecti ye gains, depending ou' whether he plays strategy trJ, (]J J 

or m is given by one of the following three numbers: . 

7 - 5x 5,-- 2x 2 - 9x (6) 

I am certain that I am. to get at least as much as the smallest of these 
three num.bers. To illustrate, let us assume that x=. 4, that is, I play 
strategy CD 40% of the time. If he plays his strategy 1Il, I am. to get 
$5, as shown by point A in Figure 2. If he plays his strategy ~, Iget 
~4. 20 as shown by B, and if he plays his strategy [II I get ¢5. 60 as 
shown by point C However, I do not know which of these strategies he 
is going to play. All I know is that I can be certain o£ getting .$4, 20 
which is the smallest of the three numbers. I can put this thought into 
mathemat~l form by saying that whatever num.ber of times I play 
strategy \..!) 3 that is, for any value of x I am certain to get the gain 
given by 
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z = min(7 - 5x~ 5 - 2x, 2 + 9x). (7) 

The word ahead of the bracket is an abbreviation for minimum, and it 
means that one is to take the minimum (that is, the sITlallest) of the 
three numbers. Now, I ask, what value of x should I use? It will ITlake 
good sense to select x, so that this gain that I aITl certain to get becoITle s 
the largest possible, The three straight lines in Figure 2 forITl a shape 
sOInewhat like a roof of a house, and our problem is to find the top of 
this rooC at which point my certain gain becoITles the largest. In order 
to deterrnine this point D on the diagram, we can either read the figures 
as shown, or we can compute this intersection by solving the equations 

. for the two straight lines. The equations for these two lines are given 
by Equations (2) and-(3), and by solving theITl we get the value x=3!ll. 
This gives the fraction of times 1 should play ITly strategy (il.. The 
remaining tiITle, that is, 8/11 time, I should play strategy W.: It is 
easy to compute that my expected gain is 49/11 dollars, which is about 
¢4.50, This gain is called the value of the gaITle and we denote this 
gain by V. It is seen, then, that ITla the ITlatic ally speaking, this gain is 
determined by selecting the value of x, which rnaxiITlizes the gain as 
given by Equation (7). This ITleanS then that the value of the gaITle for 
this particular gaITle we are discussing is given by the forITlula· 

V = max min(7 - 5x, 5 - 2x, 2 + 9x) (8) 
O~x<l 

In sUITlITlary, then, we see that if I play ITly strategy CD, 3/11 tiITles, 
and ITly strate~f5Y ®, 8/11 time s, then whatever ITly opponent does, I 
will still get ;z54. 50. The conservative point of view leads to a consis­
tent me thod of solving our problem. 

The Strategy of the Opponent 

Let us now put ourselves into our opponent1s shoes. What is' the strategy 
that he should play? Again, we accept the concept of visualizing the 
worst, and so we will say that his problem is to be certain to prevent 
me from gaining too much rTloney. In other words, he should "try to keep 
my gain dO'ATn. If he plays pure strategy (J], all he can be certain of is 
that he will keep me below ¢7. (See Figure 2~) This is due to the fact 
that if I play pure strategy ® and he plays his pure strategy CD, I 
get exactly ¢7. We suspect again that his strategy should be a ITlixture 
of his various strategies, and we propose to search for the best ITlixed 
strategy -he can hav.e. 
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Suppose he mixes his strat~ CD and m and plays strateg.y m half 
of the tilne~ and strategy l2-l half of the'time. If it is assumed that I 
play strategy CD x number of times, then my gain will be given by the 
formula 

z = 1/2(7 - 5x) + 1/2(2 + 9x) = 4.5 + 2x (9) 

In Figure 3 we give ~raphical representation of this mixture of 
strategies.-U] and l1.J. For instance, it can be seen that if I pl~my 
strategy Q) 800/0 of the time and he is mixing strategy [J and ~ in 
equal proportion, then my ~in will be $6 (point A). We see, then, that 
if he plays his strategies LlJ and [IJ half and half, all he can be certain 
of is that he is going to keep me down to $6.50, as I can realize this gain 
by playing the pure strategy CD. 
Now we ask the question, what mixture of strategies II] and m should 
he use in order to be certain to keep me down to the lowest gain? The 
graphical representation of each qf these mixed strategies is given by a 
st,raigh, t line going through"EQint P in. Figure 3. We see that the be,st 
mixture of his strategies LlJ and m will be represented by the hori­
zontal line in Figure 3. It is easy to compute that this horizontal line ~s 
obtained by the 0mnent playing his strategy m 9/14 tirn.es, and play­
ing his strategy 2 by 5/14 number of times.In this case, we get for 
my gain the expression 

z = 9/14(7 - 5x + 5/14(2 + 9x) = 73 1/4 = 5.2. (10) 

This shows that my gain, (if he u,ses this particular mixed strategy) is 
¢5. 20 independently of what strategy I play. (This means then, that the 
line in Figure 3 is really horizontal.) We can see then, that if he plays 
this mixture of his- st!ategies [!] and 0 l1 then he can be absolutely 
certain to keep me down to a gaIn of $5 .20. However, by inspecting 
fiJure 2, we can see that he will be better off by rn.ixing his strategies 

2 and 0 instead of IT] and [I). More specifically, one can com-:­
pute that by playing his strategy 1Il, 9/11 times, and m, 2/11 times, 
he can keep me down to a gain of 49/11 dollars. T:p.is mixture of his 
strategies 0 and m would be represented by the horizontal line 
going through the point D in Figure 2. 

In summary, we can see that if he plays this last strategy, then he c,an 
be certain to keep me :down to, 49/11 dollars. If he plays this strategy 
no matter what I do my gain is not going to be over the 49/11 dollars. 
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Let us remind ourselves now that previously we established that if I 
follow my best strategy 1 am certain to get the 49/11 dollars. Now, we 
find that if my opponent plays his best strategy he can be certain of ' 
keeping me down to this 49/11 dollars. Is this a coincidence that these 
two dollar figures are one and the same? 

The celebrated theorem of the Theory of Games, the so-called min-max 
theorem, stat~s that it makes no difference whether we consider the 
optimum stra"tegy of either of the players, the expected payoff is the 

,same. This th~orem allows then the development of a Theory of Games 
and leads to a rational choice of strategies on the part of the players. 
Let us add, that a more precise statement of the theorem includes the 
specificatio? that we are dealing with a "zero-sum two-person game". 

C'oncluding Remarks 

We have presented here some of the basic concepts of the Theory of 
'Games and, in particular, we have described what is meant by a 
"strategy". The Theory of Games is a field of science covering a 
large body of knowledge, and we have covered here only a very small 
portion of the theory. However, it can readily be seen that there is a ' 
similarity between "playing a game" and controlling a business firm 
under competitive economic conditions. In fact, the Theory of Games 
was originated to develop the economic theory of competition. 'During 
recent years, there has been a great deal of discussion of applying the 
Theory of Games to the solution of business problems. However, in, 
most business problems, the knowledge of various alternatives is not 
,well known, and, also, it is often difficult to predict the consequence of 
a decision. Also, conditions governing the behavior of business firms 

, are usually much more complex than the conditions assumed by the 
mathematical theory. The Theory of Games is poteJ;ltially an important 
tool for the business ,man, though actual applications are still difficult 
to find. 
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