


































































































































































































































































































SEMINAR 

CROSS T A BUI.A'fIONS 

I am sure that most persons operating punched card in­
stallations in institutions are familiar with the methods of 
obtaining cross-tabulations through digit selection on the 
alphabetical accounting machine. It seems, however, that 
very few of them are using this method extensively because 
of the amount of time consumed in control panel wiring for 
each individual project or study, It has been proved that 
one permanent control panel could be wired in such a way 
that the changing of five wires would produce 90 per cent 
of all cross-tabulations requested. (Refer to Figure 5 for 
sample of a cross-tabulation.) 

The wiring is very simple, but many wires are needed, 
thus making it profitable to maintain a permanent control 
panel to save the tedium and danger of rewiring for each 
study. A standard alphabetical accounting machine with 
one digit selector and 12 single-position X-distributors is 
required (10 single position X-distributors may be installed 
at no additional rental charge to replace the five standard 
three-position distributors.) 

Wiring of Control Panel 

The 12 outlet hubs of the digit selector are wired to the 
D inlet hubs of the 12 X -distributors. A card count impulse 
is wired to each of the C inlet hubs of the 12 X -distributors. 
The top row or A and B counters are coupled together to 
form one 40-position counter. The lower row or C and D 
counters are coupled to form a second 40-position counter. 
The controlled side or X hubs of each of the 12 X -distribu­
tors are wired to the top counter row, allowing three adding 
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positions for each. This leaves four positions for the total. 
Each of the 12 counter entries is coupled to the correspond­
ing entries of the lower counter row. The counter exits are 
then "total transferred" through the four standard class 
selectors and wired to the type bars for the printing of both 
minor and final totals. All· of the above wiring is done with 
permanent wires. Now it is only necessary to add one tem­
porary wire from one of the 80 upper brushes to the digit 
selector entry hub. This wire will be changed as required 
for the column to be distributed. If controls are required, 
two temporary wires are used for each column to be con­
trolled. 

Advantages of the above method include: 
1. The few temporary wires to be changed to suit the 

particular study can be explained to a person, not 
familiar with the equipment, in a very few words. 
Again, this leads us to our goal of allowing novices in 
the field of punched cards, but experts in statistics, 
to process their own studies economically and safely. 

2. Automatic totals are created for both horizontal and 
vertical breakdowns. This is especially important for 
analysis by chi square. 

3. Increased accuracy through the saving of hand post­
ing from sorter counters. 

4. In almost all cases where many breakdowns are re­
quired, the accounting machine method is a tremen­
dous saving in operator-time. 

Cross Tabulations by Sorter 

In cases where volume is large and breakdowns are few, 
the use of a card counting sorter and hand posting is more 

CROSS TABULATION BY ACCOUNTING MACHINE 

1 2 3 4 5 6 7 8 9 0 X Y Totals 

1 5 8 22 45 66 14 22 5 3 5 1 2 200 
2 52 46 20 32 15 18 5 4 9 7 0 0 213 
4 175 5 6 8 9 4 10 20 50 45 5 8 247 
7 121 276 3 5 10 100 80 70 42 12 21 18 759 
8 5 8 9 4 3 5 7 9 12 420 5 2 489 

11 9 10 15 4 20 40 10 6 8 2 0 0 124 

- --
�~�5� 12 8 4 100 5 21 r-- 6 8 4 0 5 2 17--r-
96 5 14 12 15 80 20 4 3 8 1 4 3 171 
97 120 105 40 21 82 10 9 8 2 5 1 2 407 
99 5 3 0 0 5 4 1 2 0 1 0 1 28 

682 405 200 195 325 425 275 207 152 725 95 82 3768* 

FIGURE 5 
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economical. For this type of study the service bureau sup­
plies standard forms on which to post cross-tabulations 
from sorter counts. 

RANDOM SAMPLE SELECTION 

A good many times in the last two years this bureau has 
been requested to select a random sample or every Nth 
card from a punched card file. This can be accomplished 
easily on the collator, with a card counting device, by wir­
ing to select every third, fifth, or tenth card as the case 
requires. 

The bureau, not needing the card counting device on the 
collator, maintains a deck of 400 cards in which column 2 
is X -punched in every other card, column 3 is X -punched 
in every third, column 4 in every fourth, column 5 in every 
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fifth, etc., to every 40th card being X -punched in column 
40. A consecutive number from 1-400 is also punched to 
guarantee sequence. By placing this deck of cards in the 
secondary feed and the cards from which the sample is to be 
selected in the primary feed, any combination of every 
other, through every 40th card, may be selected by wiring 
from the column required in the secondary brushes to the 
secondary X-pickup. Once prepared, this file may be used 
over and over again and will serve this purpose as well as 
the card counting device. 

It is not the purpose of this paper to bring new discov­
eries to light, but to illustrate that at least 75 per cent of 
the statistical computations being processed every day in 
the modern institutions of higher learning can be simplified 
and standardized by punched card methods with the co­
operation of the individual punched card technician. 



Forms of Analysis for Either Measurement or 
Enumeration Data Amenable to Machine Methods* 

A. E. BRAN DT 

Atomic Energy Commission 

A COM M 0 N PRO B L E M in statistics is to estimate, 
from a sample, the parameters of a population. If the popu­
lation is normally or not exceedingly anormally distributed, 
the mean and the standard deviation or the first and second 
moments will adequately describe or specify the population. 
For example, suppose we have a sample of 12 observations 
drawn at random from a given population. The mean and 
the standard deviation, or what is simpler to use, the vari­
ance of the population can be estimated from this sample. 

A convenient method of securing these estimates is based 
on a matrix-vector product. To illustrate, we shall use the 
random sample of 12 observations previously mentioned. 
Since the sample contains 12 observations, a 12 by 12 ma­
trix will be required. In order to utilize all of the informa­
tion in the 12 observations in estimating the population 
mean and variance, an orthogonal matrix must be used. 
Such a matrix can always be written by following a few 
simple rules. First, the terms of the first row of the matrix 
may always be written as a series of plus ones. Second, the 
sum of the terms in each row after the first must be zero. 
Third, the sums of products of corresponding terms in all 
possible pairs of rows, omitting the first, must be zero. It 
will be noted that, under the conditions just stated, if the 
terms of each row of the table are divided by the square 
root of the sum of squares of the terms in that row, the sum 
of the squares of the resulting terms in each row and col­
umn will be unity. 

The number of such matrices that can be written is very 
large. For example, two such matrices are presented in 
Table I, page 150. 

It is especially important to notice that the first row of 
the matrix provides an estimate of the mean or first mo­
ment, and that the remaining 11, or 12 minus 1, rows are 
available for estimating the variance or the second moment. 
In general, an n by n matrix of this sort and a single col­
umn vector of n rows furnish n - 1 comparisons on which 
to base an estimate of variance. I have found this presenta­
tion very useful for convincing students and research work-

*This paper was presented by title. 
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ers that the use of degrees of freedom in estimating a vari­
ance is not a matter of choice or what school of statistics 
one follows but of mathematical rigor. They readily recog­
nize the absurdity of introducing an arithmetic error by 
dividing the sum of n - 1 quantities by n instead of n - 1 
to obtain their mean. This use of n - 1 in the divisor is 
independent of the magnitude of n, so long as n is finite, 
although the difference between the approximate value ob­
tained by dividing by n and the precise value obtained by 
dividing by n - 1, decreases as n increases. 

The set of values used in the above example was desig­
nated a rando ll1 sample. This means that no restrictions 
were imposed on the, drawing process or, in other words, 
that the probability that any value in the group or popula­
tion from which these 12 were drawn had exactly the same 
probability in a givenJdrawing of being drawn in that draw­
ing, as did every other value in the group. The example 
above is of slight interest to workers conducting critical 
experiments, because in the design of such experiments, re­
strictions upon randomness are deliberately imposed. 

For instance, leiAols suppose that the 12 values used above 
resulted from an experiment on the elimination of weeds 
from a crop such as flax by spraying with chemicals. In 
designing the experiment we knew that two chemicals 
showed definite value as differential sprays, that is, they 
would kill weeds but not injure the crop when sprayed on 
a field. Reports on which was the better were conflicting, 
and considerable doubt remained as to the best period in 
the growing season for spraying. Let us suppose that our 
chief interests center in which is the better spray and 
whether this superiority is constant for the different spray­
ing periods. Thus, if we spray when the crop is one-quarter 
grown, is one-half grown, and is three-quarters grown, and 
use both chemicals at each spraying, six plots will be re­
quired. If two replicates are used, 12 plots will be needed. 
If 12 plots of appropriate size and shape are located in a 
field of the crop to be studied, the combination of time and 
chemical to be assigned to each may be determined without 
restriction by some scheme of randomization such as the 
use of random numbers. Experience has shown that the 
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TABLE I 
MATRIX-VECTOR PRODUCT METHOD FOR CALCULATING MEAN AND VARIANCE 

A 

:,.. :,.. Square of 
c Matrix M-V Prod. M-V Prod. ~ :§ ... Vector Divided by Divided by 

~ 

12 X 12 Matrix ~ Q Product Divisor Divisor 

+1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1 1 12 51 4.25 
+1 -1 0 0 0 0 0 0 0 0 0 0 2 2 --1 0.50000 
+1 +1 --2 0 0 0 0 0 0 0 0 0 3 6 -3 1.50000 
+1 +1 +1 --3 0 0 0 0 0 0 0 0 4 12 -6 3_00000 
+1 +1 +1 +1 -4 0 0 0 0 0 0 0 5 20 -10 5.00000 
+1 +1 +1 +1 +1 -5 0 0 0 0 0 0 4 30 -5 0.83333 
+1 +1 +1 +1 +1 +1 --6 0 0 0 0 0 5 42 -11 2.88095 
+1 +1 +1 +1 +1 +1 +1 -7 0 0 0 0 6 56 -18 5.78571 
+1 +1 +1 +1 +1 +1 +1 +1 -8 0 0 0 7 72 -26 9.38889 
+1 +1 +1 +1 +1 +1 +1 +1 +1 -9 0 0 6 90 -17 3.21111 
+1 +1 +1 +1 +1 +1 +1 +1 +1 +1-10 0 5 110 --7 0.44545 
+1 +1 +1 +1 +1 +1 +1 +1 +1 +1 +1-11 3 132 15 1.70455 

34.24999 

Variance = sum of quotients = 34.24999 = 3 1136 
one less than number of rows in vector 11 . 

+1 +1 +1 +1 +1 +1 +1 +1 +1 +1 
+1 -1 0 0 0 0 0 0 0 0 

0 0 +1 -1 0 0 0 0 0 0 
0 0 0 0 +1 -1 0 0 0 0 
0 0 0 0 0 0 +1 -1 0 0 
0 0 0 0 0 0 0 0 +1 -1 
0 0 0 0 0 0 0 0 0 0 

+1 +1 -1 -1 0 0 0 0 0 0 
0 0 0 0 +1 +1 -1 -1 0 0 
0 0 0 0 0 0 0 0 +1 +1 

+1 +1 +1 +1 0 0 0 0 -1 -1 
+1 +1 +1 +1 --2 -2 -2 -2 +1 +1 

Variance = 3~ .. i5 = 3.1136 

material, time, and money required for this experiment can 
generally be more efficiently used if certain restrictions are 
placed on the assignment of treatment to plots. 

A restriction on randomness might be imposed by divid­
ing the 12 plots into two compact groups or blocks of six 
plots each. In general the plots should be comparatively 
long and narrow, and the blocks should be square or as 
nearly so as practical. The six combinations of two chemi­
cals and three spraying times can now be assigned by a 
scheme of randomization to the six plots in each block, but 
the two assignments must be separate and independent. 
Since we are chiefly interested in the comparison between 
the two chemicals, we should further restrict the method of 
assignment so that the two chemicals will always appear 
next to each other. This is done by assigning the three 
times of spraying at random to three main plots, of two 
subplots each, in the two blocks, and then assigning the 
two chemicals to the two subplots in each main plot inde-

B 

+1 
0 
0 
0 
0 
0 

+1 
0 
0 

-1 
-1 
+1 

+1 1 12 51 4.25 
0 2 2 -1 0.5 
0 3 2 --1 0.5 
0 4 2 +1 0.5 
0 5 2 -1 0.5 
0 4 2 +1 0.5 

-1 5 2 +2 2.0 
0 6 4 -4 4.0 
0 7 4 -2 1.0 

-1 6 4 +5 6.25 
-1 5 8 -11 15.125 
+1 3 24 -9 3.375 

34.250 

pendently by some scheme of randomization, such as flipping 
a COIn. 

The effect of these restrictions on randomness is to re­
duce the number of matrices that can be used, compared to 
the vast nnmber of matrices possible when no restrictions 
are imposed. One of this limited number of possible mat­
rices is presented in Table II. In this table the observation 
vector, consisting of values representing the efficacy of 
treatment on each plot, is placed at the top so that its rows 
correspond to appropriate columns of the matrix; further, 
the design of the experiment-but not the field layout-and 
hence the analysis of the data is specified. Terms of + 1 and 
-1 are represented by + and - alone, and those of zero 
by blanks. 

I t is at once evident from the examples presented that in 
this form of analysis of research data, the number of com­
puting steps is large and the number of data small. I under-
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TABLE II 
MATRTX- VBC'l'OR PRODUCT ME'l'HOD OF DOING ANAI,YSIS OF VARIANCl<~ CALCULATIONS 

Block I 
Time early middle late early 
Chemical a b a b a b a 
Observation Vector 1 3 4 2 5 4 6 
comparisons 

first moment 
mean + + + + + + + 

second moment 
main plots 

block B 
time 

+ 

linear Tl + + + 
quadratic T2 

error (a) 
+ + -2 -2 + + + 

BXTl + + + 
BXT2 +2 +2 + 

sub-plots 
chemical 

C + + + 
interaction 

CXT1 + + 
CXT2 + +2 -2 + 

error (b) 
BXC + + + 

BXCXTl + - + 
BXCX T 2 + -2 +2 + 

stand that the card-programmed electronic calculator has 
been built to fit this situation. The number of observations, 
which directly reflects the size of an experiment, that can 
be handled by the CPC is determined by the capacity of 
the internal storage. 

Frequently, the number of observations resulting from 
an experiment is much larger than the internal storage of 
the CPC can accommodate, but a less detailed analysis 

b 
5 

+ 

+ 
+ 
+ 

+ 
+ 

+ 

+ 
+ 

+ 
+ + 

II ~ Square of 
middle late c Matrix- M-V Prod. M-V Prod. 
a b a b :§ Vector Divided by Divided by 
7 6 5 3 Q Product Divisor Divisor 

+ + + + 12 51 4.25 

+ + + + 12 13 14.0833 

8 -2 0.5000 
-2 --2 + + 24 -·6 1.5000 

8 8 8.0000 
-2 -2 + + 24 --8 2.6667 

+ + 12 -5 2.0833 

+ 8 4 2.0000 
+2 -2 + 24 4 0.6667 

+ + 12 +3 0.7500 
+ 8 -2 0.5000 

+2 -2 + 24 -6 1.5000 
---

34.25 

than that yielded by the above method will suffice. In such 
cases, whether they be counts or measurements, the data 
can be reduced by machine methods by employing sorting 
and tabulating techniques more fully. The same set of 12 
observations will be used to illustrate the method. Only 
a few of the necessary machine details "vill be given in 
Table III (A, B, C). The number of runs or subtables re­
quired for this scheme is equal to the number of major divi-

TABLE III 

STEP METHOD of DOING ANALYSIS OF VARIANCE CALCULATIONS 

(PART A) 
Chemical Time Block Total 

1 
3 4 
4 
2 6 
5 
4 9 19 
6 
5 11 
7 
6 13 
5 
3 8 32 51 

number of entries n 
number of values per entry k 
number of degrees of freedom d/f 
sum of squares of entries 
sum of squares of entries over k 
correction terms 

12 
1 

12-6=6 
251 
251.0 
243.5 

6 
2 

6-2=4-
487 
243.5000 
230.8333 

2 
6 

2-1=1 
1385 
230.8333 
216.7500 

difference 7.5 12.6667 14.0833 
C + C X T + C X B + C X T X B = 7.5 

T + T X B = 12.6667 
B = 14.0833 

1 
12 ' 

2601 
216.75 
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TABLE III [continued] 

(PART B) 

number of entries n 
number of values per entry k 
number of degrees of freedom d/f 
sum of squares of entries 
sum of squares of entries over k 
correction terms 

Time 
1 
4 
5 
6 
7 
5 
3 
2 
4 
5 
6 
3 

12 
1 

12--4=8 
251 
251.000 
233.6667 

Block Chemical 

10 

18 28 

9 

14 23 

4 
3 

4-2-2 
701 
233.6667 
218.8333 

2 
6 

2-1=1 
1313 
218.8333 
216.7500 

difference 17.3333 14.8334 2.0833 
T + T X B + T X C + T X B X C = 17.3333 

B + B X C = 14.83,34 
C = 2.0833 

(PART c) 

COMPUTATION 

Total 

51 

1 
12 

2601 
216.75 

Block Chemical Time Total 
1 
6 7 
3 
5 8 15 
4 
7 11 
2 
6 8 19 
5 
5 10 
4 
3 7 17 51 

number of entries n 12 3 1 
number of values per entry k 
number of degrees of freedom d/f 
sum of squares of entries 

1 
12-6=6 
251 
251.0 
223.5 

6 
2 

6-3=3 
447 
223.50 
218.75 

4 12 
3-1-2 
875 2601 

sum of squares of entries over k 
correction terms 

218.75 216.75 
216.75 

difference 27.5 4.75 2.00 

C 

T 
B 
CxT 

TXB 

B + B X C + B X T + B X C + T = 27.5 
C+C X T= 4.75 

T= 2.00 
= sum of squares attributable to differences between 

chemicals 
= sum of squares attributable to effects of time 
= sum of squares attributable to hlock differences 
= sum of squares attributable to interaction between 

chemicals and times 
= sum of squares attributable to interaction between 

times and blocks 
CX T X B = sum of squares attributable to interaction between 

chemicals, times, and blocks 

sions of the variance to be made which is three in this case. 
All but the last column in each table will be headed by a 
variable or major division, and the order of sorting will be 

determined by reading these headings from left to right. 
After the first subtable has been made, only one sort is re­
quired for each of the others. In each subtable the first 
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TABLE IV 

SUMMARY OF ANALYSIS 

Sumo! 
Source of Variabilit31 DIF Squares 

major plots 
block B 1 14.0833 
time T 2 2.0000 
error (a) B X T 2 10.6667 

minor plots 
chemical C 1 2.0833 
interaction C X T 2 2.6667 
error (b) B X C+BXCXT 3 2.7500 

----
Total 11 34.2500 

column is formed by listing all observations, the second 
consists of subtotals secured by minor controlling on the 
variable heading the column, the third consists of subtotals 
secured by major controlling on the variable at its head, 
and the fourth is the grand total or sum of all observations. 

From a combination of the three equations at the bottom 
of each subtable, the values of the components of variability 
defined above can be determined. To clarify the notation, it 
might be well to point out that C X T X B = T X B X C 
= B X 'C X T, etc. The solution of this set of equations 
may be summarized as shown in Table IV. 

The sum of squares for the divisions of the total sum of 
squares in Table IV can also be secured from Table II. 
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The details on how to adapt machines to this step method 
will depend, of course, on the machines available. With only 
a sorter and accounting machine, the procedure would fol­
low that indicated in lIlA, IIlB, IlIc, with considerable use 
of a table model calculator being required. With higher 
types of machines at hand, the alert operator will readily 
adapt them to the problem. 

DISCUSSION 

Chairman Hurd: One idea, that has appealed to me par­
ticularly, was the first idea described. One has this matrix, 
Table 1. In order to compute the sums of squares, one needs 
to multiply the matrix by the vector, essentially. So if one 
had a number of experiments which were like this in form 
-a number of factors-one would punch a deck of program 
cards in which each card has an operation which is either 
add or subtract. That is clearly all that is required; and, 
given an experiment, you punch one card for each observa­
tion, drop these in the calculator, followed by this program 
deck which performs the matrix-by-vector multiplication, 
and you have sensibly analyzed it. 

Dr. Brandt: If you wish to do a multiple covariance (;:or­
relation or multiple regression with this method, all you 
have to use is a multiple~column vector, each column of the 
vector representing one of those variables. As it was here, 
I had merely the one variable, and so I used a one-column 
vector. But I can have a vector with a good many columns, 
if I desire. 



Remarks on the IBM Relay Calculator* 

MARK LOTKIN 

Ballistic Research Laboratories, Aberdeen Proving Ground 

A SID E from its large-scale digital computers, such as the 
ENIAC and the Bell Relay Computer, the Computing Lab­
oratory of the Ballistic Research Laboratories, Aberdeen 
Proving Ground, has at its disposal some special high-speed 
computing devices built by IBM for the Ordnance Depart­
ment, the IRM Relay Calculators. Two of these machines, 
identical in every respect, were installed in December, 1944, 
and they have been in continuous operation ever since, ex­
cept for short periods of time when the incorporation of 
certain improvements necessitated their shutdown. 

While there are presently in existence three other IBlYI 
Relay Calculators-one at the Naval Proving Ground at 
Dahlgren, Virginia, and two at the Watson Scientific Com­
puting Laboratory, Columbia University-the Aberdeen 
relay calculators have acquired additional interest owing to 
certain modifications that have been made lately on these 
machines. I am referring here to the hooking up of the twin 
machines, thus effectively transforming them into a single 
device of greatly increased computing power. 

To arrive at a better understanding of the "coupled" cal­
culator, as it is presently constituted, it seems best to ac­
quaint the reader first with the principal features of these 
sequence-controlled, digital relay calculators, and then dis­
cuss some of the modifications resulting from the hookup. 
For more detailed descriptions of the relay calculators the 
reader is advised to study the recently published report of 
J. Lynch and C. E. Johnson, "Programming Principles for 
the IBM Relay Calculators," Ballistic Research Labora­
tories Report No. 705, October, 1949. 

The Relay Calculator 

Data, to be introduced into the storage or computing 
registers of the machine, must be punched in decimal form 
on standard IBM cards; each number may have up to 12 
digits with a plus or minus sign. Two separate card feeding 
units, the reproduce feed and the punch feed, each operating 
normally at the rate of 100 cards a minute, are associated 
with five reading stations and one punching station. Four 
of these reading stations permit as many as four cards to 
be read simultaneously, while results are punched on a fifth 
card. The fifth reading station provides a means of reading 

*This paper was presented by title. 
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from the cards certain punches which may be used to con­
trol the sequencing of operations to be performed. This pos­
sibility of programming by means of control cards, in addi­
tion to the usual wiring of control panels, will be discussed 
in greater detail later on. 

A comparing unit, pluggable to reading brushes as well 
as counters, permits the comparison of two sets of data each 
having as many as 80 columns. Thus, data punched in two 
decks may be compared, and the machine may be instructed 
to stop when such a comparison reveals a disagreement. 

There is, further, available in the machine a collating 
unit, of importance when it is desired to compare six-digit 
or 12-digit numbers punched in cards or stored in counters. 
Depending on the result of this comparison, the machine 
may then be instructed., by means of class selectors, to start 
certain operations such as card feeding, transfers, etc. 

The timing of all operations performed within the ma­
chine is regulated by a shaft in the card feeding unit rotat­
ing at the rate of 100 RPM. During one revolution of this 
shaft, a "machine cycle," exactly one card may be read or 
punched. During the same revolution a cam timing circuit 
produces 48 impulses that may be used to activate relays. 
These sequence impulses, emitted at regular time intervals 
of 1/80 of a second, form the basic sequence of "points" 
that governs the timing of all machine operations. A point 
represents the approximate length of time required for the 
proper operation of the relays. 

While the timing unit, just mentioned, produces the 48 
relay impulses, a second unit emits 12 digit impulses; these 
are of importance for the reading, comparing and punching 
of cards, and in the coupled calculator, also, for the control 
of operations. For the proper time sequencing of operations 
it is important to keep in mind the time of occurrence of 
these digit pulses within the card cycle. This basic relation­
ship is shown in Figure 1. 

Digit y x 0 1 2 3 4 5 6 7 S 9 I 
I' , , , 'r' ,t;:\ ;/7, 'rr;,s'OM , '~' ,OM 'j';' ''T',;t~' '~i'OM, , 
Sequence 

FIGURE 1. SEQUI~NCE PULSES AND DIGIT PULSES 
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While the basic mode of operation is of the single-cycle 
type, it is possible, in cases where the normal sequence of 
48 points is insufficient to permit the performance of series 
of operations required in the solution of a problem, to run 
the machines on the double-cycle basis. Only 50 cards then 
are read per minute, but the machine carries out approxi­
mately twice as many operations as it does during the single 
cycle setup. The storing and computing of numbers in the 
machine is effected entirely by means of approximately 
2,500 electro-mechanical relays arranged in 31 counters, of 
which five can have 12-digit signed numbers, and the other 
26 can accommodate six-digit signed numbers. Numbers 
are stored in the counters by a "pentad" system; in this 
type of arrangement each decimal digit is represented by a 
certain position in a "column" consisting of five relays, as 
shown in Figure 2. There the configurations a, b, ... , f 
represent, respectively, the decimal digits 0, 1, 2, 5, 6, 9 .. 
Thus, a number of six digits requires the services of 30 
relays, aside from the sign relay. 

1 2 3 4 5 
0 0 0 0 0 I a 

• 0 0 0 0 I b 
0 • 0 0 0 c 
0 0 0 0 • I d 

• 0 0 0 • I 
e 

0 0 0 • • 
FIGURE 2. THE "PENTAD" SYSTEM 

In addition to the 31 counters there are 24 dial switches, 
each capable of storing one digit. The machines, therefore, 
have an internal storage capacity of 240 digits each, or 
twice that number when operated in tandem, as described 
below. 

The different counters can perform some, but not all, of 
a variety of functions. Such functions have to do with the 
receiving of data from the switches, the cards, or other 
counters; transmitting data to other counters or the punch 
magnets; cooperating with other counters in the formation 
of new quantities such as sum, product, etc. ; shifting num­
bers to the right or left; rounding and comparing of results. 
All these operations are carried out at relatively high speed. 
Thus. the time required for the addition or subtraction of 
two signed numbers, having as many as 12 digits, an opera­
tion which requires three counters, is two sequence points. 
For multiplication of two numbers of six digits each, result­
ing in a 12-digit product, 16 points are needed; this ties up 
10 counters. The division of a 12-digit numerator by a six­
digit denominator, resulting in a quotient having as many 
as 12 digits, takes, on the average, 0.2 seconds per quotient 
digit. This operation engages six counters. It takes about 
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the same amount of time, but only four counters, to obtain 
one of the six digits that form the square root of a 12-digit 
number. 

Now, a few words about the two control panels of the 
relay calculator. As mentioned previously, all operations 
carried out within the machine are synchronized with a tim­
ing unit which emits 48 sequence impulses during one revo­
lution of a rotating shaft, or 96 impulses when double-cycle 
operation is called for. These impulses, coming in succes­
sion, are routed to 96 sequencing relays, each of which is 
associated with a number of outlets located on the right­
hand section of a two-section control panel. Sequence im­
pulses through these outlets, thus, can be made to control 
the sequencing of operations. The left half of the two­
section control panel, on the other hand, serves to decide 
the type of operation to be performed on each sequence 
point. 

The general purpose of the other control panel, consisting 
of three sections, is to give instructions pertaining to the 
reading, comparing, and punching of data, and to assign the 
channels through which the data can be routed. 

Coupling of the Relay Calculators 

While, in general, very fast and efficient, the machines, 
when operated singly, suffer from two shortcomings that 
quickly become apparent when problems of a more complex 
nature are to be solved: they are rather limited in both 
storage and programming facilities. 

Now these limitations have been greatly mitigated. C. E. 
Johnson, in cooperation with C. B. Smith of IBM, has 
worked out a method that utilizes both machines simul­
taneously in a manner designed to minimize the deficiencies 
cited above. Coincidentally, work is progressing on an all­
purpose control panel to be used when the machines are 
operated in tandem. The two machines are connected by the 
installation of a single connector cable between the main 
units of each machine. The changes in the internal wiring 
of both machines necessary for this type of coupling were, 
however, made in such a way that by simply disconnecting 
the cable, both machines may be used independently as done 
prior to the connection. When working in tandem, one of 
the calculators acts as a storage organ only, while the other 
one takes over the computing functions. Merely by a switch 
of the ends of the connector cable, the roles of storage unit 
and computing unit also become interchanged. Obviously, 
this type of arrangement has much to recommend it, since 
it may permit continuation of a problem without interrup­
tion in the event certain types of machine failure occur. 

In tandem operation, the machine that supplies the se­
quence impulses is the computing organ, while the machine' 
receiving these impulses becomes the storage organ. 

Operational control may be exercised entirely by punches 
on cards, through the use of class selectors, which are emi-



156 

nently suited for variable sequencing of operations. Each 
machine has 25 such selectors, of which six have three posi­
tions, and 19 have six positions, with four of the latter cate­
gory being of limited applicability. Twenty-one of these 
selectors are presently being used when problems are solved 
on the coupled calculator. A further enlargement of pro­
gramming facilities has been achieved by splitting up each 
six-position class selector into two class selectors of three 
positions, thus obtaining a total of 72 three-position selec­
tors, a number which seems to be quite adequate for most 
of the jobs usually considered for the calculator. 

Also, aside from code punches located in pre-assigned 
columns, the control cards are punched to govern the oper­
ation of the feed and punch units of both individual units; 
they may, moreover, contain constants that are needed 
in the course of the computation. Any of the symbols 
Y, x, 0,1, ... ,9, in any of the 80 columns of a standard IBM 
card, may be used as code in the card control. Thus, a yin 
column 3 may run the punch feed of the storage unit, an x 
in column 59 may instruct counter 10 to transfer out, a ° in 
column 64 may initiate the performance of a certain shift, 
etc. The choice of control punches is quite arbitrary and 
may be made to suit the requirements of each particular 
problem, in conformity with the wiring of the control panel. 

The sensing of the code punches by the reading contacts 
of the calculator initiates a signal which, properly routed 
through the class selectors, starts a certain routine pre­
viously wired on the control panel. A deck of control cards, 
then, placed in one of the four feeds of the computer, will 
govern the sequences of operations into which the problem 
has been broken previously. 

In a typical setup the calculator will operate as follows: 
first, input data are punched on cards and placed into the 
reproduce (Rs) and punch (P 8) feeds of the storage unit. 
Reproduce (Rc) and punch (Pc) feeds of the computer, on 
the other hand, contain the deck of control cards and blank 
cards, respectively. The reading of the first control card 
causes Rs to feed a card, thus introducing initial data into 
the machine. The following control cards cause the opera­
tions to be carried out in the desired sequential manner. 
Ultimately, the last control card instructs Pc to punch the 
final result. Now the sequence of the operations is started 
again by the reading of the first control card, which causes 
a new set of initial data to be introduced through Rs, etc. 
To preserve the continuity of operations, it has been found 
advisable to produce not one, but a sufficient number of 
such control decks, thus avoiding a delay, otherwise en­
countered, because of the necessary handling of the control 
cards. 

Examples of Problems 

The coupled calculator has been in operation now for 
over a year, and the results have been extremely satisfac­
tory. Many of the problems, whose complexity made their 
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solution on the relay calculators impractical, are now han­
dled speedily and efficiently. Thus, the calculation of the 
instantaneous position in space of a moving body by means 
of theodolite observations has been achieved in slightly over 
two minutes. 

In another problem it was necessary to solve a system of 
32 linear equations arising from a triangulation problem. 
To give an idea of the variety of types of computations now 
possible with the relay calculators, perhaps, it may be 
worth\vhile to present a short account of some of the phases 
into which the solution of a problem of this latter type may 
be divided conveniently. 

After carrying out the measurements previously decided 
upon, and inserting the conditions inherent in the geometry 
of the problem, there will result certain conditional relation­
ships represented by p linear equations in n unknowns Vk: 

n 

fi == :L:aikvk + ri = 0, i = 1,2, ... , p. (1) 
k=1 

The solution of (1) may be achieved by the minimization 
of ~v~, subject to constraints imposed by (1). Introducing 
p Lagrange multipliers, Ci, we then must make 

F == :L: (v~/2) - :L:Cdi = min. (2) 
k i 

Now the equations iJF /iJVk = ° necessary for this minimi­
zation lead to 

fJ 

Vk = :L:ajkCj. (3) 
j=1 

These expressions, in turn, after being introduced into (1), 
lead to the normal equations 

:L:AijCj + rj = 0, j = 1,2, ... , p, (4) 
k 

with 

Aij = :L: aikajk. ( 5 ) 
k 

Once equations (4) are solved, then the Vk, as computed by 
(3), will satisfy (1). 

In the carrying out of actual calculations, the following 
remark is of importance for the checking of the normal co­
efficients : if we put 

and 

Sk = :L:ajk, k = 1,2, ... , n, 
j 

Si = :L:Aij, 1, = 1,2, ... , p, 
i 

then, obviously, 

(6) 

Si = :L: aikSk· (7) 
k 

The first phase of the problem, then, deals with the calcu­
lations of the normal matrix, a job which may be handled 
on the relay calculators in straightforward fashion. The 
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second phase, i.e., the solution of equations (4), however, 
may be done in a variety of ways. We have found Jordan's 
method, which is a modification of Gauss' method of elimi­
nation, most suitable for treatment on the machines. Applied 
to our matrix (Aij,ri) , i.e., (Ai}) augmented by the column 
ri, this method proceeds as follows: 

Step I. Find the Ail of largest absolute value. Without 
loss of generality this coefficient may be labeled All' Then 
by using the factors 

m(~) = Ail/All 
it is permissible to transform the matrix (Ai},ri) into the 
equivalent matrix (Ag), r~1) by means of the relationships 

(8) 
r?) = ri -- mi1)rH i = 2,3, ... , p. 

Accordingly, 
Ag) = 0, while AU> = All' 

Note also that if Aji = Aij then AU) = A~A) for i, j > 1. 

Step 2. Find the Ag) of the largest absolute value, for 
i = 2, 3, ... , p. This coefficient may be labeled Ag), with­
out loss of generality. Form the factors 

(9) 

and put Aij2) = AU) - m~2) Ag), 
ri2) = r~l) - m~2)r~l), i = 1, 3, 4, ... , p. 

Then Ag) = 0, while A g) = Ag). 

Also, Ag) = AiI) = All' but A112
) 0 for i =F 1, 

since A n-) = 0 for these i. 
Thus, the transformed matrix has the form 

o AW Al~) 

A2~2) A~:) Aii) 
o A

3
(32 ) A~i) 

o AU) AJi) r~2) 

Again, if the original matrix Ai} is symmetric, then AiP = 
Ajl) for i, j > 2. 

Generally, let us assume that the first e columns have 
been so transformed. Among the AI.~~H i = e + 1, e + 2, 
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... , p, let A~e;1.e+1 be the one of largest absolute value. Then 
the relations 

miH1 ) = A~~~+l/ A~e;1.C+1 
(10) 

Air1
) = AIr - mie+l) A~el1.j, i =F e + 1, 

will carry the diagonalization process one step further. 
After p such steps the matrix (A ij , ri) will look like this: 

0 0 
Ag) 0 

0 0 0 

The desired solutions are, therefore, 

Cj = - rjP)//AW. 

0 
0 

( 11) 

A(p) 
pp 

For purposes of checking calculations it js useful to carry 
along at each step the sums of all coefficients in each row. 
If, namely, one computes at the start 

(12) 
and, during step 1, transforms the Ti together with the r~l) : 

Til) = Ti-m~l)TH (13) 
then, obviously, 

L:AJ]) + r~l) + T/1) = O. (14) 
J 

A similar relationship holds for each step. 
Once the first solution C(1) == (ci1

), cP), ... , c;1)) has 
been obtained, it takes considerably less time to get an im­
proved solution c = C(l) + d. If, namely, equations (4) are 
written in matrix form: 

Ac + r = 0, 
and the residuals due to c(1) are t == (tv t2 , ••• , tp ) : 

Ac(1) + r = t, 
then Ad + t = 0, 
and since A has been diagonalized previously, it is necessary 
only to transform the column t. 

The relay calculators, completing a whole step with each 
machine run, took about 20 hours to solve the problem with 
the desired degree of accuracy. From the experience gained 
thus far, it may be stated that the coupling of the IBM 
Relay Calculators has resulted in a decidedly superior com­
puting machine. 



An Improved Punched Card Method for 
Crystal Structure Factor Calculations* 

MANDALAY D. GREMS 

General Electric Company 

THO S E of you who have worked with calculations deal­
ing with the structure of complex crystals, are reminded, 
probably, of the long monotonous operations involved. For 
this reason, a few persons here and there have attempted to 
find methods for simplifying the tremendous amount of 
hand calculations. Shaffer, Schomaker and Pauling, at the 
California Institute of Technology, were the first to report 
a method using the IBM equipment for this purpose. How­
ever, at our own Research Laboratory at the General Elec­
tric Company in Schenectady, there is a group of scientists 
who have spent considerable time and effort on this work, 
both analytically and theoretically. 

After a few discussions of their problem, it seemed more 
efficient and better suited to the IBM equipment to begin 
with the general expression, 

N 

Fhkl = Lf, cos 2'7T (hx,+ky,+lz,) 
J=1 

N 

+ i Lf' sin27r (hx,+ky,+lzj) 
j=1 

rather than to use a specific and modified expression for 
each type of structure factor calculation. 

This expression doesn't look difficult until you consider 
that it involves many combinations of the refleCtions h, k, I 
with the trial parameters x, y, Z to find the best sets of 
x, y,z. 

At the beginning, three separate decks of cards are key 
punched: 

1. Table cards. For sin 27r1% and cos 21r1X, where IX ranges 
from 0.001 to 1.000, in intervals of 0.001. This pack 
is used for all crystal structure calculations. 

2. Reflection cards. One card for each reflection h, k, l. 
This card also contains the scattering factor for each 
kind of atom, the temperature factor, and the absorp­
tion factor (if known) for that particular reflection. 
These reflection cards are used for all trials for a 
specific crystal structure factor. 

*This method was presented atthe American Society for X-ray and 
Electron Diffraction in Columbus, Ohio, on December 16, 1948. It 
also appeared in the December issue of Acta Crystallographica, 
V 01. 2, Part 6. 
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3. Parameter cards. One card for each set of trial param­
eters x, y, z. The number of cards depends upon the 
unit of structure. These cards are used for a specific 
calculation. 

First, reproduce the set of reflection cards as many times 
as there are sets of parameter cards, gang punching a set of 
x, y, Z values on each reflection deck. If there are 400 reflec­
tions and eight sets of parameters, then there are 3,200 de­
tail cards each containing an h, k, I, x, y, and z. 

There are four main machine operations in the solution 
of this problem. The two important steps, or the two con­
tributing the most to a mote compact and general proce­
dure, are steps I and III. 

I. Forming the quantities a, = (hx, + ky, + lz,) 
II. Obtaining the cosines and sines of a, 

III. Multiplying the trigonometric functions by the 
scattering factors, f, 

IV. Summing the previous products 

Step I indicates the formation of the quantItIes a, = 
(hx,+ky,+lz,). Using the IBM Type 602 Calculating 
Punch with the above detail cards, it is possible to find a" 
b" c"and d, at the same time-that is, with only one 
passage of the cards through the machine, where 

aj = hx, + kYI+ IZj , 

bj = hx, + ky, - IZj , 

CJ = hXj - ky, + IZj, 

d, = - hx, + ky, + IZj • 

As the next step involves looking up the sine or cosine of 
the quantities a, b, c, and d, it is sufficient to carry only the 
decimal places in the product and sums. Therefore, multiply 
h by x, and carry the three decimal places to the four sum­
mary counters, adding the product in counters 14, 15, and 
16 and subtracting the product in counter 13. Then multi­
ply k by y, add the three decimal places of the product 
into counters 13, 15, and 16, and subtract it into counter 14. 
In the same manner, multiply, I by z, add the three deci­
mal places of the product into counters 13, 14, 16, and sub­
tract it into counter 15. To eliminate the possibility of cal-
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culating a negative value, add 1.000 in each of the counters 
13, 14, 15, and 16 on the reading cycle. Now it is unneces­
sary to include negative ~'s in the sine and cosine table. 
When these four sums are punched, each card contains a 
positive number for a, b, c, and d. 

For certain symmetry elements the structure factor will 
contain any or all of the terms b, c, d, as well as a; so there 
is a considerable reduction in the number of atomic param­
eters necessary when all can be found at one time. 

This, also, makes the procedure general for most struc­
tures. The effect of symmetry is illustrated by the soace 
group Pmmm , 

NI8 

atoms at x y z, x y z, x y z, % y z 
% y Z, oF Y z, oF y z, x y Z , 

Fhkl = 8 ~fj(cos 2-rraj + cos 2-rrbj + cos 27rcj + cos 2-rrdj). 
j=l 

As you notice, the structure factor can be written in 
terms of a, b, c, d. Therefore, the parameters of only 1/8 of 
the atoms in the unit cell need be considered. 

N ow look at another space group P nnm, for example: 
For (h + k + l) = 2n, 

NI8 

Fhkl = 8 ~fj( cos 2-rraj + cos 27rbj + cos 27rcj + cos 2-rrdj). 
j=1 

For (h + k + l) = 2n + 1 , 
NI8 

Fhkl = 8 ~fj( cos 27raj + cos 2-rrbj - cos 2-rrcj - cos 27rdj ). 

j=1 
For this space group, there are two different expressions 

for F hkl , depending upon whether (h+k+l) is odd or even. 
They both contain a, b, c, and d, but the algebraic combina­
tions of the cosines differ. This does not change our general 
procedure, however, and it is a simple matter for the ma­
chines to separate the two groups at the proper time. 

At step II, use the previously prepared sine or cosine 
table deck; sort, collate, and intersperse gang punch the 
table values on the detail cards for the four factors a, b, c, d 
where 

cos 27raj = A j , 

cos 27rbj = B j , 
cos 27rcj = Cj , 
cos 27rdj = Dj . 

Each detail card should now contain the following: 
h,k,l,x,y,z,a,b,c,d,A,B,C,D as well as a code for the type and 
number of the atom. 

Until step III there was no need for a particular ar­
rangement of the cards. At this point, the cards must be 
sorted on the column indicating the kind of atom. The dif­
ferent kinds are kept separate, and these packs are sorted 
according to reflection h, k, l. 

Using the accounting machine with the summary punch 
attached, punch on blank cards the (A, B, C, D) for each 
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reflection. Repeat this operation for each kind of atom sepa­
rately, where 

~ cos 2-rra] = ~A1 = Aml , 

and 

~ cos 27ra2 = ~A2 = A m2, etc. 

Therefore, each summary card for atom ( 1) now contains 
the code for kind of atom, the reflection, and (A, B, C, D) m 1 ; 
summary card for atom (2) contains (A, B, C, D) m2 sub­
stituted for (A, B, C, D) mL 

At this time, it is necessary to· refer to the expression for 
the particular structure being studied, in order to determine 
how to combine (A, B, C, D) m1 or m2. 

Referring to space group P mmm, (A + B + C + D) m1 

or m2 is necessary. 

Referring to space group P nnm, (A + B + C + D) m1 

or m 2 for 2n ; and 
(A+B) - (C+D) m1 or m 2 for 2n + 1. 

This is only a minor change on the IBM type 602 control 
panel to perform either operation. Another variation for a 
complex group can be done simply and easily at this time, 
if both F hkl and Fiikl are required. 

The sums of the A, B, C, and D's can be calculated for 
both at the same time. Only one set of reflection cards (hkl) 
are required until the final stages of the work. 

After the A, B, C, and D's are combined properly, the 
sum is multiplied by the proper scattering factor, fml or fm2. 

fml(A+B+C+D) m1 = Rm1, etc. 
The final step consists of simply adding these products 

together for the prop~r reflection and multiplying by a 
factor for that reflection, 

T hkl (Rm1 + Rm2 ) = F hkZ• 

It is usually of interest to note the contributions of 
each kind of atom to the final result; so it is advisable to 
list the factors Rm1 and Rm2 , as well as F hkZ, on the record 
sheets. 

DISCUSSION 

Mr. Smith: How long did it take you to calculate, say, 
for the order of 600 reflexes for your space group P nnn or 
Pmmm , or that order between 100 and 600? 

Miss Grems: It first took me twice as long as it did later, 
because I checked, and after I had done quite a number of 
these I found there was no point in checking the calculation 
of the quantities hx + ky + lz or a, b, c, and d, because if 
there was an error it wouldn't make much difference. I 
would say roughly about three and a half days-perhaps 
four or four and a half. It added about an extra day to carry 
on the checking, although a good part of the checking could 
go on at the same time. I always did check the last part of 
calculations after I found the A's. Of course, it was a simple 
check. 
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Mr. S11tith: That was for roughly about 500 reflexes? 

Miss Grems: That is right; and breaking it down to 
about eight y, X', z's. 

Afr. Smith: That would be roughly about a fifth of the 
time it would take you with a hand calculator, maybe less? 

Miss Grems: For the particular case about which I was 
talking, we found for both the Fhkl plus and F hkl minus, it 
took only a half-hour longer to get the F hkl minus. 

Chairman Hurd: Is the method which you have used, 
Mr. Smith, roughly analogous to this? 

lWr. Smith: Unfortunately, no. I have been using a 
method somewhat similar to the one they use at California 
Tech., which differs somewhat from this; and, unfortun­
ately, most of it has been done on the hand calculator. Also, 
unfortunately, the last case, instead of having, say, eight 
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terms, had twenty terms in the general space group. It was 
a little more involved than that, but I was able, by using 
some Fourier transforms, to eliminate the necessity of cal­
culating those two longer terms. 

Mr. Thompson: Regarding the layout cards for master 
cards, which most of us use, our local IBM man made a 
very good suggestion of which some of us may not have 
thought. He suggested that we punch every hole in the card. 
When you want to read a detailed card, you put the layout 
card right over the detail card as a mask, and this makes it 
very quick to read. A couple of warnings, however: When 
you do this, don't punch every hole at once. If you punch 
them all simultaneously, two things hlight happen. The 
punches may stick in the dies or, as a matter of fact may 
come out of the left-hand side. It is advisable to send them 
through about eight times. 

/ 



The Calculation of Complex Hypergeometric Functions 
with the IBM Type 602-A Calculating Punch 

HARVEY GELLMAN 
University of Toronto 

THE hypergeometric function F (a,b ; c ; z) is usually de­
fined, for purposes of calculation, by the hypergeometric 
senes: 

FC b' . ) - 1 + a·b + a(a+1) b(b+l) 2 
a, ,c, z - 1 z 1 2 ( 1 ) z ·c . ·c c+ 

+ a(a+l) (a+2) b(b+l) (b+2) 3 

1.2.3'c(c+l)(c+2) z + .... (1) 

this series being convergent for I z I < 1. 
Many physical problems lead to integrals which can be 

expressed in terms of hypergeometric functions, and many 
important functions employed in analysis are merely special 
forms of F (a,b ;c ;z). Thus: 

(1+z)n = F( -n,p;{3 ;-z) 
log (1+z) = zF(1,1;2 ;-z) 

1" (z) = lim !(z)v ( Z2 ) e: r(v+l) F A,p.;v+l; - 4Ap. . 

The purpose of this paper is to describe a method for 
computing F(a,b;c ;z) from (1) when a, b, c, and z are each 
of the form x+iy;x,y real, i2 = -1. We were confronted 
with these functions through the problem of internal con­
version of y-rays emitted by a radioactive nucleus. The 
radial integrals arising from the calculation of transition 
probabilities were expressible in terms of hypergeometric 
functions. Our problem involved 90 hypergeometric func­
tions, and on the basis of a preliminary estimate, 99 terms 
of the series were used. Such complex hypergeometric func­
tions cannot be conveniently tabulated since they involve 
eight variables, and so a method is required which will 
readily yield F(a,b; c ;z) for special values of a, b, c, and z. 

Calculations 

\Ve begin by defining 
. (a+n) (b+n) 

fn = gn + $hn = (n+l) (c+n) z (2) 

where a = A 1+iA2; b = Bl +iB2; c = C1 +iC2; z = Zl+ iz2· 

ThenF(a,b;c;z) = l+fofl+fofd2+foflf2f3 + ... (3) 
The expanded form of fn can be written as: 

fn = (zl+iz2) [~: + i ~:] 
[ (Fl) (F2)] .[ (FI) (F2)](4) = Zl Fa - Z2 Fa + $ Z2 Fa + ZI Fa 
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whereFI ='Fl(n) = n3+n2(Al+Bl+CI) 
+ n[AI (BI+C1 ) - A 2(B2-C2) + B1C1 + B2C2] 
+ [AI (BIC1 +B2C2) + A2(BIC2-B2Cl)] (5) 

= n3 + a2n2 + a1n + ao 

F2 = F2(n) = n2(A 2+B2-C2) + n[A2 (B I+CI ) 
+ Al (B2-C2 ) + B 2 CI - B1C2 ] 

+ [A2(B1Cl+B2C2) - Al (B IC2-B2CI)] (6) 
= b2n2 + bIn + bo 

Fa = Fa(n) = n3 + n2(2CI+l) + n(Cl+C~+2CI) 
+ (Cl+CD (7) 

= n3 + d2n 2 + dIn + do 
Thus, our object is to compute (7), (6), (5), (4) and (3) 
in that order. 

Machine Procedure 

The six numbers representing the real and imaginary 
parts of a, band c are key punched on cards, and the co­
efficients a2 , aH ••• , do are computed by basic multiplica­
tions and additions. This computation requires eight sets of 
cards which are later combined on the reproducing punch 
to yield a set of master cards for the coefficients of the 
polynomials in n. The layout for this master set is given 
below: 

MASTER SET 9 

Card Columns Data Remarks 
1-2 group number each F (a,b ;c ;z) defines a 
3-10 a2 group; we required 90 

11-18 al 
values of the hypergeo-

19-26 ao metric function 

27-34 b2 
35-42 bl 

43-50 bo 

51-58 d2 
59-66 d1 

67-74 do 

79 'X' 
80 set number 9 
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Computation of Polynomials 

A set of detail cards (set 10) containing n, n2
, and nS for 

n = O( 1) k is generated on the reproducing punch. This 
set contains (k+ 1) cards for each hypergeometric function 
to be evaluated, k being the highest value of n used. In our 
calculation each group contained the same number of cards 
(i.e., the same value of k was used throughout) to minimize 
the handling of cards by the operator. 

The master set 9 cards are inserted in front of their 
appropriate groups in detail set 10, and three separate 
group multiplications are performed on the 602-A calcu­
lating punch to yield Fl, F2 and Fs. The planning chart and 
control panel wiring for F s is shown in Figure 1. 

Sign Control in Group Multiplication 

Since the coefficients on a master set 9 card may be posi­
tive or negative, their sign must be retained in the machine 
for the complete group of detail set 10 cards following the 
master card. This is achieved by dropping out pilot selectors 
4 to 7, which control the sign of multiplication, through the 
transfer points of pilot selector 1. Pilot selector 1 is picked 
up at the control brushes by the master card and is dropped 
out in the normal manner. 

Computing Fl/Fs and F2/Fa 
Since the polynomials in n can have from 6 to 12 signifi­

cant digits, 12 columns are assigned to them. Detail set 10 
cards are sorted on Fa into separate groups which have 
12, 11, 10, 9 and 8 significant digits, respectively. Treating 
each of these groups separately, the above quotients are 
easily formed through basic division. The layout of detail 
set 10 is given below: 

Card Columns 
1-2 
3-4 
5-8 
9-14 

15-26 
27-38 
39-50 
51-58 
59-66 

79-80 

DETAIL SET 10 
Data 

group number 
n 
n2 

nS 

Fl 
F2 
Fa 

F1/Fa 
F2/Fs 

set number 10 

Remarks 
n, n2 and nS reproduced 
from card table of nil! 

Computation of fn 

From equation (4) it is seen that the computation of in 
requires a complex multiplication of (F1/Fs) + i (F2/Fa) 
by (Zl + i Z2)' and this is equivalent to four real multipli­
cations grouped together as shown in (4). The quantities: 
group number, n, Fl/Fa and F2/Fs are reproduced from 
set 10 into a new set, 11, of detail cards. The values of 
Zl and Z2 are key punched into a new set, 12, of master 
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cards. By performing a complex group mUltiplication from 
set 12 to set 11 as shown in Figure 2, the values of in are 
generated. In our case Zl was positive, and Z2 negative for 
all the groups, so that sign control on group multiplication 
as shown in Figure 1 was unnecessary in this operation. 

Consecutive Complex Multiplication 
Having obtained the fn in the previous operation, we now 

require the products fo, fofH fofd2' etc. The method used for 
this computation is given below in schematic form: 

Card No. 
1 
2 
3 

Quantity Read from Card 

fo = go+iho 
fl = gl+ihl 
f2 = g2+ih2 

Operation 

1· fo=Ro+il n 

fofl = Rl +iIl 

fofd2 = R 2+iI2 

The planning charts and control panel wiring for this oper­
ation are shown in Figures 3 and 4, pages 165, 166. The 
essential features here are the retention of the calculated 
result from one card to act as a multiplier for the following 
card, and the conversion to true form of this multiplier if it 
should turn out originally as a complement figure in the 
counter. (The machine ordinarily converts complement 
numbers during the punching operation only.) In addition 
to this we must "remember" the sign of, say fofl' when we 
multiply it by f2 to form fofd2' The· scheme is started by 
feeding a blank card under the direction of a separate con­
trol panel which reads a 1 into storage 4R and resets all 
other storage units, counters and pilot selectors to normal. 

The panel of Figure 4 is then used with one group of set 
11 cards. The first card of this group reads into the machine 
the numbers fo = go+ihoand has punched on it fo = Ro+ilo. 
The quantities go and ho are retained in the machine and 
are used to multiply f1 = gl+ihl from the second card 
which has punched on it fofl = Rl +iIJ> and so on. 

At the end of program step 6, counters 1, 2 and 3 contain 
R k , the real part of (fOflf2 .... h). If Rk is negative, the 
counter group will contain the complement of R k • On pro­
gram 7, pilot selector 3 is picked up by an NB impulse, is 
transferred on program 8 and is dropped out on program 7 
of the following card. Thus, the sign of Rk is remembered 
both during the conversion of Rk on program 8 and the 
multiplication by Rk on programs 2 and 6. A similar proce­
dure is used for I k. 

The final step in the calculation of F (a,b ; c ; z) consists in 
summing Rn and In separately on the accounting machine 
and recQrding the value: 

k k 

F(a,b ;c;z) = ( 1 + 2:Rn )+ i(2:In). 
n=O n=o 
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Checking of Cmnputations 

The coefficients a2 , av ... , do of the polynomials in n are 
checked by manually checking one or two cards, performing 
the machine operation twice, and testing the resulting 
punches for double punching. 

The polynomials F 1 , F2 and F3 were checked separately 
by summation on the accounting machine according to the 
following formula: 

k k k 

L (n3) + a2 L (n2) + a1 L (n) 
n=O n=O n=O 

+ ao(k+l) 

=[k(ki 1 )J2+ a
2 
[k(k+l)6(2k+l)] 

+ a1 [k(ki
1
)] + ao(k+l) 

where k is the last value of n III the series. F 2 and F 3 are 
checked in a similar manner. 

Since the third differences of a cubic polynomial are con­
stant, an alternative check consists of finding 

6,F1 (n) 

6,2F1 (n) 

6,3F1 (n) 

F 1 ( n+ 1) - F 1 ( n ) 

6,F1 (n+l) - 6,F1 (n) 

6,2F1 (n+l) - 6,2F1 (n) = constant. 

Generating Differences 

Generally, functions which are tabulated at equal inter­
vals of the argument can be conveniently checked by taking 
differences up to an order which is sufficient to show a 
"jump" indicating an error. 

For this reason a planning chart and control panel wiring 
scheme is shown in Figure 5 for finding first differences of 
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any tabulated function. Second differences are formed by 
operating on the first differences, and so on for the higher 
orders. The key to the scheme shown in Figure 5 consists 
in "alternating" a pilot selector so that it is transferred for 
the first card cycle, nortl1al for the second card cycle, trans­
ferred for the third card cycle, and so on. 

The complex group multiplication shown in Figure 2 
was checked by summations on the accounting machine, 
using the normal check for group multiplication. The suc­
ceeding operations are each performed twice after one or 
two cards are checked manually, and the punched results 
are then tested for double punching. 

The time required to calculate 90 hypergeometric func­
tions containing 99 terms each is about 140 hours. 
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DISCUSSION 

Mr. Lowe: This problem of the presence of complement 
numbers in storage which are needed in multiplication 

COMPUTATION 

seems to be of quite general interest, and I thought I might 
mention something of which seemingly not too many people 
are aware. 

There is a device available which solves that problem 
fairly neatly. A relay is attached to whatever storage unit is 
specified, which picks up if a complement number is read 
into the storage unit. When the unit is read out, the com­
plement number is converted so that the true number is 
available either for multiplying or for transferring back to 
the counter. 

Mr. Gellman: I should have mentioned a little more 
clearly, I suppose, but I am sure everyone realizes that the 
602-A converts complements only during punching. It 
punches a true figure, but the complement figure remains in 
the storage. 

Mr. Bisch: I think Mr. ~ellman's example is a very good 
illustration of a point whi~h would interest engineers. He 
has completely systemized the problem to the point where 
the work can be done by someone who doesn't understand 
anything about it. Thus, computers can carry out the ma­
chine calculation, and the only work they have to do is to 
execute one particular step with care before they go to the 
next. In this way he is able to free himself of the routine 

. calculations and can devote his time to the more important 
task of planning new problems. 



The Calculation of Roots of Complex Polynomials Using 
the IBM Type 602-A Calculating Punch* 

JOHN LOWE 
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COM P LEX polynomials, or real polynomials with com­
k 

plex roots, of the form ~ ak-i Xi = ° are common com­
i=o 

puting problems. In aircraft engineering they arise fre-
quently in studies of airplane flutter and vibration. 

A successful method of solving these polynomials with 
accounting machines should meet certain requirements: 

1. It must be completely automatic and reasonably fast 
and easy to operate. 

2. It must permit simultaneous attack on all roots. 
3. It must be independent of the order of the equations 

to be solved. 
4. It must be able to accommodate a wide decimal range 

to permit solution of equations whose roots vary in 
order of magnitude. 

The system presented here satisfies requirements 1, 2, 
and 3, and it is satisfactory for many purposes with regard 
to requirement 4. 

THEORY 

Newton's method of successive approximations where 

f(x",) 
X"'+1 = x", - f'(x",) (1) 

is the basis of this system. f(x",) and f' (x",) are calculated 
by synthetic division. 

The synthetic division process may be illustrated using a 
third degree equation: 

f(x) = aox 3 + a1x 2 + a2x + a3 ~ 0.· 
Then, writing only the coefficients and letting x'" be some 
complex number for which f(x",) and f'ex",) are desired, 

ao 
bo = ao, 

Co = ao, 

a1 

b1 = a1 + box",! 
C1 = b1 + COx"" 

*This paper was presented by title. 

a2 

b2 = a2 + b1x"" 
f' (x",) = b2 + C1x'" 

a3 

f(xn ) = a3 + b2x n • 

(2) 

169 

As discussed later, f( x"') and f' ( % "') are calculated in one 
run through the IBM Type 602-A Calculating Punch, and 
x "'+1 in a second run. 

Using a standard, full-capacity 602-A, it seems that the 
real and imaginary parts of x'" can be expressed to six 
digits each and the complex quantities ai, bi and C{to eleven 
digits (twelve if the storage unit conversion device is avail­
able). 

Since all numbers must be handled according to some 
fixed decimal point, it is frequently desirable to effect a co­
ordinate transformation, x' = cx, such that the largest root 
of the transformed equation is near unity. Such a trans­
formation permits groups of dissimilar equations to be han­
dIed simultaneously with a fixed decimal point. If, as is the 
case in airplane flutter analysis, the equations are charac­
teristic equations of complex matrices, it is advantageous to 
make this transformation on the matrix. Incidentally, such 
a transformation on the matrix greatly facilitates the proc­
ess of deriving the characteristic equation. 

An automatic application of Newton's method, as de­
scribed here, will not always find all roots from first 
approximations. The difficulties are discussed in many 
numerical analysis texts. On the other hand, it is always 
possible to obtain some of the roots and, thus, by manual 
analysis, arrive at better approximations to the missing 
roots .. These can be used as the basis for further machine 
iteration. 

Another approach to the problem of missing roots is to 
factor known roots from the original equation (this can be 
done by the synthetic division process), and operate on the 

k-l 

reduced equation ~ bk - i Xi = 0. In fact, if nothing is 
i=O 

known about the roots, it may be advisable to start with an 
initial approximation of %0 = 0, find a root, factor it out 
and repeat on the redu~ed equation. However, caution 
should be exercised in factoring out large roots, as it may 
be necessary to know such roots to a relatively large num­
ber of significant figures ,to obtain an accurate reduced 
equation. 
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PROCEDURE 

One detail card is punched for each complex coefficient, 
ai" of the equation. These are arranged in order of subscript, 
constant term last:\ A master card containing % n is filed in 
front and a blank trailer behind. The group is run through 
the 602-A, the master and detail cards skipped out without 
punching, and complex f(xn) and f'(xn) punched in the 
trailer .. The detail cards are sorted out, and the master and 
trailer run through the 602-A again to calculate x n+l by 
equation (1). Also, in the second run, an 11 is punched in 
the trailer to make it a master. It may then be filed in front 
of the detail, a new trailer placed behind, and the cycle 
repeated. 

If a number of equations are being handled simultane­
ously, the cards may be collated after X n+1 is calculated and 
both cards pulled if Xn = X n+l. By match-merging the detail 
behind the remaining new masters, roots which have con­
verged will automatically be eliminated. 

Obviously, any number of groups for one equation can be 
going through the procedure simultaneously. Thus, one or 
more approximations to each root can be handled at the 
same time. 

A good check on the work is provided by listing both 
masters after X n+1 is formed. If f(z) is decreasing and % is 
not changing rapidly, it can be assumed that the process 
is working correctly. 

Thus, the operations are seen to be extremely simple and 
can, in fact, be handled by an operator with minimal knowl­
edge of machine accounting. This leaves a discussion of the 
two 602-A control panels. 

The synthetic division control panela can be explained by 
reference to (2) 

Master Read-in new % and clear old f(%) and f'(%) 
ao detail %0 + ao = bo %0 + 0 = 0 
~ detail %bo + a l = b1 %0 + bo = Co 

a2 detail %b l + a2 = b2 %Co + bi = C1 

ag detail %b2 + ag = fez) %C 1 + b2 = f'(%) 
Trailer Punch f (%) and f' (% ) 

Note that the formation of both bi and Ci follows the same 
pattern. If bi is calculated and the program unit allowed to 

aThe writer will supply copies of the layouts for the 602-A control 
panels on request. Address John Lowe, Dougl~s Airc~aft ~om­
pany, Inc., Engineering Department, Santa MOnIca, Cahforma. 
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repeat itself, Ci can be formed with little selection of pro­
gram exits. 

ao is often equal to unity. If this is true for a particular 
group to be handled, bo = 1 can be emitted into storage on 
the master card, and the ao detail card omitted. 

The quantities bi and Ci, which are often negative, must 
be placed in storage units and used as multiplicands. Hence, 
the wiring can be simplified, time saved, and one more digit 
carried if the 602-A is equipped with storage unit conver­
sion devices. 

The control panel to form%n+1 by equation (1) is straight­
forward. The square of the modulus of f' (%) is formed, 
fez) is multiplied by the conjugate of 1'(%) and the two 
indicated divisions and subtractions performed. %n+l can be 
calculated to eight decimal digits, although only six can be 
used in the synthetic division. This may be desirable as 
when the root has converged to six digits, the next approxi­
mation may be accurate to seven or eight digits. 

If both f (%) and f' (%) are small, the products of these 
by the conjugate of f' (%) may be very small, and the quo­
tients may have insufficient significant figures. In this case, 
the trailers maybe reproduced before the calculation of %n+l 
mUltiplying both fez) and f'(%) by a power of 10. Obvi­
ousl y, the same device will work if f ( x) and f' ( x) are too 
large. 

Factoring out a root and punching the reduced equation 
may be accomplished simply. The coefficient cards are re­
produced, omitting amounts and common punching. Thes~ 
new cards are filed behind the original coefficient cards by 'to 

The master containing the root is filed in front, and the 
entire deck is run through the 602-A. The blanks serve as 
trailers and receive the coefficients of the reduced equation, 
the amount in the last one being the residual and providing 
a check on the work. The 602-A control panel for this 
operation accommodates eight digits of %, uses the same 
synthetic division process described above, and is quite easy 
to wire. 

As an example of time required to obtain roots by this 
method, consider a group of sixth degree complex equations 
with coefficients given to not more than eleven (or twelve) 
decimal digits. Evaluation of f(xn ) and f'(%n) for one root 
requires about one minute. Thus, if the roots converge after 
an average-of five iterations, it requires about one-half hour 
per equation to obtain all the roots. 
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THE PUR P 0 S E of this paper is to give an account of 
experience in the inverting of matrices of high order, 
obtained in connection with the engineering problems of 
North American Aviation. Because information on this 
subject for really large matrices (i.e., for n > > 10) is 
notoriously sparse in the literature of the subject, and be­
cause of the great importance of the problem in many fields, 
such a paper should be of interest to this seminar. In addi­
tion, it is hoped that research organizations will be stimu­
lated to make investigations, which we, not being a research 
organization, are neither qualified for, nor encouraged to 
carry out. 

When simultaneous linear algebraic equations are met in 
engineering work, as they frequently are, it is usually nec­
essary to solve a number of systems having the same co­
efficients, but different constants on the right-hand sides. 
It is shown in reference 1 that if the number of systems is 
at least four (i.e., if there are at least four columns of con­
stants), it is economical to compute the inverse matrix. In 
our work this is generally the case, and for this reason ma­
trix inversion is important. 

It is not practical to perform the inversion process manu­
ally (with desk machines) unless n < 10, and even for 
these small matrices, if it is necessary to invert a large 
number of them at anyone time, the work is done much 
more quickly, and accurately with the help of IBM. There­
fore, both systems of high order (n > 10) and large groups 
of small systems are handled by the IBM group. 

The small systems are handled quite successfully by a 
variant of the well-known Aitken method. To give an idea 
of the efficiency with which this work is done, 48 fifth-order 
matrices were recently inverted and checked in 16 hours­
an average of 20 minutes per inversion. This work was 
done using the IBM Type 602 Calculating Punch; use of 
the IBM Type 604 Electronic Calculating Punch would 
cut down the time somewhat, but not greatly so because of 
the large amount of card handling involved. Although this 
is far from being the most efficient use of the machines, 
those with experience in numerical inversion will recognize 
it as being amply justified. 

The large systems present special difficulties which re­
main to be solved. Not only does the number of operations 
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increase enormously with the order, making the process 
very slow, but also· such systems rapidly tend toward in­
stability as the order increases-i.e., the rounding errors, 
which are inevitable-accumulate in a serious way. In this 
connection, see references 1 and 2. 

Because of the inherent instability of the direct methods, 
several well-known iterative methods (classical iteration, 
and the method of steepest descents) were tried. For large 
systems convergence of these methods is. much too slow. 
Convergence is theoretically assured for positive definite 
matrices. Positive definiteness was guaranteed by the expe­
dient of taking A'A, where A' is the transpose of A, the 
matrix in question, and 

A-l = (A'A)-l A'. 

Despite the theoretical assurance of convergence, in this 
case, numerous iterations showed no evidence of conver­
gence at all ! We probably did not give sufficient trial to this 
approach, but our negative results with the methods tried 
are confirmed by other investigators.s Iteration has its value 
in the improvement of an approximate solution obtained by 
some other means. 

In choosing among the many direct methods, several con­
siderations are important: (1) The number of elementary 
operations should be a minimum. (2) The arrangement of 
work and order of operations should be convenient with 
respect to the peculiarities of the machines. 

Concerning the first requirement, it is asserted in refer­
ence 2 that the elimination method requires fewer opera­
tions than other known methods. There are numerous 
methods, however; which can be considered to be but slight 
variations of the elimination method. The method of par­
titioning of matrices, for example, is a generalization of the 
elimination method, and the various methods which involve 
pivotal reduction-those of Aitken, Crout, Doolittle, Gauss, 
etc.-are closely similar and require about the same number 
of operations. The method of determinants is an example 
of a method definitely inferior to those mentioned above. 

With respect to the second requirement, suitability for 
the machines, methods which include such things as re­
peated cross multiplication are to be avoided. 

*This paper was presented by title by Paul E. Bisch. 
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A direct method which fits these requirements is a new 
variant (as yet unpublished) of the elimination method de­
veloped by Mr. Charles F. Davis of our IBM group. Al­
though this method has several features to commend it for 
use with IBM machines (and with desk machines as well) 
it is not claimed that the successful inversion of several 
large matrices could not have been achieved by other meth­
ods. The method used "yas simply the elimination method 
with some new twists. Since the details are still being 
written up they cannot be given here. 

The point of most interest is that inversion of a matrix 
as large as 88 by 88 has actually been carried out satisfac­
torily, using standard IBIVI equipment. The prevailing 
opinion among the authorities is that the inversion of a 
matrix of this order is a practical impossibility (d. refer­
ence 3, page 2 and pages 6-8). In a sense this may be true, 
for this first attempt at inverting an 88th order matrix took 
about nine weeks and involved between 60 and 70 thousand 
cards. The better performance which should come with ex­
perience might still be prohibitively long and expensive 
from the engineering point of view. Nevertheless, the de­
gree of success we have had seems hopeful. 

A word of explanation should be given about what we 
have considered "satisfactory" in the way of accuracy. Un­
fortunately this is a difficult question if one demands 
precise limits. The question might be phrased this way: If 
a solution 9f a linear system is substituted in the original 
equations and all the remainders are small, is the error in 
the solution small? How small? If the system is 

AX -B = 0 
and a solution Xl is substituted there results a column of 
remainders R 1 

AX1-B = R 1 · 
Elementary matrix theory gives the answers to the above 
questions in terms of the norms of the column vectors Rl 
and E1 = X - X H and the quantities A and 11', the upper 
and lower bounds, respectively, of the matrix A. 

1/,\ IRll < IE11 < l/p.I R l\ . 
From this we see that if A is large and 11' small, the limits of 
error can be very wide; in particular if 11' is sufficiently 
smClll, lEI I may be large, although IRll is small. Thus, 
what is often considered to be good check may conceal large 
errors. The main difficulty, however, is that the quantities 
A and 11' are not known, and the work required to find good 
estimates of them is usually 'prohibitive. 

We have been obliged to get around this difficulty in a 
manner rather unsatisfying to the mathematician but wholly 
acceptable to the engineer. The engineer looks at the nu­
merical results, and, with physical intuition as a guide, de­
cides whether they are reasonable. To take an example, the 
solution of a set of 66 equations gave us the stress distribu­
tion of a sheet stringer combination. The regularity of the 
results and confirmation of what should be expected on the 

COMPUTATION 

basis of experimental evidence convinced engineers that 
this was the "right" answer." Whether a given numerical 
value found in this way is correct to two, three, or more 
significant figures is not known. 

There is still another rough indication of accuracy. The 
experienced IBM operator working in a fixed field (8 digits 
in our case) can fairly well tell when things are behaving 
nicely or not. Common to all variants of the elimination 
method is a division at each reduction. The continued prod­
uct of these divisors is the determinant, and although the 
determinant is large, some of these divisors may be small. 
The occurrence of small divisors means the loss of signifi­
cant figures, i.e., the process blows up. In the reduction 
process of the 88 equations, as well as the 66, this difficulty 
was not apparent. Furthermore, iteration of solutions ob­
tained showed convincing evidence of rapid convergence. 

Strictly speaking, the inverses of these large matrices 
were only partially determined. The earlier statement that 
it is economical to compute the inverse when there are more 
than four columns of constants needs qualification. It is not 
strictly true for the matrices of quasi-diagonal character 
(explained later) dealt with by us. However, the process 
effectively leads to a decomposition into diagonal and semi­
diagonal factors, from which with some additional work the 
inverse can be found explicitly. 

It is true that no general conclusions can be drawn from 
such limited experience as ours with matrices of a particu­
lar type. But matrices of this type occur frequently in struc­
tural analysis and elsewhere. The matrices spoken of may 
be considered to be made up of the finite difference approxi­
mants of linear partial differential equations. Each stepwise 
approximant has the important feature that coefficients of 
all but a few of the unknowns are zero. Thus, these coeffi­
cients can be arranged in such a way that the matrix has 
large triangles of zeros in the upper right and lower left 
corners. Such a matrix might be called quasi-diagonal at}d 
is certainly one of the most important types. Since the limit 
case, a diagonal, is stable (unless some diagonal element is 
zero) and trivially easy to invert, it is plausible to suppose 
that quasi-diagonal matrices are particularly stable. It is 
suggested that our experience lends weight to this supposi­
tion and that a study of quasi-diagonal matrices will yield 
much more optimistic estimates of precision than are found 
in the literature. 

On page 1023 of reference 2, von Neumann and Gold­
stine conclude that, "for example, matrices of the orders 15, 
50, 150 can usually be inverted with a (relative) precision 
of 8, 10, 12 decimal digits less, respectively, than the num­
ber of digits carried throughout." By "usually" is meant 
that "if a plausible statistic of matrices is assumed, then 
these estimates hold with the exception of a low probability 
minority." These conclusions, which are the result of a 
thorough analysis, are valuable to those who are anticipat-
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ing the automatic computing machines of the future, but to 
those who think it might be practical to invert certain types 
of large matrices, using standard IBM equipment here and 
now, they seem unduly pessimistic. 

The critical question is that of "a plausible statistic of 
matrices." The estimates of von Neumann and Goldstine 
are made in terms of A and p., the upper and lower bounds, 
respectively, of the matrix--quantities not known in ad­
vance and very difficult to determine. The numerical esti­
mates quoted above are the results of introducing statistical 
hypotheses concerning the sizes of these quantities. This is 
done in the form of the results of V. Bargmann concerning 
the statistical distribution of proper values of a "random" 
matrix. It is possible that a similar study of the quasi­
diagonal type, defined in this paper, might lead to less dis­
couraging conclusions. It is stated in reference 1, page 59, 
that these estimates "can also be used in the case when the 
matrix is not given· at random but arises from the attempt 
to solve approximately an elliptic partial differential equa­
tion by replacing it by n linear equations." But no reason is 
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given, and perhaps this manner of stating the point indi­
cates a certain lack of conviction. However, th~ original 
source of these estimates is not accessible to this writer. 

To summarize: On the basis of limited experience invert­
ing matrices, it appears to us at North American that, con­
trary to prevailing opinion, it might be practical to invert 
certain important types of matrices of high order, using 
standard IBM-eguipment. What is needed is further statis­
tical study of the~e" types, and, if the estimates of precision 
so obtained are fav6'r:able, a comparative study of known 
methods of inversion. 
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